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PREFACE 


HE following work will, I hope, be found to be a 
fairly complete elementary text-book on Plane 
Trigonometry, suitable for Schools and the Pass and 
Junior Honour classes of Universities. In the higher 
portion of the book I have endeavoured to present to 


' the student, as simply as possible, the modern treatment 


of complex quantities, and I hope it will be found that 
he will have little to unlearn when he commences to 
read treatises of a more difficult character. 

As Trigonometry consists largely of formulae and the 
applications thereof, Т have prefixed a list of the prin- 
cipal formulae which the student should commit to 
memory. These more important formulae are distin- 
guished in the text by the use of thick type. Other 
formulae are subsidiary and of less importance. ( 

The number of examples із very large. A selection 
only-should be solved by the student on a first reading. 

On a first reading also the articles marked with an. 
asterisk should be omitted. 

Considerable attention has been paid to the printing 
of the book and I am under great obligation to the 
Syndics of the Press for their liberality in this matter, 
and to the officers and workmen of the Press for the 
trouble they have taken. | 

Т am indebted to Mr W. J. Dobbs, B.A., late Scholar 


of St John’s College, for his kindness in reading and © 
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correcting the proof-sheets and for many valuable sug- 
gestions. $ 

For any corrections and suggestions for improvement 
I shall be thankful. 
8. L. LONEY. 


Rovat Hottoway COLLEGE, 
Ecuam, SURREY: 
September 12, 1893, 


PREFACE TO THE SECOND EDITION 


The Second Edition has been carefully revised, апа it 
is hoped that few serious mistakes remain either in the 
text or the answers, j i 

Some changes have been made in the chapters on 
logarithms and logarithmic tables, and an additional 
chapter has been added on Projections, 


April 25, 1895. 
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THE PRINCIPAL FORMULAE IN 


| TRIGONOMETRY 
PART I 
a 
I. Circumference of a circle = 2rr. (Art. 12.) 
m= 3:14159... [Approximatioris are 22 and 25 - (Art. 13.) 
А Radian = 57? 17' 44-8" nearly. (Art. 16.) 
Two right angles = 180° = 200: — radians. (Art. 19.) 
arc T 
Angle = radius х Radian. (Art. 21.) 
п. віп? 0 + cost = 1; 
sec? 0 = 1 + tan?6; 
cosec? 0 = 1 + cot? 6, (Art. 27.) 
" III. sin 0° = 0; cos 0? = 1, (Art. 36.) 
í віп 30° = І, сов 30° = УЗ Art. 34 
2 PES (Art. 34.) 
д S coa EL ' 
M sin 45° = cos 45 = 75. (Art. 33.) 
| 160° — УЗ. са 
| yy = z ; 008 60 T$ (Art. 35.) 
| { sin 90° = 1; соз 90° = 0 (Art. 37.) 
bs inlge Vent. °_УЗ+1 A 
sin 15 979+ cos 15 Br: (Art. 106.) 


sin 1в° = УЗ = I cos36° = VP ET. (Arts. 120, 121.) 
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IV sin(-0)- —sinÜ; соз(— 6) = соз. (Art. 68.) . 


зїп (90° — 8) = с03й; cos (90° — 6) =зш0. (Art. 69.) 
sin (90° + 6) = соз0; соз (90° + 0) = — sin 6. (Art. 70.) 
віп (180° — 0) = зіп Ө; cos (180° — 0) = — cos. (Art. 72.) 
sin (180° + 6) = — sin 8; cos (180° + 0) = — соз. (Art. 73.) 


V. Ifsin 0 = ра, then 9 = nz + (—1)"a. (Art. 82.) 
If созӣ = cosa, then 0 = пт + a. (Art. 83.) 
If tan б = tana, then 0 = ап + a. (Art. 84.) 


^ VI. sin (A + B) = sin А cos В + cos A sim В. 
cos (А + B) = cos A cos B — sin A sin В. (Art. 88.) 
sin (A — B) = sin A cos B — cos A sin B. 
cos (А = B) = ооз A cos В + sin A sin В. (Art. 90.) 


sin C + sin D = 2sin CHD 0-Р, 


sin C — sin D = 2 cos t D ,. Жы D 


—g- s 
КАЕР) 


cos СО + cos D = 2eos 0t D, SOLDI 
«50 cos D = 2sin С +P gin DO, (Art. 94.) 


2 sin А cos B = sin (А + В) + sin (4 — В). 
2cos A sin В = sin (A 4- B) — sin (A= B). 
2cos A cos B = cos (A + В) + соз (4 — B). 
2 sin А віп B = cos (4 — B) — coa (А + В}. (Art. 97.) 
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tan А + tan В 
ten (4 +B) = p un A tan В" 
: tan A — tan B 
tan (A — B) 7 антла: (Art. 98:) 
sin 24 = 2sin A cos А. 
cos 2A = 603? А — sin? A = 1 — 2sin? A = 2 cos? A — 1. 
(Art. 105.) 


2tan А 1— tan? A 
14 tan? А? cos 2A = Tp tan? A’ (Art. 109.) 
tang4 = Stn (Art. 105.) 


sin 2A = 


Rin ЗА = 3sin A — 4 sin? A. 
cos ЗА = 4 с033 А — 3 соз A. 
3tan A — tan? A 
1—3tan?A 


and ~ a / 1-294, cos =+ fe, (Art. 110.) 


за = 1 VIX sind 4 УГ sind. 


бап ЗА (Art. 107.) 


20084 —iVi-csinA:-Vi-sinA. (Art. 113.) 


tan (А, + 454-4 4,)= с = 
Асе 


(Art. 125.) 
VII. log, (mn) = log, m + log, n. 
log, ie. = log, m — log, n. 


log, m? = n loga m. (Art. 136.) 
log,m = log, m x log, b. (Art. 147.) 


Sane aat eeu 


үш. eus £ ne = d (Art. 163.) 
EE о "t (Art. 164.) 
sind. 0/2060 (Art. 165.) 
соз z J TE 2) (Art. 166.) 
tan 4 - es (Art. 167.) 


эп Д E Vs 6—2)(5—5)(5— c)... (Art, 169.) 


a = bcos C + ccos B, .... (Art. 170.) 
= С == et, ... (Art. 171.) 


S=V3(s—a)(s— 56-9 - Jbcsin A = easi B - абы. 


(Art. 198.) 


- a b с абс 
IX. = oS ee =e . 200, 201. 
“ле урла 28210 45 (Arts. 2 | 


) pz e (8а) tan =.=, (Arts, 202, 203.) 


Еа =stan4. (Arts. 205, 200). 


n= 


Area of a quadrilateral inscribable in a circle 
= V(s — a) (s — 5) (s—c)(s—d). (Art. 219.) 


x. са = 1, when 0 is very small, (Art. 228.) 


Area of a circle of radius r = пт?. (Art. 233.) 


THE PRINCIPAL FORMULAE IN TRIGONOMETRY xi 
XI. sina + віп (с + В) + sin (æ + 28) +... to n terms 


; n—1 . ЯВ 
Жа; ee 6а (Агь 241.) 
sins 


оова + cos (а + В) + cos (a + 28) +... to n terms 
n—1,).. пв 
cos ја + —,— Ві sin 5- 
uL { 2 8) LŽ., (Art. 242.) 
{ | аш 
sin 18° = = 1; 00036°=Y°**. (Arta, 120, 121.) 


CHAPTER I 


MEASUREMENT OF ANGLES; SEXAGESIMAL, CENTESIMAL, 
AND CIRCULAR MEASURE 


1. In Geometry angles are measured in terms of a 
right angle. This, however, is an inconvenient unit of d 
measurement on account of its size. 


2, In the Sexagesimal system of measurement a 
right angle is divided into 90 equal parts called Degrees. 
Each degree is divided into 60 equal parts called 
Minutes, and each minute into 60 equal parts called 
Seconds. 

The symbols 1°, 1’, and 1” are used to denote.a Degree, 
a Minute, and a Second respectively. 


Thus 60 Seconds (60°) make One Minute (1’), 
А 60 Minutes (60) „ » Degree (1°), 
and 90 Degrees (90?) „ » Right Angle. 


This system is well established and is always used in 
the practical applications of Trigonometry. It is not 
however very convenient on account of the multipliers 
60 and 90. 


3. On this account another system of measurement 
called the Centesimal, or French, system has been 
proposed. In this system the right angle is divided into 
100 equal parts, called Grades; each grade is subdivided 
into 100 Minutes, and each minute into 100 Seconds. 
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The symbols 18, 1`, and 1“ are used to denote a Grade, 
a Minute, and a Second respectively. 


Thus 100 Seconds (100°) make One Minute (1), 
100 Minutes (100) — ,- „„ Grade (18), 
100 Grades (100) „  ,, Right Angle. 


4. This system would be much more convenient to 
use than the ordinary Sexagesimal system. 

As a preliminary, however, to its practical adoption, 
a large number of tables would have to be recalculated. 
For this reason the system has’ in practice never been 
used, : 


5. To convert Sexagesimal into Centesimal Measure, 
and. vice versa. 


Since a right angle is equal to 90° and also to 1008, 


we have 90° = 1008. 
108 9° 
у, be геш EDU 
9^ and 15 10: 


_Hence, to change degrees into grades, add on one- 
ninth; to change grades into degrees, subtract one-tenth. 


Ex, 6° = (36+ > 5 96)" 40, 


and 2 64r = (н = 5 x st) = (64 — 6-4)° = 57-6°. 

If the angle does not contain an integral number of 
degrees. we may reduce it to a fraction of a degree and 
then change to grades. 

In practice it is generally found more convenient to 
reduce any angle to a fraction of a right angle. The 
method will be seen in tbe following examples; 
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Exc. 1. Reduce 63° 14’ 61” to Centesimal Measure, 


17 
We hi "L— =-85', 
e have 51 =50 
5 
and 14' 51" =14-85' = MEN +2475°, 


7. 63° 14’ 51" =63- ен rt. angle 
=-70275 rt. angle 
—70:2758 =708 27:5 =70 2T 50". 
Ex. 2. Reduce 948 23 ST" to Sexagesimal Measure. 
94s 23 87" =-942387 right angle 
90 
84:81483 degrees 
60 
48-8398 minutes 
60 
53-3880 seconds. 
г. 948 25 8T' =84° 48° 53-388”. 


6, Angles of any size. 
Suppose AOA’ and ВОВ’ to be two fixed lines meeting 
at right angles in O, and suppose 
a revolving line OP (turning about Pa 
a fixed point at O) to start from 
OA and revolve in a direction 


opposite to that of the hands of a А 
watch. 

For any position of the re- P3 P, 
volving line between OA and OB, Ü 


such as OP,, it will have turned 

through an angle AOP. , which is less than a right angle. 
For any position between OB and OA’, such as OP, 

the angle AOP, through which it has tenti is greater ' 

than a right angle. 


ы 
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- For any position ОР), between OA’ conl poe the 
angle traced out is АОР,, i.e. АОВ + BOA’ + A OP,, 
i.e. 2 right angles + А’ОРь, so that the angle described 
is greater than two right angles. 

For any position OP,, between OB’ and ОА, the angle 
turned through is similarly greater than three right angles. 

When the revolving line has made a complete revo- 
lution, so that it coincides once more with OA, the angle 
through which it has turned is 4 right angles. — 

If the line OP still continue to revolve, tho angle 
through which it has turned, when it is for the second 
time in the position OP,, is not AOP, but 4 right angles 
+ AOP,. 

Similarly, when the revolving line, having made two 
complete revolutions, is once more in the position ОР,, 
the angle it has traced out is 8 right angles + AOP;. 


7. И the revolving line OP be between OA and ОВ, 
it is said to be in the first quadrant; if it be between OB 


and OA’, it is in the second quadrant; if between OA’ 
and OB’, it is in the third quadrant; if it is between OB’ 


and OA, it is in the fourth quadrant. 


8. Ex. What is the position of the revolving line when it has turned 
through (1) 225°, (2) 480°, and (3) 1050°? 

(1) Since 225°=180° + 45°, 
45° more than two right angles, and it is therefore in the third quadrant 
and halfway between OA’ and OB". 

(2) Since 480° =360° + 120°, the revolving line has tumed through 
120° more than one complete revolution, and is therefore in the second 
quadrant, i.e. between OB and OA’, and makes an angle of 30° with ОВ. 


(3) Since 1050°=11 x 90° + 60°, 
60° more than eleven right angles, and is therefore in the fourth quadrant, 
фе. between ОВ’ and. ОА, and makes 60° with OB', Y 


» the revolving line has turned through 


the revolving line has turned through ` 
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EXAMPLES. I. 
Express in terms of a right angle the angles 


1. 60°. 2. 75° 15'. 8. 63° 17’ 25”, 
4. 130° 30’. Б. 210° 30’ 30”. 8. 379° 20’ 48”, 
Express iu grades, minutes, and seconds the angles 
7. 30°. 8. 81°. 9. 138° 30. 
10. 35° 47’ 15”, 11. 235° 12’ 36”. 12. 475° 13' 48", 


Express in terms of right angles, and also in degrees, minutes, and 


seconds the angles 
13. 1208. 14. 458 35° 24". 15. 398 45` 36". 


16. 2554 8 9°. 17. 7598 0 5" 
Mark the position of the revolving line when it has traced out the 
following angles: 


18. 5 Tight angle. 19. 33 right angles. 20. 13} right angles. 
21. 120°. ` 22. 315°. 28. 745°. 24. 11859, 
25. 1508. 26. 4208, 27. 8758. 


26. How many degrees, minutes, and seconds are respectively passed 
over in 11} minutes by the hour and minute hands of a watch? 


29, The number of degrees in one acute angle of a right-angled triangle 
is equal to tne number of grades in the other; express both the angles 
in degrees. 

80. Prove that the number of Sexagesimal minutes in any angle is 
to the number of Centesimal minutes in the same angle as 27:50. 


81. Divide 44° 8' into two parts such that the number of Sexagesimal 
seconds in one part may be equal to the number of Centesimal seconda in 
the other part. 


Circular Measure. 


9. A third system of measurement of angles has been 
devised, and it is this system which is used in all the 
higher branches of Mathematios. 
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it used is obtained thus; А 
ТК), circle APBB’, whose centre is О, and fro 
oint A measure off an arc 
AP Med length is equal to the 
radius of the circle. Join OA and 


B 
р 
ГА, 
ОР. а 
The angle АОР is the angle 1 


which is taken as the unit of cir- 
cular measurement, i.e. it is the 
angle in terms of which in this 
system we measure all others, 


This angle is called A Radian and is often denoted 
by 1°, 


10. It is clearly essential to 
unit that it should be a constant quantity; hence we must 
shew that the Radian is a c 


onstant angle. This we shall 
do in the following а. 7з. 


the proper choice of a 


11. Theorem. The 


length of the circumference of « 
circle always bears a co 


nstant ratio to its diameter. 
Take any two circles whose common centre is O. In 
the larger circle inscribe a regular 
polygon of л sides, ABCD.... Š D 
Let OA, OB, OC, ... meet the Ase 
smaller circle in the points a, b, Be B 
с, d, ... and join ab, bc, cd, .... LZ 
Then, by Geometry, abcd... is 
a regular polygon of n sides in- 
scribed in the smaller circle. 
Since Oa = Ob, and OA — OB 
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jhe lines ab and AB must be parallel, and hence 
AB ОА 
ab Oa’ 

Also the outer polygon ABCD... being regular, its 
perimeter, i.e. the sum of its sides, is equal to n. AB. 
Similarly for the inner polygon. 

Hence we have 
Perimeter of the outer polygon n.4B _ AB OA 
Perimeter of the inner polygon n.ab ab - Oa 


This relation exists whatever be the number of sides 
in the polygons. 

Let then the number of sides be indefinitely increased 
(i.e. let n become inconceivably great) so that finally the 
perimeter of the outer polygon will be the same as the 
circumference of the outer circle, and the perimeter of 
the inner polygon the same as the circumference of the 
inner circle. 

The relation (1) will then become 

Circumference of outer circle _ ОА 
Circumference of inner circle Оа 

Radius of outer circle 

= Radius of inner circle’ 

Circumference of outer circle 
Radius of outer circle 
_ Circumference of inner circle 
Radius of inner circie 
Since there was no restriction whatever as to the sizes 
of the two circles, it follows that the quantity 
Circumference of any circle 
Radius of that circle 
is the same for ali circles, 


Hence 
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Hence the ratio of the circumference of a circle to its 

radius, and therefore also to its diameter, is a constant 
„ 

quantity. 


12. In the previous article we have shewn that the 
jo Circumference || the same for all circles. The value 
GO Diameter 
of this constant ratio is always denoted by the Greek 
letter т [pronounced “Pi”], so that z is a number. 
Circumference 


— Diameter, = the constant numbe п. 
Hence Diameter Be CO 4 


We have therefore the following theorem; „ће cir- 


cumference of a circle is always equalt m times 
its diameter or 27 times Ив radius 


13. Unfortunately the value of т is not a whcle 
number, nor can it be expressed in the form of a vul та ` 
fraction, and hence not in the form of a decimal fract: 20, 
terminating or recurring. 

The number z isan incommensurable magnitude, i.e. a 
magnitude whose value cannot be exactly expressed as 
the ratio of two whole numbers, 


Its value, correct to 8 places of decimals, is 
3-14159265.... 


2 
The fraction 22 gives the value of т correctly for the 
first two decimal Places; for = = 


р 55. а 
The fraction = 18 а more accurate value of 7, being 


3-14285.... 


... 


correct to 6 places of decimals; for = = 314159203, 
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[N.B. The fraction E may be remembered thus; write down the 


first three odd numbers repeating each twice, thus 113355; divide the 
number thus obtained into two parte and let the first part be divided into 
the second, thus 113)355(. . 

‘The quotient із the value of sr to 6 places of decimals.] 


To sun up. An approximate value of 7r, correct 


22 
to 2 places of decimals; is the fracuon —; a more 


7 , 
accurate value is 3:14159.... 
By division, we can shew that 
І = -3183098862.... 
т 


14. рт. 1. The diameter of a wheel is 28 ст.; through what distance 
does its centre move during one revolution of the wheel along the ground? 

The radius ғ is here 14 ст. 

The circumference therefore =2. 7.14 =28п cm. 

If we take т -2, the circumference —28 x z cm. = 88 cm. approx- 
imately. 

Tf we give т the more accurate value 3-14159265..., the circumference 

=28 x 8:14159265... cm. =87-96459 cm. 

Ex. 2, What muat be the radius of а circular running path, round 

which an athlete must run 5 times in order to describe 1760 metres? 


The circumference must be i 1760, i.e. 352 metres, 


Hence, if r be the radius of the path in metres, we have Our — 


i 7 
“е. d ets = metres. 


352, 


^ 22 1 
Taking s =, wehaver INT =56 metres, 


Taking the more accurate value 1 =:31831, we have 
7 
f —176 x -31831 =56-02256 metres. 
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EXAMPLES. IL 


1. If the radius of the earth be 6400 km., what is the length of its 
circumference? 

2. The wheel of a railway carriage is 90 cm. in diameter and makes 
3 revolutions in a second ; how fast is the train going? 


* 3. A mill вай whose length is 540 cm. makes 10 revolutions per 
minute. What distance does its end travel in an hour? 


4, Assuming that the earth describes in one year a circle, of 
149,700,000 km. radius, whose centre is the sun, how many miles does 
the earth travel in а year? 


5. The radius of a carriage wheel is 50 cm., and in иһ of a second 


it turns through 80° about its centre, which is fixed; how many km. 
does a point on the rim of the wheel travel in one hour? 


15. Theorem. The radian is a constant angle. 


Take the figure of Art. 9. Let the arc AB be а 
quadrant of the circle, i.e. one-quarter of the circum- 
ference. 

By Art. 12, the length of AB is therefore 7”, where r 
is the radius of the circle. 


Ву Geometry, we know that angles at the centre of 


any circle are to one another as the arcs on which they 
stand. 


ZAOP _ атс АР 


H Cu A аа 
балов = аав: 
ко 
T ZAOP — 2. ; АОВ. 
zn LAO 


But we defined the angle AOP to be a Radian. 
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Hence a Radian = 2 ZAOB 


= 2 of a right angle. 


Since a right angle is a constant angie, and since we 
have shewn (Art. 12) that т is a constant quantity, it 
follows that a Radian is a constant angle, and is therefore 
the same whatever be the circle from which it is derived. 


16. Magnitude ofa Radian. 
By the previous article, a Radian 
180° 


2 ; 
==ха right angle = a 


= 180? x -3183098862... = 57-2957795? 
= 57° 17’ 44-8" nearly. 


17. Since а Radian = = of a right angle, 


therefore a right angle = 5 radians, 


во that 180° = 2 right angles = п radians, 
and 360° = 4 right angles = 27 radians, 

Hence, when the revolving line (Art. 6) has made a 
complete revolution, it has described an angle equal to 
27 radians; when it has made three complete revolutions, 
it has described an angle of 6r radians; when it has made 
n revolutions, it has described an angle of 2n radians. 


18, In practice the symbol “с” is generally omitted, 
and instead of “an angle лс” we find written “an 
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i i int carefully. If the 
dent must nctice this poin t 
oo of which the angle is measured be по 
si ова he must mentally supply the word radians. 
Oth wise Ke will easily fall into the mistake of supposing 
a СЕ stands for 180°. It is true that z radians (z^) is 
ie M. e as 180°, but z itself is a number, and a number 
on . . 
d To convert Circular Measure into Sexagesimal 
ЕР от Centesimal Measure and vice versa. 
The student ‘should remember the relations 


Two right angles = 180° = 2008 = л radians, 
The conversion is then merely Arithmetic. 
Ех. (1) 4555—:45 x 180? — 812 — 90s, 
(2) з=? х r=? x 189-3 x 200€, 
(3) 40° 15' 36” — 40? 153' = 40-96° 
=40:26 x = 2236s radians. 
(4) 40€ 15° 36" = 40-1536« —40-1536 x 500 radians 
=-2007687 radians, 
20. Ех. 1. The angles of 


in the least is to the number 
angle in degrees, 


Let the angles be (x —9Y 2°, and (z4-y)* 
Bince the eum of the three angles of а triangle is 180°, 


of radians in the greatest as 40: п; find the 


» we have 
180—z-y ++2+у=3гт, 
80 that т= 60. 

The required angles are therefore 


(60 —у)°, 60°, and (6044) - 


Now (60 — 5, (60 — yy, 
and (60+) = 150 х (60 +y) radians, 


а triangle are in А.Р. and the number of grades 


THE RADIAN 


Hence T 60-9: 1g (60+9) ::40:л, 
20060-y 40 
“т б0+у т 
ie. 5 (60 у) 260 +y, 
i.e у=40. 


The angles are therefore 20°, 60°, and 100°. 
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Ex. 2. Express in the three systems of angular measurement the magnitude 


of the-angle of a regular decagon. 


By Geometry, we know that all the interior angles of any rectilinear 
figure together with four right angles are equal to twice as many right 


angles as the figure has sides. 


Let the angle of a regular decagon contain = right angles, so that 


all the angles are together equal to 10x right angles. 
The corollary therefore states that 


10x +4=20, 
зо that z= right angles. 
But one right angle 


=90° = 1004 = radians. 
Hence the required angle 


=144° = 1608 247 


TES radians, 
EXAMPLES. III. 
Express in degrees, minutes, and seconds the angles 


12. 


47° 25' 36". 


15. 1108 30. 16. 3458 25 36". 


e 

1. = 2. =. 8. 10те, 4. 1 

Express in grades, minutes, and seconds the angles 

ЫК 1 & lone 

5 . . 6 ` m“, 

Express in radians the following angles: 

9. 60°. 10. 110° 30’, 11. 175° 457, V 

18. 395°, 14. 60s, 

17. The difference between the two acute angles of а right-angled 
triangle ia 2 


B * Tedians; expreas the angles in degreéa. 
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-2 m) 
18. One angle of a triangle is 37 grades and another is 57 degrees, 


whilst tho third is = radians; express them all in degrees, 


19. The circular measure of two angles of a triangle are respectively 
Bos Y what is the number of degrees in the third angle? 
2 Sy 


20. The angles of a triangle are in А.Р. and the number of degrees 
in the least is to the number of radians in the greatest as 60 to 7; find 
the angles in degrees. 

21. The angles of a triangle are in А.Р. and the number of radians 
in the least angle is to the number of degrees in the mean 
Find the angles in radians, 

22. Find the magnitude, in radians and degrees, 
of (1) a regular pentagon, (2) a regular heptagon, (3) a regular octagon, 
(4) а regular duodecagon, and (5) a regular polygon of 17 sides, 

28. Tho angle in one regular polygon ig to that-in another as 3:2; 


also the number of sides in the first is twice that in the second; how many 
sides have the polygons? 


24. The number of sides in two 
the difference between their angles 
the polygons, 

25. Find two regular polygons such that the number of their sides 
may be es 3 to 4 and the number of degrees in an angle of the first to the 

i the second as 4 to 5. 


teral are in д.р, and the greatest is double 
the least; express the least angle in radians, 


of the interior angle 


regular polygons are as 5:4, and 
is 9°; find the number of sides in 


21. Theorem. The number of radians in any angle 


whatever is equal to a fraction, whose numerator is the arc 
which the angle subtends at the centre of any circle, and 
whose denominator is the radiug of that circle, 


angle аз 1 : 120. 


MEASUREMENT OF ANY ANGLE IN RADIANS 
Let AOP be the angle which has 
line starting from OA and revoly- 
ing into the position ОР. 
With centre О and any radius, Р З 
describe a circle cutting OA and 
OP in the points A and Р. R 
Let the angle AOB be a radian, 
so that the arc AB is equal to the 
radius OA. 
By Geometry, we have 
£AO0P _ZAOP атс AP arc AP 
А Radian ZAOB™ arc AB ^ Radius’ 
sothat -© 440p = tc AP 


Radius 95 2 Radian. 
Hence the theorem is proved. 


22. Ex. 1. Find the angle sub 
3 cm. by an arc of length 1 ст. 
The number of radians in the angle =—®re 1 


15 
been described by a 


tended at the centre of a circle of radius 


radius 3 
Hence the angle 
I 12. 2 60° 
=з тайап = -= right angle 735 90 =— =19°, 


on taking 7 equal to 22 . 


Ex. 2. In a circle of 5 cm. it th of ti 7 
eubtends an angle of 33° 15' at the cente? AM EA 
If z cm. be'the required length, we have 


g number of radians in 33° 15, 


33} 
7387 (Art. 19) 


=29 cm, nearly, 
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Ex. 3. Assuming the average distance of the earth from the sun to be 
149,700,000 km., and the angle subtended by the sun at the eye of a person 
on the earth to be 32’, find the sun’s diameter. 

Let D be the diameter of the sun in km. 

The angle subtended by the sun being very small, #8 diameter is 
very approximately equal to a small are of a circle whose centre is the 
eye of the observer. Also the sun subtends an angle of 32’ at the centre 
of this circle. 

Hence, by Art. 21, we haye 


D oat 
Е ep» f ^ 
149,700,000 tb : mmber of radians іп 32 


=the number of radians ый 


. 5) 299,400,000 
D=- ag "Ка. 
299,400,000 22 A 
= 615 ~ х 7 km. approximately 
71,390,000 km. nearly. 


Ex. 4. Assuming that a person of normal sight can read print at euch 
а distance that the letters у 


eublend an angle of 5' at his eye, find what is 
the height of the lettero that he can read at a distance (1) of 12 metres, and 
(2) 1320 metres, Ч 


Let z be the required height in metres, 
Tn the first case, z is very 


nearly equal to the arc of a circle, of radius | 
12 m., which subtends d 


an angle of 5’ at its centre. 
Hence == 


т 
= ш.= 


12522 
180 180 х 77 metres nearly 
=about 1-7 cm. 


MEASUREMENT OF ANY ANGLE IN RADIANS 17 
In the second case, the height y is given by 


ya er of radi in 5 
3320 number of radians in 
1 T 


712" 180" 
.n n. 22 


80 that У=18 т “is” 7 metres 


=sbout 1-9 metres. 


EXAMPLES. IV. 
1 
[assume 7 =3-14159...and - = "31831. ] 


1. Find the number of degrees subtended at the centre of acircle by 
ап arc whose length is 0:357 times the radius. 

2. Express in radians and degrees the angle subtended at the centre 
of в circle by an arc whose length is 15 cm., the radius of the circle 
being 25 cm. 

3. The value of the divisions on the outer rim of 
is 5’ and the distance between successive graduati 
the radius of the circle. 


4. The diameter of a graduated circle is 72 cm. and 
on its rim are 5’ apart; find the distance from one graduation to another, 
, 5. Find the radius of a globe which is such that the distance between. 
two places on the same meridian whose latitude differs by 1° 10 may 
be 0-5 cm. у 

6. Taking the radius of the earth as 6400 km., find the difference in 
latitude of two places, one of which is 100 km. п 


х orth of the other. 
7. Assuming the earth to be a sphere and the distance between two 


parallels of latitude, which subtends an angle of 1° at th И 
ө earth's 
centre, to be 69$ km., find the radius of the earth, 
8. The radius of a certain circle is 30 ст.; fing approximately the 
length of an are of this circle, if the length of the chord of the are be 
30 cm. also, 


9. What is the ratio of the radii of 


two arcs of the same length subtend angles of 60° and 75°? 
~10. Tf an are, of len; 


gth 10 cm., on a circle of 8 cm. diameter subtend 
at the centre an angle of 143° 14’ 22", find the value of т to 4 places 
of detimals, 


а graduated circle 
ions is -l em. Find 


the graduations 


two circles at the centre of which 
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11. If the circumference of a circle be divided into 5 parta which are 
in A.P., and if the greatest part be 6 times the least, find in radians 


the magnitudes of the angles that the parts subtend at the centre of 
the circle. B 


12. The perimeter of a certain sector of в circle is equal to the 
length of the arc of a semicircle. having the same radius; express the 
angle of the sector in degrees, minutes, and seconds. 

13. At what distance does a man, w] 
angle of 10’? 

14. Find the length which at a 
angle of 1’ at the eye. 


15. Find approximately the dista; 
diameter, will subtend an angle of 6’, 


hose height is 2 m., subtend an 
distance of 5280 m, will Subtend an 
nce at which a globe, 51 cm. in 


17. A church spire, 
tends an angle of 9’ at thi 


earth, find approximately the radius of the moon which subtends at 
the earth an angle of 16’, 


20. When the m, 


^. If the earth’s radius be 6400 km., find a roximatel. 
the distance of the moon, ' vr T 


CHAPTER II 


TRIGONOMETRICAL RATIOS FOR ANGLES LESS THAN 
A RIGHT ANGLE 


23. In the present chapter we shall only consider 
angles which are less than a right angle. 

Let & revolving line OP start from OA and revolve 
into the position OP, thus tracing out 
the angle AOP. Р, 

In the revolving line take any 
point Р: and draw РМ perpendicular 
to the initial line OA. о 

In the triangle MOP, OP is the 
hypothenuse, РМ is the perpendicular, and OM is the 
base. 

The trigonometrical ratios, or functions, of the angle 
AOP are defined as follows: 


ОР та Ns is called the Sine of the angle AOP; 


мА 


Op Hyp’ " 235) Совіпе S 5 
MP Perp 


ОМ? i.e. Base’ » 25 Tangent » » 


MP i.e Pep, " ».  Cotangent ,, 35 
OP . Hyp. 
Om? tE Base’ ” 73 Secant Б А 


пе, » Cosecant  ,, 


20 


The quantity by 
i.e. 1 — cos AOP, is 
the quantity 1 — 
of unity, 


TEIGONOMETEX 


which the cosine falls short of unity, 
called the Versed Sine of AOP; also 
sin AOP, by which the sine falls short 
is called the Coversed Sine of AOP. 


2А. It will be noted that 


the trigonometrical ratios 
are all numbers. 


The names of these eight ratios are written, for brevity, 


sin AOP, cos AOP, tan AOP, cot AOP, cosec AOP, 
sec AOP, vers AOP, and coverg AOP respectively. 
The two latter ratios are seldom used, 


25. It will be noticed, fro; 
Qosecant is the reciproca] of 


m the definitions, that the 
the sine, so that 


1 
cosec AOP — sin ДОР” 
al of the Cosine, з.е, 
1 
NOR Saab 
and the cotangent is the reciprocal of the tangent, зе. 
cot ДОР l 


Bo the secant is the reciproc: 


28. To shew that the trigonometrical ratios are always 
the same for the same angle.. 


We have to shew that, if in the 
Tevolving line OP any other point 
P' be taken and Р’М’ be drawn 
Perpendicular to OA, the ratios о 
derived from the triangle ОР’М’ 


are the same as those derived from the triangle ОРМ. 
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In the two triangles, the angle at O is common, and 
the angles at M and М’ are both right angles and there- 
' fore equal.- 
Hence the two triangies are equiangular and therefore, 
by Geometry, we have MB, CER i.e. the sine of the 
р OP OLR 
angle AOP is the same whatever point we take on the 
revolving line. 
Since, by the same proposition, we have 
OM OM’ MP M'P 
ОБ = ОБ’ "5 ОМ — ОМ’, 
it follows that the cosine and tangent are the same 
whatever point be taken on the revolving line. Similarly 
for the other ratios. 


If OA be considered as the revolving line, and in it be taken any 
point Р” and Р”М” be drawn perpendicular to OP, the functions as 
derived from the triangle OP" М“ will have the same values as before. 

For, since in the two triangles OPM and QP"M* the two angles 
POM" and OM^P* are respectively equal to POM and OMP, these 
two triangles are equiangular and therefore similar, and we have 


М?Р MP OM” OM 
OP Ор’ * ОР ОБ: 

97. Fundamental relations between the trigonometrical 
ratios of an angle. 

We shall find that if one of the trigonometrical ratios 
of an angle be known, the numerical magnitude of each 
of the others is known. also. 

Let the angle AOP (fig., Art. 23) be denoted by 6 
[pronounced ‘“‘Theta’’]. 

In the right-angled triangle MOP we have 


MP: + ОМ? = ОР?...............(1). 


~ r.p. T()—2. 
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Hence, dividing by OP?, we have 


E -a 
$.е. (sin 0)? + (cos 6)? = 1. 


The quantity (sin @)? is always written sin? 0, and во 
for the other ratios. 
Hence this relation is 


віп20 + cos?@ = 1.................. (?). 
Again, dividing both sides of equation (1) by О .?, we 
have MUS Pos 
(ож) +1- (om): 
бе. (tan 0)? + 1 = (sec 0)2, 
so that 


вес20 = 1 +tan?9 (3). 


Again, dividing equation (1) by МР?, we have 


1+ (arp) = (rg) 


1+ (cot 6)? = (cosec 6)2, 
совес? 6 = 1 + cot? 


i.e. 


80 that 


Also, since sin Ө = ie and cos Ө = on 
пө MP OM МР 
we have c086 = OP = ОР = om = tone. 
Не = 120 LIII je 
nce tan 9 кее, sees (5). 


Similarly 
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28. Ex.1. Prove that сон. =созес А —cot А. 
1+cosA 
1-сов A (1—cos А)? 
Weh MEE -4./ тт 
S ME E 1+008 A 1-cos? А 


l-cosA _1-совА 
Vi-cost#A sing 


by relation (2) of the last article, 


Ex. 2. Prove that 
"V sec! A + созес? А =tan A +cot A. 
We have seen that вес? A =l +tan? A, 
and cosec? А —1 + cot? A. 
С. Bec? А + совес? A =tan? А +2 +cot? A 
=tan? А +2 tan A cot А +cot? A 
=(tan A +cot A), 


so that Voci A +cosec? А =tan A +cot А. 


Ex. 3. Prove that 
(совес A – віп A) (sec A — сов A) (tan A +cot A)=1. 


The given expression 


Wig 1 віп A cos A 

"(ax3- 554) (а=) (oua dn 5) 
1-віп? A l-cos!A sin? А +соз A 
віп A сов А ` sin А со А 


cow А віп? A 1 
“зїп А ` cos А `зіпА сов А 


al 
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EXAMPLES. V. 
Prove the following statements: 
1. cost A —sin* A +1=2 cos! А, 
2 (sin A +сов А) (1 —sin А cos A) zin? A -- cos? A, 
sin A 1+cos A 


a Itos At аад 2904. 
& cost А апе A —1 — 3 sint A oon! д. 
5 524 ео A -tan A. 
Я-А, 
rr oe. 

8. 


(eec A +008 А) (sec A — соз Д) елт A + ща? A 


1 Ж 
* cot A+tan A" A сов А, 


11 L-tanA _cot 1 

lttnA cot Ду 
12. А. 
T mAr l Въ tan A +2 tant 4, 
T ут ay 
16, У, + 


(tin А +сов A) (cot A tan 4)=гес A + совес A, 
17. 


pect A — вес A —tant A +tant A, 
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18. cot! A +00 A —cosec* A — совес* A. 
19. V/cosec! А — 1 =сов A совес А. 
20. seo! А cosec! А —tan! A + соќ? А +2. 
21. tan! А — sin! A —sin* A sec? А. 
22. (1--cot А – оовес A) (1+tan А +вес A)=2. 
T 1 аы 1 

созес A -cot A віп Д віп А оовесА+соЬА 
w cot А cos А _cot А -cos А 

cot А+с08 А cot A cos А 

cot А +tan В 
35 cot B+ tan AOA tan B. 

1 1 с 1-cos*a віпёа 

35. (ass rs аа) Кор eine costa Rinna? 
27. віп? A сов? А —(sin* А — сов? A) (1 — 2 віп? A сов? А). 

сов A совес A -sin A вод - A A 

тов Abend roel o eee 

ten A +sec 4-1 lsin А 

tanA-secA+1 ocd ^ 
80, (tan а + созес £)? — (cot В —вео а)? =2 tan a cot В (созео а + вес В). 
81. 2 веса —nec*a — 2 совес* а + oosec* а =со а — tanta. 
82. (sina + coseca)* + (оова +sec.a)*=tan*a + соіа +7. 
88. (совес А +cot A) covers А — (seo А +tan A) vers A 

=(coseo A —sec A) (2 — vers A covers А). 
З вес А совес A 

34. (lis cota + tan tA) (ain Аа M) кассе е 
88. 2 versin A +cos* А =1 + versin? А. 


29. Limits to the values of the trigonometrical ratios, 
From equation (2) of Art. 27, we have 


sin? + cos?@ = 1. 
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Now sin? 0 and cos? @, being both squares, are both 
necessarily positive. Hence, since their sum is unity, 
neither of them con be greater than unity. 


[For if one of them, say sin?6, were greater than unity, the other, 
сов? 0, would have to be negative, which is impossible.] 


Hence neither the sine nor the cosine can be numeri- 
cally greater than unity. 


Since sin 0 cannot be greater than unity, therefore 
1 
cosec 0, which equals —— 


‚ cannot be numerically leas 
sin б 


than unity. 
1 


Бо sec 0, which equals —— 


cos p: Cannot be numerically 


less than unity. 


80. The foregoing results follow easily from the figure 
of Art. 23. 


For, whatever be the value of the angle AOP, 
neither the side OM nor the side MP is ever greater 
than ОР. 


Since MP is never greater than OP, the ratio ae is 
never greater than unity, 
never greater than unity. 
Also, 


So that the sine of an angle is 


since OM is never greater than OP, the ratio ОЛ 


ОР 
is never greater than unity, i.e. the cosine isnever greater 
than unity. 


981. We can express the trigonometrical ratios of an 
angle in terms of any one of them, 


CT EM зак 
ny илья: 
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The simplest method of procedure is best shewn by 
examples. 


Ex. 1. To express all the trigono- 
metrical ratios in terms of the sine. 

Let AOP be any angle 6. 5 

Let the length OP be unity and let Й-#М А 
the corresponding length of MP be s. 

Then ОМ =VOP?— MP: = АЛ = s. 


? MP s 
Hence sing = ор ITS 


cos 0 = ОМ -VI =è = УГ 5118, 
АӨ MP 8 sin 0 
РОМ МЕ» wWi- sin 


g ОМ _Vi=s У! віп?0 
р а АО 


созес @ = OF aa 
0:4 ОР ав б 1 
ОМ vi-s УТ – віп20' 
The last five equations give what is required. 


and 


Ex. 2. То express all the trigonometrical ratios in 
terms of the cotangent. 


“Taking the usual figure, let the 


5 ДР 
length МР be unity, and let the corre- с? Е 
sponding value of OM be x AS 
Then ` Ó x MA 
OP = VOM: + ИР: = VI zi 
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OM = 
Hence cot = TPT I~ % 

RO сш Md V cd 1 
Ч Ур, 1+ 22 V1 + coth’ 
P OM / = о 
os _ ОР Ура Уре’ 

МР 1 1 
очко, 
6 ОР vits VIF oot 
bal SOLID STN — #550690,” 
ОР vira 


and CET ry т =V1 + соё? д. 


The last five equations give what is required. 

It will be noticed that, in each case, the denominator 
of the fraction which defines the trigonometrical ratio 
was taken equal to unity. For example, the sine is as 
and hence in Ех. 1 the denominator OP is taken equal 
to unity. 

The cotangent is oe and hence in Ex. 2 the side 
MP is taken equal to unity. 

{ Similarly Suppose we had to express the other ratios 
in ia of the cosine, we should, since the cosine is equal 
to OP: Put ОР equal to Unity and OM equal to c. The 


Working would then be similar to that of Exs. 1 and 2. 


In the following examples the sides have numerical 
values, EI ML * 
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Ex. 3. If cos 8 equal  , find the values of the other ratios. 


Along thc initial line OA take OM equal to 3, and erect a perpendicula1 
MP. 

Let a line OP, of length 5, revolve round О until its other end meeta 
this perpendicular in the point P. Then AOP is the angi 6. 

Ву Geometry, MP-VOP3-OMi-VB5i-3:-4. 

Hence clearly 

4 4 3 5 5 
sin 0=;, tan 075, cotd=7, созес д = ài and sec Ө =з. 

Ex. 4. Supposing 6 to be an angle whose sine is 3 to find the numeri- 

cal magnitude of the other trigonometrical ratios. 


Here sin 6= ш, во that the relation (2) of Art. 27 gives 


т\з É, 
G) +сов? 0 =1, 


A 1 
te. eor omo 
fe. cos gee. 
3 
sind 1 42 
Не тудат 
cot (ees =2+/2, 
9 
1 
совес b= ga 


32. In the following table is given the result of expressing each trigonometrical 
| ratio in terms of each of the others. 


Vig dan) VI+ соё cosec @ 
cot Усовес20 — 1 


EELEE 


ZULANONOÐIUL 
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EXAMPLES. VI. 


1. Express all the other trigonometrical ratios in terms of the cosine. 
9. Express all the ratios in terms of the tangent. 

8. Express all the ratios in terms of the cosecant. 

& Express all the ratios in terms of the secant. 


" 1 


The sine of a certain angle is FE find the numerical values of the 


other trigonometrical ratios of this angle. 


5. 


т. 


в 


9 


10. 


11. 


12. 


18. 


14. 
15. 
16. 


I ain 6-12, find tan 0 and versin б. 
H sin A="), find tan А, cos A, and sec A. 
I cos 0-5, find sin 6 and cot 4, 


It cos 4-2 , find tan 4 and совес А. 


If tan 8=х, find the sine, cosine, versine, and cosecant of @, 


1 cosec! @ — весї @ 
tan б= —- , find th UT AE UA 
айд v7’ reise of coset? 0 + sect 9" 


If 00—15, find cos 6 and cosec б. 


3 
If sec A=5, find tan А and cosec A. 


H 2sin 0=2 - сов 6, find sin 4. 
If 8 sin 6=4 + сов 6, find sin 6. 
ff tan 6 +вес 9 =1-5, find sin б. 


- If cot 9 + сояес 6=5, find cos 6, 


If 3 sect +8 =10 sec? 4, find the values of tan б, 
If tan* +вес 0=5, find cos б. 


. If tan 6 +cot 0-2, find ай. 


It sectó- 2.4.2 tan 0, find tan 6, 
2z(z+1 
Ian a CU fad sin d and cos, 
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Values of the trigonometrical ratios in 
some useful cases. 
33. Angle of 45° 
Let the angle AOP traced out 
be 45°, o a2 
Then, since the three’ angles of 
a triangle are together equal to two 
right angles, © < ay2 
20РМ = 180° — Z POM — 2 PMO 
= 180° — 45° — 90° = 45° = Z POM. 
/. OM = МР, 
If OP = 2a, we have 


4a! = ОР: = OM? + MP*—2.0M*, 


P 


во that ОМ —a4/2. 
: - » MP ay2 1 
О в 
°_ ОМ ау 1 
cos 45 OP = 24 = у?’ 
and tan 45° = 1, 
34. Angle of 30°, 
Let the angle AOP traced. out 1 
be 30°, 92 
Produce РМ’ to P’ makin л 
MP’ equal to PM. i о eee 3 м 
The two triangles OMP and d 
OMP' 


have their sides OM and 
МР equal to OM and МР’ and л 
the contained angles equal. А 
Therefore ОР’ = ОР, and ZOP'P = 2 OPP' = 60° 
Зо that the triangle P'OP is equilateral, А 
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-Hence, if OP = 2a, we have 

МР = 1P'P = }0Р =u. 
Also ОМ =VOP?— МР? — үа? — ай = a y3. 


© ee ano ИРЭТ 
/. sin 30 = Op 5 
o ОМ av3 Е: МЗ 
cos 30° = OP we 2 
o sin30° 1 
and tan 30? — cos 30? — 478° 
35. Angle of.6v-. 
Let the angle AOP traced out 
be 60°. P 
Take a point N on OA, so 
that 
MN — OM =a (say). 2a, 


The two triangles OMP and 
NMP have now the sides OM A 
and MP equal to NM and MP O а 
respectively, and the included 
angles equal, so that the triangles are equal. 


/. PN = OP, and Z PNM = Z РОМ = 60°. 
The triangle OPN is therefore equilateral, and hence ' 
OP = ON = 20M = 2a. 
7 MP =vOP? — ОМ = ул = a = ауз. 
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Hence sin 60° = OE CERIS) ee) 


P 2a 2° 
OM a 1 
° = = —— = = 
соз 60 = OP 2073) 
o эт 60° 
and tan 60 = 5560 = V3. 


36. Angle of 0°. 

Let the revolving line OP have turned through a very 
small angle, so that the angle 
МОР is very small. P 

The magnitude of MP is then Е 
very small, and initially, before 
OP had turned through an angle large enough to be 
perceived, the quantity MP was smaller than any quan- 
tity we could assign, бе. was what we denote by 0. 

Also in this case, the two points M and P very nearly 
coincide, and the smaller the angle AOP the more nearly 
do they coincide. ; 

Hence, when the angle AOP is actually zero, the two 
lengths OM and OP are equal and MP is zero. 


tng, MIPY 90 
Hence sin 0 = OP =op=% 
сов 0° ОМ _ OP _ 
OP ROR = = 
and tan 0? = 9 — Q. 


Also cot 0? — the value of E when M and P coincide 


= the ratio of afinite quantity to something 
infinitely small 
= a quantity which is infinitely great. 
Such в quantity is usually denoted by the symbol c 
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Hence F cot 0° = œ. 
NT. Ор ў 
Similarly соѕес 0° = ИР” also. 
PINO Ds 
And sec 0? — om = 1. 
37. Angle of 90°. 5 


Let the angle AOP be very nearly, but 
not quite, a right angle. 

When OP has actually described a right 
angle, the point M coincides with O, so 


that then OM is zero and OP and MP are ОМ A 
equal. 
р a DROP. 
Hence sin 90 = 9р -0р= 
o ОМ 0 = 
to а ROP ae 
tan 90° = МР a finite quantity 


ОМ an infinitely small quantity 
= a number infinitely large = о, 


> OM 0 
cot 90° = тер = rp = 0, 


sec 90° = я = c, аз in the case of the tangent, 


ОВОР Е 
ad cosec 90° = теъ = op = 1. 


38. Complementary Angles. Def. Two angles are 
said to be complementary when their sum is equal to 
a right angle. Thus any angle 0 and the angle 90° — 0 
are complementary. 
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89. To find the relations between tne trigonometrical 
ratios of two complementary angles. 

Let the revolving line, starting from ОА, trace out 
any acute angle AOP, equal to 
6. From any point P on it draw 
РМ perpendicular to OA. 

Since the three angles of a 

‘triangle are together equal to 
` two right angles, and since OMP 
is a right angle, the sum of the 
two angles MOP and ОРИ is à 
right angle. 
They are therefore complementary and 
ZOPM = 90° — 9. 


[When the angle OPM is considered, the line РМ is 
the “base” and MO is the “perpendicular. 1 
We then have 


sin (90? — 0) — sin MPO — E = cos ДОР = cos 0, 


cos (90? — 6) = cos MPO SEMS sin AOP = sin 0, 


PO 
tan (90° — 0) = tan MPO = MO = cot АОР = cot 0, 
РИ , 
ot (90° — 6) = cot MPO — P... ДОР = tan 0, 
$ MO- 


een (90° — б) = cosec MPO = РО = sec ДОР = sec 8, 


and sec (90? — 0) = sec MPO -50 =cosec АОР =cosec 8. 
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Hence we observe that 
the Sine of any angle = the Cosine of its complement, 
the Tangent of any angle 
= the Cotangent of its complement, 
and the Secant of any angle 
= the Cosecant of its complement. 
From this is apparent what is the derivation of the 
names Cosine, Cotangent, and Cosecant. 


40. The student is advised before proceeding any 
further to make himself quite familiar with the following 
table. [For an extension of this table, see Art. 76.] 


. -If the student commits accurately to memory the 
portion of the above table included between the thick 
lines, he should be able to easily reproduce the rest. 
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For 

(1) the sines of 60° and 90° are respectively the 
cosines of 30° and 0°, and (Art. 39.) 

(2) the cosines of 60° and 90° are respectively the 
sines of 30° and 0°. (Art. 39.) 


Hence the second and third lines are known. 

(3) The tangent of any angle is the result of dividing 
the sine by the cosine. 

Hence any quantity in the fourth line is obtained by 
dividing the corresponding quantity in the secor | line _ 
by the corresponding quantity in the third line. 

(4) The cotangent of any angle is the recip. cal of 


. the tangent, so that the quantities in the fifth rov are the 


"and (5) tan24= 
) 


reciprocals of the quantities in the fourth row. 

(5) Since cosec 0 = a the sixth row is obtained 
by inverting the corresponding quantities in the secon 
row. 


(6) Since sec 0 = E: , the seventh row is similarly 
cos 9 


obtained from the third row. 


EXAMPLES. VII. 
1. If A=30°, verify that 
(1) cos 24 =cos? A – віп? А —2 cos? A — 1, 
(2) sin 24 —2 sin A cos A, 
(3) cos 3A —4 соз? А —3 cos A, 
(4) sin ЗА 23 sin A — 4 sin? A, 
2{ап А 
]-tan* A" 
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2. If A=45°, verify that 
(1) sin 24 —2 sin A cos A, 
(2) сов 24 =1 - 2 sin? A, 
2tan A 


and (3) tan 24 = sg 


Verify that 
з. sin? 30° + sint 45° +sin* 60°=5. 
A tan? 30° -- tan? 45° +tan? 60°=4}. 
Б. sin 30° сов 60° + cos 30° віп 60° =1. 
UU yee 
22 
T. $ cot? 30° +3 sin? 60° — 2 cosec? 60° — ] tan? 30°=3}, 
à. cosec? 45? . sec? 30? . sin? 90° . cos ye = 1}. 


9. 4 cot? 45° — sec? 60° +віп? w= 
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CHAPTER Ш 
SIMPLE PROBLEMS IN HEIGHTS AND DISTANCES 


41. ONE of the objects of Trigonometry is to find the 
distances between points, or the heights of objects, 
without actually measuring these distances or these 
heights. 


42. Suppose O and P to be two points, Р решр ata 
higher level than О. 


Let OM be a horizontal line N P 
drawn through О to meet in M 
the vertical line drawn through 
P. 

The angle MOP is called the c M 


Angle of Elevation of the 
point P as seen from О. 

Draw PN parallel to МО, so that PN is the hori- 
zontal line passing through Р. The angle NPO is the 
Ahgle of Depression of the point O as seen from P. 


"43. Two ot the instrum 
lite and the Sextant, 

The Theodolite is used to measure angles in a vertical plane, 

In ite simple form it consista of а telescope attached to a flat piece of 
wood, This piece of wood is Supported by three legs and can be arranged 
50 as to be accurately horizontal, 

This table being at O and horizontal, and the telescope being initially 
pointing in the direction OM, the latter can be made to rotate in a 
Vertical plane until it points securately towards Р. A graduated scale 


ents used in practical work are the Theodo- 


a 
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shews the angle throdgh which it has been turned from the horizontal, 
б.е. gives us the angle of elevation MOP. 

Similarly, if the instrument were at P, the angle NPO through which 
the telescope would have to be turned, downward from the horizontal, 
would give us the angle NPO. 

The instrument can also be used to measure engles in а horizontal 
plane. 


44. The Sextaut is used to find the angle subtended by any two 
points D and E at а third point F. It is an instrument much used on 
board ships. 

Its construction and application are too complicated to be here con- 
sidered. 


45. We shall now solve & few simple examples in 
heights and distances, 

Ex. 1. A vertical flagstaff stands on a horizontal plane; from a point 
distant 60 metres from sta foot, the angle of elevatien of ita top їг found to 
be 30°; find the height of the flagstaff. 

Lei MP (fig., Art. 42) represent the flagstaff and O the point from 
which the angle of elevation is taken. 

Then OM =60 metres, and / MOP =30°. 

Bince PMO is a right angle, we have 


MP e olt 
ом =tan МОР =tan 30 =з (Art. 34). 
OM 60 60/3 
pele МЕНЕ 3. 
уа EL e 
Now, by extraction of the square root, we have 

М3 =1-73205... . 


Hence МР —20 x 1-73205...metres =34-641...metres. 


>. МР= 


Ex. 2. А man wishes to find the height of a church epire which stands 
on a horizontal plane; at a point on this plane he finds the angle of eleva- 
tiqn of the top of the spire to be 45°; on walking 30 metres toward the tower 
he finds the corresponding angle of elevation to be 60°; deduce the height of 
the tower and also his original distance from the foot of the spire. 
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Let P be the tòp of the spire and A and B the two pointe at which 
the angles of elevation are taken. Draw 
РМ perpendicular to А B produced ana 


Р 
let MP bez. 
We are given АВ =30 metres, 
L MAP =45°, 
and L MBP=60°. 
We then have 
4M Seot 45°=1, 
and BM со eor 1. 
z 
Hence AM =z, and BM =з 
z _ 3-1 
г. 30=АМ ЕЕ JB 
д == 55- ишу. SOVISHI) 15 (3+,/3) 


=15[3+1- агт = 71 metres. 


Also 11 М =z, во that both of the required distances are equal to 
71 metres. 


Ex. 3, From the top of a cliff, 60 metres high, the angles of depression 
of the top and bottom of a tower are observed to be 30° and 60°; ; find the 
height of the tower. 


Let A be the point of cbservation and ВА the height of the cliff, and 
let CD be the tower. 


Draw AE horizontally, во that 2 EAC =30° and 4 EAD =60°. 
Let т metres be the height of the tower and 
produce DC to meet AF in E, so that 


CE=AB-2=60-z. 
Since L ADB=L DAE =60°, 


2 DB=AB cot ADB =60 cot 60° 60, 


КЕЙ 
60-2 CE A 
Also -DB “ЕА =tan 30' = 
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4 .DB 60 
ae ar 3° 
во that z=60- $? —40 metres. 

Ex. 4. A man observes that at a point due south of a certain tower its 
angle of elevation ia 60°; he then walks 100 metres due west on œ horizontal 
plane and finds that the angle of elevation is 30°; find the height of the 
tower and his original distance from tt. 


Let P be the top, and PM the height, of the tower, A the point due 
south of the tower and B the point due west of A. 

The angles PMA, РМ B, and MAB аге therefore all right angles. 

For simplicity, since the triangles PAM, PBM, and ABM are in 
different planes, they are repreduced in the second, third, and fourth 
figures and drawn to scale. 

We are given AB = 100 metres, 2 PAM =60°,and 2 PBM =30°. 

Let the height of the tower be z metres. 


From the second figure, 
— =cot 60° =з d 
во that AM ==, 
3 
From the third figure, 


BH =cot 30° = ,/3, 


50 that BM -z3. 
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From the last figure, we have 
BM?=AM? + 4B, 
ie. 323—123. 190r, 
7. 823-3 x 1003. 


= = 100/3 _ 50.16 _ 
^M B= суу = ЫЗ 256 


=25 x 2-44949... — 61.94 metres. 
Also his original distance from the tower 


=z cot ora =25 x2 


=25 x (1-4142...) = 35-35 metres, 


EXAMPLES. VIIL 


1. A person, standing on the bank of 8 river, 
angle subtended by a tree on th 


such that its cotangent is 2, on walking 32 m, directly toward the 


tower its angle of elevation is an an, 


gle whose cotangent is : + Find the 
height of the tower, 


3. Ata point A, the angle of elevation of a tower is found to be such 
that ite tangent is mu 


тд} 9n walking 240 m, nearer the tower the tangent 
of the angle of elevation ig found to be 3, what із the height ог the 
: tower? 
4, Find the height of a chimney when it is found that, on walking 
towards it 50 m. in a horizontal line. through its base, the angular 
elevation of its top changes from 30° to 45°. 
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5. An observer on the top of а`сНЯ, 200 m. above the sea-level, 
observes the angles of depression of two ships at anchor to be 45° and 
30° respectively ; find the distances between the ships if the line joining 
them points to the base of the cliff. . 

6. From the top of а cliff an observer finds that the angles of 
depression of two buoys in the sea are 39° and 26° respectively; the 
buoys are 300 metres apart and the line joining them points straight 
at the foot of the cliff; find the height of the cliff and the distance of 
the nearest buoy from the foot of the cliff, given that cot 26°= 
2-0503, and cot 39° = 1:2349. 

7. The upper part of a tree broken over by the wind makes an angle 
of 30° with the ground, and the distance from the root to the point 
where the top of the tree touches the ground is 10 m.; what was the 
height of the tree? E 

8. The horizontal distance between two towers is 60 m. and the 
angular depression of the top of the first as seen from the top of the 
second, which is 150 m. high, is 30*; find the height of the first. 

9. The angle of eievation of the top of an unfinished tower at a 
point distant, 120 m. from its base is 45^; how much higher must the 
tower be raised so that its angle of elevation at the same point may be 
60°? 

10. Two towers of equal height stand on either side of a wide road 
which is 100 m. wide; at a point in the road between the pillars the 
elevations of the tops of the pillars are 60° and 30°; find their height 
and the position of the point. 

11. The angle of elevation of the top of a tower is observed to be 
60°; at а point 40 m. above the first point of observation the elevation 
is found to be 45°; find the height of the tower and its horizontal 
distance from the points of observation. 

P At the foot ofa mountain the elevation of its summit is found to 
be 45 H after ascending 1000 m. towards the mountain up а slope of 30° 
inclination the elevation is found to be 60°. Find the height of the 
mountain. 

13. What is the angle of elevation of the sun when the length of the 
shadow of a pole is ,/3 times the height of the pole? 
anta ae shadow of a goes standing on a level plane is found to be ] 
uc ds е when the sun 8 altitude is 30° than when it is 45°. Prove 

ight of the tower is 30 (1+3) metres. 
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15. On а straight coast there are three objects A, В, and С, such 
that AB = BC =2km. A vessel approaches B in a line perpendicular to 
the coast, and at a certain point AC is found to subtend an angle of 
60°; after aailing in the same direction for ten minutes AC is found to 
subtend an angle of 120°; find the rate at which the ship is going. 

16. Two flagstaffs stand on a horizontal plane. A and B are two 
points on the line joining the bases of the flagstafís and between them. ' 
The angles of elevation of the tops of the flagstaffe as seen from A are 
30° and 60° and, as seen from B, they are 60° and 45°. If the length 
AB be 10 metres, find t .e heights of the Яврвќайв and the distance 
between them. 

11. P is the top and Q the foot of a tower standing on a horizontal 


plane. A and В are two points on this plane such that AB is 32 m. and 
QAB isaright angle. It is found thet 


cot PAQ-; and cot PBQ= z 


5° 
find the height of the towe.. 


18. A square towef stands upon a horizontal plane. From a point |, 


in this plane, from which three of its upper corners are visible, their 
angular elevations are respectively 45°, 60°, and 45°. Shew that the 


height of the tower is to the breadth of one of its eides as y6 (./5+ 1) 
to4. 


19. A lighthouse, facing north, sends out а fan-shaped beam of 
light extending from north-east to north-west. An observer on в 
steamer, sailing due west, first sees the light when he is 5 km. away 


from the lighthouse and continues to see it for 30 ,/2 minutes. What is 
the speed of the steamer? 


20, A man stands at a point X on the bank XY of a river with 
straight and parallel banks, and observes that the line joining X to & 
point Z on the opposite bank makes an angle of 30? with X Y. He then 
goes along the bank a distance of 200 metres to Y and finds that the 
angle Z Y X is 60°. Find the breadth of the river. 

21. A man, walking due north, observes that the elevation of & 
balloon, which is due east of him and is sailing toward the north-west, 
is then 60°; after he has walked 400 metres the balloon is vertically 


over his head; find its height supposing it to have always remained the 
same. " 


\ 
CHAPTER IV | N 
APPLICATION! OF ALGEBRAIC SIGNS TO TRIGONOMETRY 


46. Positive and Negative Angles. In Art. 6, in 
sreating of angles of any size, we spoke of the revolving 
ine as if it always revolved in a direction opposite to 
shat in which the hands of a watch revolve, when the 
watch is held with its face uppermost. 

This direction is called counter-clockwise. 

When the revolving line turns in this manner it is said 
to revolve in the positive direction and to trace out & 
positive angle. 

When the line OP revolves in the opposite direction, 
i.e. in the same direction as the hands of the watch, it 
is said to revolve in the negative direction and to trace 
put a negative angle. This negative direction is clockwise. 

47. Let the revolving line start from OA and revolve 
until it reaches a position OP, which 
lies between OA’ and OB’ and which 
bisects the angle A’OB’. к о 

If it has revolved in the positive 
direction, it has traced out the positive 
angle whose measure is + 225°. B' 

Tf it has revolved in the negative direction, it has. 
traced out the negative angle — 135°. 

‘Again, suppose we only know that the revolving line 
is in the above position. It may have made one, two, 
three... complete reyolutions and then have described 
the positive angle + 225°. Or again, it may have made 


A 
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one, two, three... complete revolutions in the negative 
direction and then have described the negative angle 
— 135°. 

In the first case, the angle it has described is either 
225°, or 360°+225°, or 2х360°%-225°, ог 3x360°+4225° 
ee Фе. 225°, ог 585°, ог 945°, ог 1305?.... ` 

In the second case, the angle it has described is — 135°, 
or —360°—135°, or —2x 360°—135°, or —3x 360?— 1359 
ee 0, — 135°, or — 495°, or — 855°, or — 1215°.... 

48. Positive and Negative L 
amanis told to start from a 
Toad and to walk 1000 
stop. Unless we are 


the other side. 


In measuring distances along a straight line it is 
therefore convenient to have a standard direction; this 
irection is called the Positive direction and all distances 
measured along it are said to be Positive. The opposite 
direction is called the negative direction, and all distances 
measured along it are said to be negative. 
The standard, or Positive, direction for lines drawn 
parallel to the foot of the page is towards the right. ' 
The length OA is in the positive direction, The length 
OA' is in the negative 
direction. If the mag- а 
nitude of the distance 
OA or OA’ be a, the point A is at a distance + а from О 
and the point A’ is at à distance — a from О. 
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All lines measured to the right have then the positive 
sign prefixed : all lines to the left have the negative sign 
prefixed. 

If a point start from О and describe a positive distance 
OA, and then a distance AB back again toward О, equal 
numerically to 6, the total distance it has described 
measured in the positive direction is OA + AB, 


i.e. +a + (— 5), бе. а — b. 


49. For lines at right angles to AA’, the positive 
direction is from О towards the top of the page, i.e. the 
direction of OB (fig., Art. 47). All lines measured from 
О towards the foot of the page, i.e. in the direction OB’, 
are negative. 


50. Trigonometrical ratios for an angle of any magni- 
tude. 

Let OA be the initial line (drawn in the positive 
direction) and let OA’ be drawn in 
the opposite direction to OA. 

Let BOB’ be a line at right angles р, 
to OA, its positive direction being |. 
ОВ. - 

Let в revolving line OP start 
from OA and revolving in either 
direction, positive or negative, trace 
out an angle of any magnitude whatever. From a 
point P in the revolving line draw РМ perpendicular 
to AOA’. 

[Four positions of the revolving line are given in the figure, one in 


each of the four quadranta, and the suffixes 1, 2, 3 and 4 are attached to 
P for the purpose of distinction.] 
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We then have the following definitions, which are the 
same as those given in Art. 23 for the simple case of an 
acute angle: 


= isc: 2d the Sine of the angle AOP, 


си p D Cosine 5 » 
23 » » Tangent É » 
d 3» »  Cotangent ,, 3) 
s » »  Becant » Jj 
08 ” B) Cosecant 5 "9 


The quantities 1 — соз AOP and 1 — sin AOP are 
Tespectively called the Versed Sine and the Coversed 
Sine of ДОР. 


51. In exactly the same man 
be shewn that, for all values of 
have ` 


ner as in Art. 27 it may 
the angle AOP (= 0), we 


sin? 0+ cos! 0 — 1, 


sec? Ó— 1 tan! 0, 
and cosec! @ = 1 + cot? 0. 
52, Signs of the trigonometrical ratios: 


First quadrant, Let the revolving line be in the first 
quadrant, as OP,. This revolving line is alwava nogitive. 
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Here OM, and М.Р, are both positive, so that all the 
trigonometrical ratios are then positive. 


Second quadrant. Let the revolving line be in the 
second quadrant, as OP,. Here М,Р, is positive and 
ЭМ, is negative. 

The sine, being equal to the ratio of a positive quan- 
tity to a positive quantity, is therefore positive. 

The cosine, being equal to the ratio of a negative 
quantity to a positive quantity, is therefore negative. 

The tangent, being equal to the ratio of a pusitive 
quantity to a negative quantity, is therefore negative. 

The cotangent is negative. 

The secant is negative. 

The cosecant is positive. 


Third quadrant. If the revolving line be, as U^, in 
the third quadrant, we have both МР, and ОМ, nega- 
tive. 

The sine is therefore negative. 

The cosine is negative. 

The tangent is positive. 

The cotangent is positive. 

The secant is negative. 

The cosecant is negative. 


Fourth quadrant. Let the revolving line be in the 
fourth quadrant, as OP,. Here M,P, is negative and 
OM, is positive. 

The sine is therefore negative. 

The cosine is positive. 

The tangent is negative. 

The cotangent is negative. 


52 TRIGONOMETRY 


The secant is positive.. 
The cosecant is negative. 


The annexed table shews the signs of the trigono-. 


metrical ratios accordin 
the revolving line which bounds +] 


g to the quadrant in which lies 


he angle considered. 


. B j м 
вп + віп + 
соз — сов + 
ап - tan + 
cot - cot + 
Sec — sec + 
cosec + совее + 
A’ [e] A 
Sin - Bn = 
cos => сов + 
tan + tan =- 
cot + cot = 
Bee = вес. + T 
Cosec — созес — 
B LJ 
53. Tracing of the changes in the sign and magnitude of 
the trigonometrical ratios 


from 0° to 360°. 

Let the revolving line OP be of 

When it coincides with OA, the 
length ОМ, is equal to a; and, 
when it coincides with OB, the 
point М; coincides with О and OM, 
vanishes. Also, as the revolving 
line turns from OA to OB, the dis- 
tance OM, decreases from a to 
Zero. 


Whilst the revolving line is in the second quadrant , 


of an angle, as the angle increases 


constant length а. 
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and is revolving from OB to OA’, the distance OM, is 
negative and increases numerically from 0 to а [з.е. it 
decreases algebraically from 0 to — а]. 

In the third quadrant, the distance OM, increases 
algebraically from — а to 0; and, in the fourth quadrant, . 
‘the distance ОМ, increases from 0 to a. ' 

In the first quadrant, the length М, P, increases from 
0 tö а; in the second quadrant, M, P, decreases from a to 
0; in the third quadrant, М,Р; decreases algebraically 
from 0 to — a; whilst in the fourth quadrant M,P, 
increases algebraically from — a to 0. 


54. Sine. In the first quadrant, as the angle in- 


creases from 0 to 90°, the sine, $.e. МЕН: 


20 vit from 0 to 1. 


, increases from 


In um second quadrant, as the sage d increases from 
90°-to 180°, the sine decreases from = 90 P e. from 1400. 
In the third-quadrant, as the KU increases from 
180° to 270°, the sine decreases from © to —*, i.e. from 


0 to — 1. 
In the fourth quadrant, as the ми» increases from 


270° to 360°, the sine increases from — == 2 to t $.е. from 
—1to 0. 
B5. Cosine. In the first quadrant the cosine, which 


is equal to Сл", decreases from 2 ttot, i.e. from 1 to 0. 


L.P.T(1)—3 
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0 —a 

In the second quadrant, it decreases from а to RC 
i.e. from 0 to — 1. p» $ 
In the third quadrant, it increases from AP to =; 


i,e. from — 1 to 0. 


- 0 a 
In the fourth quadrant, it increases from 5 to а’ 


i.e. from 0 to 1. 


: 56. Tangent. In the first quadrant, M,P, ine~ ases 


М.Р. 
from 0 to a and OM, decreases from а to 0, soth 121 


1 
continually increases (for its numerator contin uly in- 


2геаѕеѕ and its denominator continually decrea: .3). 
When OP, coincides:with OA, the tangent із 0; w'ien 
the revolving line has turned through an angle whicn i: 


slightly less than a right angle, so that OP, near v 


coincides with OB, then М.Р, is very nearly equal 


aand OM, is very small. The ratio тарі is therefore very 
1 


large, and the nearer OP, gets to OB the larger does the 


ratio become, so that, by taking the revolving line near 
enough to OB, we can make the tangent as large as we 
please. This is expressed by saying that, when the angle 
is equal to 90°, its tangent is infinite. 

The symbol c із ‘used to denote an infinitely great 
quantity. 


Hence in the first quadrant the tangent increases from 
Оо o. 


In the second quadrant, when the revolving line has 
described an angle AOP, slightly greater than a right 
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angle, M,P, is very nearly equal to a and OM, is very 
small and negative, so that the corresponding tangent is 
very large and negative. 

Also, as the revolving line turns from OB to OA", М,Р, 
decreases from a to 0 and ОМ, is negative and decreases 
from 0 to — a, so that, when the revolving line coincides 
with OA’ the tangent is zero. 

Hence, in the second quadrant, the tangent increases 
from — to 0. 

In the third quadrant, both М, Ps and ОМ, are nega- 
tive, and hence their ratio is positive. Also, when the 
revolving line coincides with OB’, the tangent is infinite. 

Hence, in the third quadrant, the tangent increases 
from 0 to о. 

In the fourth quadrant, M,P, is negative and OM, is 
positive, so that their ratio is negative. Also, as the 
revolving line passes through OB' the tangent changes 
from +a to — œ [just as in passing through OB]. 

Hence, in the fourth quadrant, the tangent increases 
from — œ to 0. 


57. Cotangent. When the revolving line coincides 
with OA, М.Р, is very small and ОМ, is very nearly 


equal to a, so that the cotangent, i.e. the ratio ME >is 
М.Р, 


infinite to start with. Also, as the revolving line rotates 
from OA to OB, the quantity M,P, increases from 0 to a 
and OM, decreases from а to 0. ^ t 

Hence, in the first quadrant, the cotangent decreases 
trom © to 0. 

In the second quadrant, M,P, is positive and OM, 
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negative, во that the cotangent decreases from 0 to. 
ie. from 0 to — œ. 

In the third quadrant, it is Positive and decreases 
from o to 0 [for as the Tevolving line crosses OA’ the 
cotangent changes from — œ to œ i 

In the fourth quadrant, it is negative and decreases 
from 0 to — œ. 

58. Secant. When the 
OA the value of ом, 
is then unity 

As the revolving 
decreases from 


-6 
0, 


revolving line coincides with 
is a, во that the value of the secant 


line turns from ОД to OB, ОМ, 
@ to 0, and when the revolving line 
coincides with OB the value of the secant is © 


£e. ©, 
0 > 

Hence, in the first quadrant, the secant increases from. 
ltow, 


In the second quadrant, ОМ, 
from 0 to — a. Hence, in this quadrant, the secant in- 
creases from — œ to — 


1 [for as the revolving line crosses 
OB the quantity OM, changes sign and therefore the 
secant changes from + со to — ©]. 

In the third quadrant, OM, is always negative and 
increases from — a to 0 ; therefore the secant decreases 
from — l to — œ. 

In the fourth quadrant, OM, is always positive and 
increases from 0 to а. Hence, in this quadrant, the 
secant decreases from œ to + 1. s 

in.the cosecant may be 
traced in a similar manner to that in the secant. 
In the first quadrant, it decreases from c to + 1. 
In/the second quadrant, it increases from +lto+o, 


is negative and decreases 
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In the third quadrant, it increases from — œ to — 1. 
In the fourth quadrant, it decreases from — 1 to — =. 


table. 


In the second quadrant, the 


sine 
cosine 


+ decreases from 
decreases from 


Ito 0 
0to-1 


tangent increases from — œ to 0 


cotangent decreases from 0 to — œ 


secant increases from — œ to—1 
Oosecant increases from lto œ 
A б 
In the third quadrant, the 

sine decreases from 0to-1 
cosine increases from — ltor Q 
tangent increases from Oto œ 
cotangentdecreasesfrom oto 0 
secant decreasesfrom — 1 to—c 
cosecant increases from —со{о—1 


In the first quadrant, the 


sine increases from 
cosine decreases from 
tangent increases from 
cotangent decreases from 
secant .incresbes from 


cosecant decreases from 


ою 
l to 
0 to 
œ to 
l to 
œ to 


In the fourth quadrant, the 


sine 
cosine 
tangent 


increases from 


о 


60. The foregoing results are collected in the annexed 


> нв овон 


increases from — 1 to 0 


1 


increases from —a to 0 


cotangent decreases from Офо ~- 


secant 


61. Periods of the trigonometrical functions. 


As en angle increases from 0 to 27 radians, i.e. whilst 
the revolving line makes a complete revolution, its gine 
first increases from 0 to 1, then decreases frdm 1 to — 1, 
and finally increases from — 1 to 0, and thus the sine 
goes through all its changes, returning to: its original 


value, 


decreases from oto 1 
cosecant decreases {rom —1 іо — оо 


B’ 


Similarly, as the angle increases from 2s radians to 
4m radians, the sine goes through the same series of 


changes. 
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Also, the sines of any two angles which differ by four 
right angles, t.e. 27 radians, are the same. 

This is expressed by saying that the period of the 
sine is 27. 

Similarly, the cosine, secant, and cosecant go through 
all their changes as the angle increases by 2л. 

The tangent, however, goes through all its changes as 
the angle increases from 0 to т radians, i.e. whilst the 


revolving line turns through two right angles. Similarly 
for the cotangent. 


The period of the sine 
therefore 27 radians; t| 
cotangent is т radians, 


Since the values of the trigonometrical functions 
Tepeat over and over again 


as the angle increases, they 
are called periodic functions, 


› cosine, secant and cosecant is 
he period of the tangent and 


Sine-Graph. 
Let OX and OY be two str: 


aight lines at right angler 
and let the magnitudes of angles be represented bj 
lengths measured along ОХ. 
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Let Р,, R,, Rz, ... be points such that the distances 
OR,, В,В,, Е, Rs, ... are equal. If then the distance OR, 
represent a right angle, the distances OR,, OR,, OR,, ... 
must represent two, three, four, ... right angles. 

Also, if P be any point on the line OX, then OP 
represents an angle which bears the same ratio to a Tight 
angle that OP bears to OR,. 

[For example, if OP be equal to ; OR,, then OP would represent one- 
third of a right angle; if P bisected Р, Ка, then OP would represent 3} 
right angles.] 

Let also OR, be so chosen that one unit of length 
Tepresents one radian; since OR, represents two right 
angles, i.e. m radians, the length OR, must be л units of 
length, i.e. about 31 units of length. 

In a similar manner, negative angles are represented 
by distances OR,', OR,’, ... measured from О in a nega- 
tive direction. 

At each point P erect a perpendicular PQ to represent 
the sine of the angle which is represented by OP; if the 
sine be positive, the perpendicular is to be drawn parallel 
to OY in the positive direction; if the sine be negative, 
the line is to be drawn in the negative direction. 

[For example, since OR, represents a right angle, the sine of which ів 
1, we erect à perpendicular Р, В, equal to one unit of length; since OR, 
represente an angle equal to two right angles, the sine of which is zero, 
we érect a perpendicular of length zero; since OR, represents three right 
angles, the sine of which is —1, we erect a Perpendicular equal to —1, 
$.е. we draw В, B, downward and equal to а unit of length; if OP were 
equal to one-third of ОЖ, it would represent З of a right angle, ie. 30°, 
the sine of which ia 2 &nd so we should erect а perpendicular PQ equal 
to one-half the unit of length.] 
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The ends of all these lines, thus drawn, would be 
found to lie on a curve similar to the one drawn 
above. f 

It would be found that the curve consisted of portions, 
similar to OB,R,B,R,, placed side by side. This corre- 
sponds to the fact that each time the angle increases by 
2, the sine repeats the same value. 


BRR Cosine-Graph. 


The Cosine-Graph is obtained in the same manner as 
the Sine-Graph, except that in this case the perpendicular 
PQ represents the cosine of the angle represented by 
OP. 


The curve obtained is the same as that of Art. 62 if in 
that curve we move O to Е, and let OY be drawn along 
R,B,. 


#64, Tangent-Graph. 


In this case, since the tangent of a right angle is 
infinite and since OR, represents a right angle, the per- 
pendicular drawn at R, must be of infinite length and 
the dotted curve will only meet the line R,L at an infinite 
distance. 

Since the tangent of an angle slightly greater than a 
right angle is negative and almost-infinitely great, the . 
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dotted curve immediately beyond ZR,L’ commences at 
an infinite distance on the negative side of, i.e. Below, 


OX. 


The Tangent-Graph will clearly consist of an infinite 
number of similar but disconnected portions, all ranged 
parallel to one another. Such a curve is called a Discon- 
tinuous Curve. Both the Sine-Graph and the Cosine- 
Graph are, on the other hand, Continuous Curves. 


*65. Cotangent-Graph. If the curve to represent 
the cotangent be drawn in a similar manner, it will be 
found to meet OY at an infinite distance above O; it will 
pass through the point R, and touch the vertical line 
through R, at an infinite distance on the negative side of 
OX. Just beyond R, it will start at an infinite distance ' 
above R,, and proceed as before. 

The curve is therefore discontinuous and will consist 
of an infinite number of portions all ranged side by side. 
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368. Cosecant-Graph. 
Y 


When the angle is zero, the Sine 
cosecant is therefore infinite, 
Hence the curve meets 0 


When the angle is a right angle, the cosecant is unity, 
and hence R,B, is equal to the unit of length, 

When the angle is equal to two right angles its 
Cosecant is infinity, so that the curve meets the perpen- 
dicular through R, at an infinite distance, 

Again, as the angle increases from slightly less to 
slightly greater than two right angles, the cosecant 
changes from + @ to — œ У 

Hence just beyond R, the curve commences at an 

infinite distance on the negative side of, i.e. below, ОХ. 


#67. Secant-Graph. If, similarly, the Secant-Graph 
be traced, it will be found to be the same as the Со 
Graph would be if we moved OY to Е,В,. 


[Some further examples of graphs will be found on 
pages 143, 144, 145, 158 and 281 1 


is zero, and the 


Y at. infinity. 


secant- 
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MISCELLANEOUS.EXAMPLES. IX. 


4. In a triangle one angle contains as many grades as another con- 
tains degrees, and the third contains as many centesimal seconds as 
there are sexagesimal seconds in the sum of the other two; find the 
number of radians in each angle. 

2. Find the number of degrees, minutes, and seconds in the angle at 
the centre of a circle, whose radius is 5 m., which is subtended by an 
arc of length 6 ni. 

3. To turn radians into seconds, prove that we must multiply by 
206265 nearly, and to turn seconds into radians the multiplier must be 


a 
& It sin д equal Pay find the values of cos б and cot 6. 
5. If nao ть 
sin = рона +23” 
prove that B 
2mn +2n* 
ви coa 9 —вїп 0 —4/2 sin б, 
ретеу cos 8 +ain = у2 сов б. 
7. Prove that 


cosec a — со{% a=3 coseo! a cot? a +1. 
8. Express 2 sec? 4 – sect A — 2 cosect A +созес* A 
in terms of tan А, 
9. Solve the equation 3 совес* @=2 вес б. 


10. A man on a cliff observes a boat at au angle of depression of 30°, 
which is making for the shore immediately beneath him. Three minutes 
later the angle of depression of the bost is 60°. How soon will it reach 
the shore? 


11. Prove that the equation sin o=2+! is impossible if x be real. 


12. Shew that the equation eI, is only possible when 
szy. (ty Ё 


CHAPTER V 


TRIGONOMETRICAL FUNCTIONS OF ANGLES 
OF ANY SIZE AND SIGN 


[Опа first reading of the subject, the student is recommended 
to confine his attention to the first of the four figures given in 
Arts. 68, 69, 70, and 72.] 


68. То find the trigonometrical ratios of an angle (= 8) 
in terms of those of 6, for all values of 6. 


Let the revolving line, starting from OA, revolve 
through any angle 6 and stop in the position OP. 
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Draw РИ perpendicular to OA (or OA produced) and 
produce it to P’, so that the lengths of PM and MP’ are 
equal, 
. Inthe geometrical triangles MOP and MOP’ we have 
the two sides OM and MP equal to the two sides OM 
and МР’, ~nd the included angles OMP and OMP” are 
right angle... 

Hence the magnitudes of the angles MOP and MOP' 
are the same, and OP is equal to OP'. 

In each of the four figures, the magnitudes of the 
angle AOP (measured counter-clockwise) and of the 
angle AOP’ (measured clockwise) are the same. 

Hence the angle AOP’ (measured clockwise) is 
denoted by — 8. 

Also MP and MP’ are equal in magnitude but are 
Opposite in sign. (Art. 49.) We have therefore 


sin (- 0) = фр = =- sin 6, 
cos (-0) = OM _ OM = 0008, 
tan (- 6) = ME ar =- tan, 
cot (— б) = О, = ОМ = — cot 8, 
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[In this article, and the following articles, the values of the last four 
trigonometrical ratios may be found, without reference to the figure, 
from the values of the first two ratios. 


sin(-@)_ -sin 0 _ 


Thus tan( -0)- 5 (—8) cos 8 = -tan б, 
cos(-8) _ соз 0 io 
cot(-6)= x; (—8)7 аа cot 6, 
1 1 
ттеу сү зоа 
1 
and ЕО oa =m con Oe dl 
Ex». sin (.- 30°) = -sin 30° = = 


2’ 
tan ( — 60?) = — tan 60°= — 3, 


and cos ( — 45°) =cos 45° = 


1 
vz 


69. To find the trigonometrical ratios. of the angle 
(90° — 8) in terms of those of 0, for all values of 0. 

The relations have already been discussed in Art. 39, 
for values of @ less than a right angle. 

Let the revolving line, starting from OA, trace out 
any angle AOP denoted by 8. 

To-obtain the angle 90° — 6, let the revolving line 
rotate to B and then rotate from B in the opposite 
direction through the angle 6, and let the position of the 
revolving line be then OP’ 

The angle AOP” is then 90° — 0. , 

Take OP' equal to OP, and draw P'M' and PM per- 


pendicular to OA, pioduced if necessary. Also draw P'N' 
perpendieular to OB, produced if necessary. 


/ 
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In each figure, the angles AOP and ВОР" are numeri- 
| саГу equal, by construction. 


Hence, in each figure, 
ZMOP = ZN'OP' = ZOP'M', 


since ON’ and М'Р' are parallel. 
Hence the triangles MOP and M'P'O are equal in all 
respects, and therefore 
OM = M'P' numerically, and ОМ’ = MP numerically. 
Also, in each figure, OM- and М'Р' are of the same 
sign, and so also are MP and ОМ", 


i.e. ОМ = + M'P', and OM’ = + MP 
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Hence 


и 


"OP = Op =o 8, 
cos (90? — 0) = cos AOP' = OM' MP nó 
tan (90° — 0) = tan ДОР’ P^ OM _ 

cot (90° — 0) =cot AOP’ = OM’ MP 


вес (90° — 0) = sec AOP’ = ОР EOF, 


10. To find the trigonometrical ratios of the angle 
(90° + 0) in terms of those of Ө, for avalues of 0. 


u——— ——— ÀM HB 
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Let the revolving line, starting from OA, trace out 
any angle 6 and let OP be the position of the revolving 
line then, so that the angle AOP is 0. 

Let the revolving line turn through a right angle from 
OP in the positive direction to the position OP’, so that 
the angle AOP’ is (90° + 6). 

Take OP’ equal to OP and draw PM and Р’М’ 
perpendicular to AO, produced if necessary. In each 
figure, since POP’ is a right angle, the sum of the angles 
MOP and Р’ОМ’ is always a right angle. 

Hence 4 МОР = 90° — ДР'ОМ' = ZOP'M'. 

The two triangles МОР and M'P'O are therefore equal 
in all respects. 

Hence ОМ and M'P' are numerically equal, as also 
MP and OM’ are numerically equal. 

In each figure, OM and M'P' have the same sign, 
whilst MP and OM’ have the opposite sign, so that 

M'P' = + OM, and OM’ = — МР. 


We therefore have 


sin (90°+ 0) = sin AOP’= d = es = con 6, 
cos (90? 4-0) = cos AOP’= ae = = = Nia 0; 
tan (90° + 0) = tan AOP'- TET, = OM = — cot 0, 
cot (90°+ 0) = cot AOP’= d а SER 
sec (90° + 9) = sec АОР’= os = Е —cosec 6, 
ОР’ ОР 


and созес (90° - 0) = созес AOP’ = ттт = 7,3; 
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TRIGONOMETEX 
Exs, sin 120° —зїп (180° — 60°) «sin ee Va, 
cos 135° = соз (180° — 45°)  — cos 45° = E 
1 
and fan 150" tan (180° —30°) = — tan 30°= — 


73. To find the trigonometrical ratios of (180° 
terms of those of 0, for all values of 0. 


The required relations may be obtained geometrically, 


as in he previous articles. The figures for thi- propo- | 


sition are easily obtained and are left as ап ex: aple for 
the student. 


They may also be deduced from the results« Art. 70, 
which have been proved true for all angles. For, putting 
90° + 6 = B, we have 

sin (180°+ 0) = sin (90°- В) = cos В (Art. 70, 


= cos (90°+ 6)=—sin@, (Art. 10) 
and 


cos (180°+ 0) = соз (90? + В) = — sin B (Art.70) 


= — sin (90° + 0) 2—cosÓ. (Art. 70) 
tan (180° + 0) = tan (90° + B) = — cot 5 
= — cot (90° + 0) = tan 0. 
and similarly cot (180° + 0) = cot 9, 
sec (180° + 0) = — sec 0, 
созес (180° + 6) = — созес б, 


бо 


and 


74. To find the trigonometrical ratios of an angle 
(360° + 9) in terme of those of 8, for all values of 8. 


In whatever position the revolving line may be when 
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it has described any angle 6, it will be in exactly the same 
position when it has made one more complete revolution 
in the positive direction, i.e. when it has described an 
angle 360° + б. 

Hence the trigonometrical ratios for an angle 360° + @ 
are the same as those for 6. 

It follows that the addition or subtraction of 360°, or 
any multiple of 360°, to or from any angle does not alter 
its trigonometrical ratios. 


75. From the theorems of this chapter it follows that 
the trigonometrical ratios of any angle whatever can be 
reduced to the determination of the trigonometrical 
ratios of an angle which lies between 0° and 45°. 


For example, 
sin 1765° = sin [4 x 360° + 325°] = sin 325° (Art. 74) 
= sin (180° + 145°) = — sin 145° (Аг. 73) 
— — sin (180° — 35°) = — sin 35° (Art. 72); 
tan 1190° = tan (3 x 360° + 110°) = tan 110° (Art. 74) 
= tan (90° + 20°) = — cot 20° (Art. 70); 
and cosec (— 1465°) = — cosec 1465? (Art. 68) 
= — созес (4 x 360° + 25°) = — cosec 25° (Art. 74). 
Similarly any other such large angles may be treated. 
First, multiples of 360° should be subtracted until the 
angle lies between 0° and 360°; if it be then greater than 


180°, it should be reduced by 180°; if then greater than 
90°, the formulae of Art. 70 should be used, and finally, 


` if necessary, the formulae of Art. 69 applied. 
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76. The table of Art. 40 may now be extended to 
some important anyles greater than a right angle. 


EXAMPLES. X. 
Prove that 
1. sin 420° cos 390° + cos ( — 300°) sin ( 330?) — 1. 
2.. cos 570° віп 510° — sin 330° cos 390°=0, 
end 3. tan 225° cot 405° + tan 765%cot 675? —0. 


What are the values of cos A—sin A and tan A+cot.4 when A has 
the values 
AT tar 5т llr 


In 
FE & > вч, Toi and & =? 


"Exs. X.] EXAMPLES 75 
What values between 0? and 360° may A have when 


5 1 1 
9. 3700 10. cos 4=.-5, 11. tan А=-1, 
12. cot A= - 4/3, 13. sec d= 7, and 14. cosec A= —2? 


Express in terms of th? ratios of a positive angle, which is less than 
45°, the quantities 


15. sin ( — 65°). 18. cos ( —84°). 17. tan 137°, 

18. sin 168°. 19. cos 287°. 20. tan ( — 246°). 
21. sin 843°. 22. cos ( — 928°). 23. tan 1145°. 
24. cos 1410°. 25. cot( — 1054). 28. sec 1327? and 


27. cosec ( — 756°). 
What sign has sin A 4- cos A for the following values of A? 


28. 140°. 29. 278°, 30. —356? and 31. —1125°, 
What sign has віп А —cos A for the following values of А? 
32. 215. 88. 825°, 34. —634° and 35. – 451°. 


36. Find the sines and cosines of all angles in the first four quadrante 
whose tangents are equal to cos 135°. 


Prove that 

37. sin (270° + А) = —cos A, and tan (270? -- 4) = – соё A. 

38. cos (270° — 4) = —sin A, and cot (270? — А) = (ап А. 

89. cos A + sin (270° + A) — sin (270? — A) + соз (180° + 4) —0. 

40. вес (270? — A) вес (90° — A) — tan (270° — A) tan (90° + A) - 1—0. 
41. cot A -- tan (180? + A) -- tan (90? + A) + tan (360* — 4) =0. 


CHAPTER УТ 


GENERAL EXPRESSIONS FOR ALL ANGLES HAVING 
A GIVEN TRIGONOMETRICAL RATIO 


Т. To construct the least positive angle whose sine 18 
qual to a, where a is a proper fraction. 

Let OA be the initial line, and let OB be drawn i in the 
positive direction perpendicular to OA. 

Measure off along OB a distance 
ON which is equal to a units of length. 
[1f a be negative, the point N will lie in ү, 
BO produced.] VANS 

Through N draw NP parallel to 0%. With centre О, 
and radius equal to the unit of length, describe a circle 
and let it meet NP in P. 1 

Then AOP will be the required angle. 


Draw РИ perpendicular to OA, so that 


sin ДОР = М = AETA 
The sine of AOP is therefore equal to the given 


juantity, and hence AOP is the angle required. 


B 
NON P 
3 


78. To construct the least positive angle whose cosine 18 
equal to b, where b is a proper fraction. 


Along the initial line measure off a distance OM equal 


ANGLES HAVING A GIVEN COSINE 77 
toband draw МР perpendicular to OA. [If 0 be negative, 
M will lie on the other side of О in the 
line AO produced.] 

With centre O, and radius equal to 
unity, describe a circle and let it meet 
MP in P. 

Then AOP is the angle required. For 

OM b 
cos AOP -op^"i"* 

19. To construct the least positive angle whose tangent 
4s equal to c. > 

Along the initial line measure off 
OM equal to unity, and erect a per- 


pendicular MP. Measure off MP Р 
ga 9 o 1 мА 
MP 
tan AOP = om = с, 


во that AOP is the required angle. 


80. It is clear from the definition given in Art. 50, 
that, when an angle is given, so also is its sine. The 
converse staterhent is not correct; there is more than one 
angle having a given sine; for example, the angles 30°, 
150°, 390°, — 210°, ... all have their sine equal to }. 

^ Hence, when the sine of an angle is given, we do not 
definitely know the angle; all we know is that the angle 
is one out of a large number of angles. 

‘Similar statements are true if the cosine, tangent, 
or any other trigonometrical function of the angle be 


' given. 
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Hence, simply to give one of the trigonometrical 
functions of an angle does not determine it without 
ambiguity. 


81. Suppose we know that the revolving line OP 
coincides with the initial line OA. All we know is that 
the revolving line has made 0, or 1, or 2, or 3, ... com- 
plete revolutions, either positive or negative. 

But when the revolving line has made one complete 
revolution, the angle it has described is (Art. 17) equal to 
2m radians. 

Hence, when the revolving line OP coincides with the 
initial line OA, the angle that it has described is 0, or 1, 
or 2, or 3, ... times 27 radians, in either the positive or 
negative directions, i.e. either 0, or + 27, or + 4л, or 
+ бт, ... radians. š 

This is expressed by saying that when the revolving 
line coincides with the initial line the angle it has de- 
scribed is 2nzr, where n is some positive or negative 
integer. 


82. Theorem. To find a general expression to include 
all angles which have the same sine. [Зее also Art. 102.] 

Let AOP be any angle having the given sine, and let 
it be denoted by a. i 

Draw PM perpendicular to ОА 
and produce MO to М’, making 
ОМ’ equalto МО, and draw M'P' 
parallel and equal to MP. 

As in Art. 72, the angle AOP’ 
is equal to 7 — a. 

When the revolving line is in either of the positions 


к — 


———————MÁÓ 


ANGLES HAVING THE SAME SINE 19 


OP or OP’, and їп no other position, the sine of the angle 
traced out is equal to the given sine. 

When the revolving line is in the position OP, it has 
made a whole number of complete revolutions and then 


` described an angle a, i.e., by the previous article, it has 


described an angle equal to 


where 7 is zero or some positive or negative integer. 
When the revolving line is in the position OP'. it has, 
similarly, described an angle 2rz + AOP’, i.e. an angle 
2ra + п — а, 
1.6. (2r. F 1)m — a. iiie (2); 
where r is zero or some positive or negative integer. 
All these angles will be found to be included in the 
expression 
пт + (- 1)°а ........ ААА (3), 
where n is zero ог а positive or negative integer. 
For, when т = 2r, since (— 1)?" = + 1, the expression 
(3) gives 2rm + a, which is the same as the expression (1), 
Also, when n = 2r + 1, since (—1)**+1 = — 1, the ex- 
pression (3) gives (?r + 1) т — a, which is the same as 
the expression (2). 


Cor. Since all angles which have the same sine have 
also the same cosecant, the expression. (3) includes all 
angles which have the same cosecant as a. 


83. "Theorem. То find a general expression to include 
all angles which have the same cosine. [See also Art. 103.] 


Let AOP be any angle having the given cosine, and 
let it be denoted by a. : 
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Draw PM perpendicular to OA and produce it to Р”, 
making MP’ equal to РМ. 

When the revolving line is in the position 
OP or OP’, and in no other position, then, as 
in Art. 78, the cosine of the angle traced out 
is equal to the given cosine. 

When the revolving line is in the position 
OP, it has made a whe ie number of complete revolutions 
and then described an angle a, i.e. it has described an 
angle 2mm + а, vhere п is zero ot some positive or 
negative integer. 

When the revolving line is in the position OP’, it has 
made a whole number of complete revolutions and then 
described an angle — a, i.e. it has described an angle 
2пт — а. 

All these ang:es are included in the expression 

207 +а 


where 7 is zero or some positive or negative integer. 


Cor. The expression (1) includes all angles having. . 
the same secant as a. 


84. Theorem. To find a general expression. for all 
angles which have the same tangent. [See also Art. 104.] 


Let AOP be any angle having the given + 
let it be denoted by a. UN 1E 


Produce PO to P’, making OP' реа 
equal to ОР, and draw P’M’ per- +P 


pendicular to OM’. үм" 


As in Art. 73, the angles AOP P 
and AOP’ have the same tangent; di 
also the angle AOP’ = п + a. 
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When the revolving line is in the position OP, it hag 
described a whole number of complete revolutions and 
then turned through an angle a, i.e. it has described an 


angle D CER sett И. eb) 


where r is zero or some positive or negative integer. 
, When the revolving line is in the position OP’, it has 
similarly described an angle 2rm + (m + a), 


VE (ани) anc tales ее (2). 
All these angles are included in the expression 
mma... а. пб) (3), 


where n is zero ог some positive or negative integer. 
For, when n is even, (— 2r say), the expression (3) 
gives the same angles as the expression (1). 
Also, when 7 is odd, (= 2r + 1 say), it gives the same 
angles as the expression (2). 


Cor. Theexpression (3) includes all angles which have 
the same cotangent as a. 


85, In Arts. 82, 83, and 84 the angle а is any angle 
satisfying the given condition. In practical examples it 
is, in general, desirable to take а as the smallest; positive 
angle which is suitable. 

. Ex. 1. Write down the general Emann Ta all angles, 
(1) whose sine is equal to БСА 
(2) whose cosine їз equal to > 
and (3) whose tangent is equal to a 
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(1) The smallest angle, whose sine is МӘ , is 60°, i.e. 3: 
Hence, by Art. 82, tbe general expression for all the angles whicb 


have this sine is п 
пт +(-1)"=. 


3 


(2) The smallest positive augle, whose cosine is =, 


is 120°, i.e. 
Hence, by Art. 83, the general expression for all the angles which 


have this cosine is 27. 
2лт + ue 


Ate 
(3). The smallest positive angle, whose tangent is Vit 


is 30°, i.e. 5 ы 


Hence, by Art. 84, the general expression for all the angles which 
have this tangent is т 
пт + 6 . 

Ex.2. What is the most general value of O satisfying the equation 

1 
sin* 0 =? 
1 

Here we have sin 8 = +5 5 


Taking the upper sign, 


IS ~1)r7 
"Taking the lower sign, Ж, 6" 


sin б= ~}=sin (=) A 
д б=тт+(-1)" (-§): 
Putting both solutions together, we havé 
6=nr +( ya 
or, what is the aame expression, 


6-nri. 
mig 


EXAMPLES 83 

Ex. 3. What is the most gencral value of 8 which satisfies both of the 
equations sin д — -3 and tan $774! 
Considering only angles between 0° and 360°, the only values of б, 


when sin @= — X , аге 210° and 330°. Similarly, the only values of 6, when 


tan pos , are 30° and 210°. 


y3 
The only value of 6, between 0° and 360°, satisfying both conditions 
is therefore 210°, т.е. = b 


The most general value is hence obtained by adding any multiple 
of four right angles to this angle, and hence is 2nz +17 » where n із any 
positive or negative integer. 

EXAMPLES. XI. 


What are the most general values of @ which satisfy the equations, 


v E Lei semel 
1. sin b= 2. sinĝ= mis 3. рр 
1 sa MAp 
4 сов0=-5. b. cos @= НЕЕ 
7. tan 8—4/3. B. tan 9— —- 1. 9. cot 8—1. 
= 2: in? 9 = 
10. sec 0 —2. 11. C CE 12. sin? ĝ=1. 
13. cos =. 14. tan? =i. 15. 4зїп® 0=3. 
4 
16. 2 cot? 0 = совес? б. 17. pect й=5 2 


18. What is the most.general value of @ that satisfies both of the 
equations 


cos 8= = 5 and tan @=1? 


19. What is the most general value of @ that satisfies both of the 
| equations 


cot = —4/3 and cosec д = —2? 
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20. If cos(A -B)=}, Але +B)=}, find the smallest positive 
values of A and B and also their most general values. 
Bee 
Уз’ 


values of A and В and also their most general values. 


21. If tan (A - В) =1, and sec (A +B)= find the smallest positive 


22. Find. thé angles between 0° and 360° which have respectively 
(1) their sines equal to к (2) their cosines equal to =) , and (3) their 
1 
tangents equal to ya 
23. Faking into consideration only angles between 0° and 180°, how 
ы 5 
many values of z are there if (1) sin z—z , (2) cop ‚ (3) cos z= -$ 
(4) мае, and (5) cot == —71 
24. Given the angle z, construct the angle y if (I) siny=2sinz, | 
1 | 
(2) tan y =3 tan z, (3) cos y=5 созт, and (4) sec y —cosec z. 
25. Shew that the same angles are indicated by the two following | 
formulae: (1) (27 - 1) Е (т т , and (2) one ee , n being any integer, 
96. Prove that the two formulae 
1 : т 
(1) (2+5) та and (2) nest (z-a) 


denote the same angles, n being any Integer, 
Illustrate by a figure, 


37. If д-а=яя+(-1/ В, prove that д =2тт+ 
9=(2т +1) т+а- 8, where m and n are any ote че. det 


28. If cos рб + cos qÓ —0, prove that the different values of 8 form two 
srithmetical progressions in which the common differences are 77. and 
«PE 5 2+4 


EQUATIONS 85 


86. An equation involving the trigonometrical ratios 
of an unknown angle is called a trigonometrical equation. 

The equation is not completely solved unless we 
obtain an expression for all the angles which satisfy it. 

Some elementary- types of equations are solved in the 
following article. 


87. Ex. 4. Solve the equation 2 sin?x++/3cosz+1=0. 
The equation may be written 
2-2 созі г + /3 cosz+1=0, 
$e. 2 cos? z—4/3cos z —3—0, 
б.е. (cos z — 4/3) (2 сов z++/3)=0. 


"The equation is therefore satisfied by cos z=4/3, or cos z— — е 


Since the cosine of ап anglo cannot be numerically greater than unity, 
the first factor gives no solution. 


‘The amallest positive angle, whose cosine is -A » is 150°, ñe. ЕЧ A 


Hence the most general value of the angle, whose oosine is =i, 


Бол". (Art 83) 
‘This is the general solution of the given equation. 


Ex. 2. Solve the equation tan 50 =cot 28. 
The equation may be written 


tan 50 =іап G -2). 
Now the most general value of the angle, that bas the same tangent as 
5-26, is, by Art. 84, ante -26, 


where n is any positive or negative integer. 
The most general solutiom of the equation is therefore 


56=пт +5 -98. 


БА a=} (= +1), 
where п is any integer. 


L.P.t(t)—4 
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EXAMPLES. XII. 


Solve the equations 
1. cost 6 -sin 8 — 1-0. 2. 2 sin! 8 +3 оов =0. 
8. 24/3 oos! 6 —sin б. 4. cos Ó --cos* à —1. 


Б, 4 сов 0—3 00-2 tan б. в. aint 6-9 oos 0 +1 =0. 

T. tan’ d —(1+4/3) tan 0+ у3=0. 

8. ootto+(v3+ 75) cot 9+1=0. 

9. cot 8 —ab tan д=а-Ъ. 10. tan? 0 + соі? 0=2. 

11. vec 0-1=(\/2-1) 414. 12. 3(sec! 0 --tan! 0) =5, 

18. cot +tan 0 =2 cose0 6. 14 4.0008 + 4/3=2 (4/3 +1) os 8, 


15. Заид Зв 0=1. 16. din 59-7. 
17. sin 90 —ain б. 18. sin 30 —sin 24. 
19. oos m =008 nó 20. ain 29 —oos 34. 
31. cos 50 —oos 49. 22. cos тд =sin яд. 
23. cot 0 tan 84: 94 cot д =4ал яд. 
ss. tan 26=tan 3. 26. tan 20 tan 0=1. 
27. tan! 30 —oot? а. 38. tan 30 —cot ð. 
29. tan* 30 —tan! a. . 80, 31an*0—1. 


31. tan mz -- oot nz —0, 88. tan (sr cot 0) —ocot (sr tan бу. 


зї. in(0-d)75, and om (944)-]. 
34. сов (22 +3y)=}, and cos (82-429) =V. 


35. Find all the angles between 0° and 90°ewhich satisfy the equation 
Beo? 0 cosec! 0 +2 оогес% 6 =8. 


5 А 
зв. If tant 9 =, find versin ead explain the double result, 


WI. If the оотегы 1 
coverin of an angle bo 5, find ita cosine and cotangent 


CHAPTER УП 


TRIGONOMETRICAL RATIOS OF THE SUM AND 
DIFFERENCE OF TWO ANGLES 


88. Theorem. То prove that 
sin (A + B) = sin A cos В + cos A sin B, 
and cos (А + В) = cos A cos В — sin A sin B. 


Let the revolving line start from OA and trace out 
the angle AOB (= A), and then trace out the further 
angle BOC (= B). 

In the final position of the revolving line take any 
point P, and. draw PM and PN perpendicular to OA 
and OB respectively; through N draw NR parallel to 
AC to meet MP in R, and draw NQ perpendicular 
to OA. 

The angle 

RPN ~ 90°— 2 PNR = / RNO = £ NOQ = А. 
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Т MP МЕ+ЕР 
Hence sin (A + В) = sin AOP = OE = ОР 
QN ЕР QNON RPNP 
= OP ТОР ` ONOP + NPOP 
= sin A cos В + cos RPN sin B. 
-. sin (А + В) = sin A cos В + cos A sin B. 
OM OQ-—MQ 
Again cos(A + В) = cos AOP = OP^ OP 


OQ RN. OQON RN YP 
-OP OP ONOP NF JP 
= cos A cos.B — sin RPN si В. 
+. cos (A + В) = сов A cos B – sin A si! В 
89. The figures in the previous article have been drawn only for the 
case in which А and В are acute angles. 
The same proof will be found to apply to angles of any size, du^ 
attention being paid to the signs of the quantities involved. 
The resulta may however be shewn to be true of all angles, without 
drawing any more figures, aa follows, 


Let A and B be acute angles, во that, by Art. 88, we know that the 
theorem is true for A and B. 


Let А, —90? + А, so that, by Art. 70, we have 


віп А, =сов A, and cos 4, = –віп A, 
Then sin(A, +3) 


Alo cos (4, +B) оов [90° +(4 +В)]= -sin (A +B) 
= -sin A cos B – сов A sin B=cos А; сов B —sin A, віп B. 
if B be increased. by 90°. 
rt. 88 are true if either 4 or B be increased 
by 30°, fe. they are true if the component angles lie between 0° and | 
180°, 

Similarly, by putting A,=90°+ 4 
theorems when either or both of ti 
between 0° and 270°. 

By proceeding in this way, 

у. 


1» We can prove the truth of the 
he component angles have values 


we see that the-theoremg are true uni. 
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90. Theorem. To prove that 

sin (A — В) = sin A cos В — cos A sin B, 
and cos (А — В) = cos A cos В + sin A sin В, 

Let the revolving line starting from the initial line 
OA trace out the angle 
АОВ (= A), and then, re- 
volving in the opposite di- 
rection, trace out the angle 
BOC, whose magnitude is 
B. The angle AOC is there- 
fore A — B. 

Take a point P in the 
final position of the revolv- 
ing line, and draw PM and PN perpendicularto OA and 
OB respectively; from N draw NQand NR perpendicular 
to OA and MP respectively. 


The angle 
RPN = 90°— Z PNR = Z ВМВ = 2 001 = А. 


n MP MR-PR QN 
sin (A — B) = sin AOC = 7р = OP ОР 
_QNON PRPN 
=0N OP © PN OP 
= sin A cos B — cos RPN sin B, 
sothat віп (A — B) = віп А cos B — cos A sin B. 
М Г. 
Also соз (А — В) = an 99 peo = Ве ар 88 
_00 01 , NRNP 
= ON OP ` NP OP И 
— cos A cos В + sin NPR sin B, 
во that cos(A—B)=cosAcosB+sinAsinB. 


PR 
OP 
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91. ‘The proofs of the previous article will be found to apply to 
angles of any size, provided that due attention be paid to the signs of 
the quantities involved. 


Assuming the truth of the formulae for acute angles, we can ahew | 


them to be true universally without drawing any more figures, ! 
For, putting 4, —90? + A, we have, 
(since sin 4, —cos A, and соз 4; = —sin A), 
sin (4, — B) —sin [90* -- (4 — В)]=сов (A — В) (Art. 70) 
=cos A cos B+sin A sin B 
=sin A, сов B — сов A, ain В. 
Also 008 (4; —B)=cos[90°+(4—B)]=—sin(d—B) ^ (Art 70) 
4 = —sin А cos B+008 A ша B 
cos 4, cos B+ain A, ain В. 
Similarly we may proceed if В be increased by 90°. 
Hence the theorem is true for all angles which are not greater than 


So, by putting 4, =90° + А,, we may shew the theorems to be true for 
all angles lees than three right angles, and so оп. 


Hence, by proceeding in this manner, we may shew that the theorema 
are true for all angles whatever. 


93. Ex.4. Find the values of sin 15° and ооа 15°, 
Ча 75° =n (45° + 20°) — in 45° cos 30° +000 45° sin 39° 
at V8, 1 1 vail 
У?` 2. "A3*37 242" 
and Son 18 =008 (45°+-30°)-- сов 25° оов 30° — in 45° sin 39° 


at. ¥8_1 1_уз-1 
V2" 2 y2 8~ sys 
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Ех. 2. Prove that sin (А + В) sin (А — B) —sin* А — sin? B, 
and оов (A + B) cos (A — В) =оов% А — sin? В, 
By Arta. 88 and 90, we have 
вт (А + B) sin(A - В) = (sin A cos В + сов A sin B) (віп A cos В — cos А sin B) 
=sin? A cos? В – cos? A sin! B=sin* A (1 —sin* E) - (1 — sin* A) sin? В 
=віп? А —sin! В. 
Again, by the ваше articles, we have 
ооз(А + В)сов(А — В) = (cos A cos В — sin 4 sin B) (cos A cos В +sin Asin B) 
=coe! A cos? B — sin* A sin? B— зов A (1— sin? В) ~(1 — ooa? A) sin? В 
=c08? A —вїп* В. 
Ex. 3. Assuming the formulae for sin (z+y) and оов (z +y), deduce 
the formulae for sin (z — у) and cos (z — y). 
We have 
sin z=sin ((z — y) + y) =sin (x — y) сов у + сов (x — y) sin y......(1), 
and cos z=cos ((z — y) +y}=cos (z - y) cos y —sin (z — y) ein y......(2). 
Multiplying (1) by cos y and (2) by sin y and subtracting, we have 
sin 2 cos y — cos z ein y —sin (z — y) (оов? y -- sin? y} =sin (z — y). 
Multiplying (1) by sin y and (2) by cos y and adding, we have 
. sin zainy+ene 7 сов у = сов (z — y) (coe? у +sin? у} = оов (x — y). 
Hence the two formulae required аге proved. 


These two formulae are true for all values of the angles, since the 
rmulae from which they are derived are true for all values of the angles. 


i 


fo 


EXAMPLES, XIII. 


1. If Ява and cos p= 2, find the value of sin (а-В) and 


сов (а +8). Verify by a graph and accurate measurement. 


2. If йаа== апа шв, find the values of віп (а-В) and 
sin (a +8). 
12 


3. If ein amy; and cos 8-17 find the values of sin (а + B), оов (a — 8), 
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Prove that 

5. sin (45° + А) cos (45? — B) + cos (45? + A) sin (45° — В) =соз (A — B). 
sin(A—B) , sin(B-C) sin (C — A) d 

" соз A cos В cos В созС соз С cos A 


6. 
T. sin 105? + cos 105? —cos 45°. 

8. sin 75? — sin 15? —cos 105° + cos 15°. 

9. cos a cos (у — a) —8in a sin (y — a) =соз у. 
10. cos (а + В) cos у — cos (B +y) cos a=sin В sin (y — a). 

11. sin (л +1) А sin (n 1) А cos (n +1) А cos (n — 1) А —cos 24. 
12. sin (л +1) А sin (п+2) A +003 (л +1) A cos (n +2) А =соз A. 


94. From Arts. 88 and 90, we have, for all values of 
A and В, 
sin (A + В) = sin A cos B + cos A sin B, 
and іп (А — B) = sin A cos B — cos A sin B. 
Hence, by addition and subtraction, we have 
gin (A + B) + sin (A — B) = 2sin A cos B...(1), 
and sin (A + В) — sin (A — B) = 2 cos А sin B...(2). 


From the same articles we have, for all values of A 
and B, 


cos (A + B) = cos A cos B — sin A sin B; 
and соз (А — В) = cos A cos В + sin A sin В. 
Hence, by addition and subtraction, we have 
cos (А + B) + cos (A — B) = 2 cos A cos B...(3), 
and cos (4 — B) — cos (A -- D) — 2sin A sin B...(4). . 
Put 4 + B — C, and A — B = D, so that 


! actus pp CD 


2 DEO 
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On making these substitutions, the relations (1) to (4) 
become, for all values of C and D, 


C+D c-D 
sin C + sin D = 2 sin + cos —— 


3 ge I, 
sin C — sinD = 2 cos SED aam. I, 
cos C + совр = 2 cos С +2 cos e =~ XIX, 
and cos C — cos D - 2 sin ŽP sin 2С „лу. 


[The student should carefully notice that the second 


– С 
factor of the right-hand member of IV is sin D 


2 
0-р 
2 1 


95, These relations I to IV are extremely important 
and should be very carefully committed to memory. 

On account of their great importance we give a geo- 
metrical proof for the case when С and D are acute 
angles. 

Let AOC be the angle C and AOD the angle D. 
Bisect the angle COD by the straight line OE, On OE 
take a point P and draw QPR perpendicular to OP to 
meet OC and OD in Q and R respectively. 

Draw PL, QM, and RN perpendicular to OA, and 
through Е draw RST perpendicular to PL or QM to 
meet them in S and Т respectively. 

Since the angle DOC is C — D, each of the angles 


DOE and B00 в £D. and AT 


,and 
not sin 


4408 = 40D L DOR -D.0 7D _C+D 


= 


D 


TRIGONOMETRY 


Since the two triangles POR and POQ are equal in 

‘all respects, we have.OQ = OR, and PR = PQ, so that 
RQ = 2RP. 

Hence ОТ = 2PS, and RT = 2RS, i.e. ММ = 2ML. 

Therefore 


MQ + МЕ = TQ + 218 = 28Р + 218 = 2LP. 
Also 


ОМ + ON = 20M + MN = 20M + 2ML = 20L. 


Lc PRA NR MQ-4NR 


OQ OR OR 
.2LP .,LP О. 


P 
OR ` ?ОБ-ОЕ = 25in ГОР cos POR 
= 2ein SP eos =D. 
sinO—sinD = JO NR HQ-NE_TQ 
ОЕ — OR OR 
MEAP x „ЗР hp 
OR 2 RP OR ~ 2008 SPR sin ROP 
m C-D.C-—p 
2 сов — ,— sin 2, 
[= ёа o- 25007 тор „0+ 


Again, 


| 
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OM ОМ OM+ON 
also, dos C Ticos =a YOUR oR 


= 2 соз ГОР cos POR 
C+D C-D 
5 1.008 сезон 
N OM ON—OM 
Finally, cos D — cos € = © = 


= 2cos 


ОЕ 00 OR 
ММ ,SR 2SR PR 
“© OR ~“OR- PR OR 


C+D. 0-D 
еец z`: 


Perfect familiari 
facilitate his further progress. 


The formulae are very useful, because they change 
sums and differences of certain quantities into products 
of certain other quantities, and products of quantities 
are, as the student probably knows from Algebra, easily 
dealt with by the help of logarithms. 

We subjoin a few examples of their use. 

Ex, Чад +n 49g ыш 6040 coa 0740.) бб con 6, 
= 90 ete елет nin 16205 s ain 58 ain 24. 
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2 15° +152 . 75° –15° 
75° —sin 15° 2 
Ex.3. sin 75° — ein. 


n15 EMT? На 
* сов 15? + coa 15° 2 ooa 10 E107 75° — 15 


„ 2 сов 45° cos 30° уЗ 
[This is an example of the simplification given by these formulae; it 
would be a very long and tiresome process to look out from the tables the 
values of sin 75°, sin 15°, cos 75°, and cos 15°, and then to perform the 
division of one long decimal fraction by another.) 
Ex. 4. Simplify the expr «sion 
(соз 8 — cce 36) (sin 80 + in 28) 
(in 88 — sih 0) (cos 40 — оов 60)" 
On applying the formulae of Art. 94, this expression 


. 6430 30-0 , . 89420 80-20 
25n—,— 82 —7,— x2tin 7, 7 00877 
5848 — 40180 . 68- 
2 06 —5— sin —5 віп 5 
Artin 20 sin @.вйп 50 сов 30 _ 
4.cos 30 віп 20.sin 60 sin 0 
EXAMPLES, XIV. 
Prove that 
sin 16 -sin 56 _ оов 64 — сов 40 
L cont 00086 2 mgpa = 826 
sin А +sin 3A 
аа 
. sin7A -sin A 
* 5184 sand 0" 44 mo БА, 
в, 08 28 +008 24 
00828 —сов 24 — 9 (4 +В) oot (A - B). 
e, 0224 +sin 28 _tan(4 +B) 
zin24-sin2B tan(A—B)* 
snAysn24 A sin 5A —sin 34 
V Gon d= 008 24 a = con SA +008 6a =n. 
p, 9052B -00s 24 


` бав ranza ~ 0 (4-5) 


[Exs. 


10. 
11. 


12. 
18. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 


24. 


25. 
26. 


21. 
28. 


XIV.] PRODUCT FORMULAE 97 


cos (A + В) +sin (A — B) =2 sin (45? + А) cos (45? + B). 
соз ЗА -cos А cos24—cos4A — sin A Я 

зїп ЗА —sin Д "sindA —аш?А cos 24 cos ЗА 

sin (44 —2B) +sin (4B - 24) 
cos (44 —2B) +соз (4B - 24) 
tan 58 +tan 30 
tan 50 — tan 38 
cos 30 +2 cos 58 + сов 76 
“cos 0 +2 соз 30 +соз 58 
sin А + sin ЗА +sin 54 +sin 7A 
соз А +соз ЗА + cos 5A +cos 7A 
sin (6+) —2 sin 6 +sin (0-ф) 


=tan (А +В). 
=4 cos 26 cos 40. 
=cos 20 — sin 20 tan 36. 


=tan 44 


=tan 6. 


cos (8+ p) - 2 cos @ +соз (6 — $) 

sin A +2 sin ЗА +sin 5A — sin 34 
вїп ЗА +2 зш бА +вш1А sindd” 
sin (A-C)+2sin А +sin(A+C) _sin A 

sin (B-0)+2sin B+sin(B+C) sin B 
sin A -sin 54 +sin 9A – віп 134 _ ot 44. 
cos А — соз 5А — соз 9А --cos 134 
sin A tsinB_, A+B „А-В 


зША аав о 01606 мо 
cos А +cos В A+B А 
ЕСС . 
sin А +sin B A+B 
Giz n GERE 

sin A -sin B A+B 

cos В созд °° eal 


cos (A +B+C)+cos(—A 4 B4 C)-cos(A- Bt C) +соз(4 +B-C) 


sin(A + B+C)+ein( A BC) -sin(A — B C)-sin (4 WE 
= CO! Я 


соз ЗА + соз 54 + cos 7A + соз 154 =4 cos 4А соз 5A соз 64. 


0) +соз(4+В+6! 
cos( — А + B+G) +соз(А -В+С) + соз(4 ee peg a) 


sin 50° — зїп 70° +sin 10°=0. кур 
sin 10°--зїп 20° +sin 40° +sin 50° sin 70° +sin > 


3a . 
sin а сов sin За. 
a +sin 2a +вїп 4a +вїп ба =4 соз 5 2 


< 
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Simplify " А 
30. cos {9+ (2-3) $] — oos {ox(n+3) d}- | 
1 
и. в fo+(n-2) 9} (6+6). 
94 are 
97. The formulae (1), (2), (3), and (4) of Art. 9 
also very important. They should be remembered in the | 
j | 
TUN 2 sin A cos B = sin (А + В) + sin (А —B)...(1), 
2 сов A sin В = зїп (А + B) — sin (А — B)...(2), 
2 сов А сов В = сов (A + B) +cos(A— В)...(3), 
2 sin A sin В = сов (А — B) — сов (А + B)...(4). 
They may be looked upon as the converse of the 
formulae т—гүу of Art. 94. 
Ex.1. 2sin 30 cos 6=sin 46 + sin 2% 
Ex. 2. 2sin 58 sin 38 —cos 26 — cos 84. 
Ex. 3. 2 соз 116 оов 20 =cos 130 + cos 96. 
UE UE I n o0 ) da 63 iba 10 
сов 20 сов Ó — sin 39 ain 40° 
By the above formulae, the expression 


g [sin 96-1 nin 74] =} [ein 06 +ain 34] 
ЕРЕВАН 

50908 30 + con 6) - 3 [сов 6 — 008 76] 
tin 76 ~sin 36 

cos 36 + соз 10 

2 cos 56 sin 26 
=2 0659 coa 20° У the formulae of Art. 94, 
=tan 26. 


[The student should carefully notice the artifice of first employing 
the formulae of this article and then, to obtain a further simplification, 


employing the converse formulae of Art. 94. This artifice is often auccesaful 
in simplifications} 


PRODUCT FORMULAE `- 99 


EXAMPLES, Xv. 


_ Express as a sum or difference the following: 
1. 2 sin 56 sin 76. 
8. 2 cos 116 cos 36. 
Prove that 


E 2 cos ТӨ sin 56. 
$. 2 sin 54? sin 66°, 
79 30 . 110 


5. sin gin > tsin > sin 7," —sin 26 sin 56: 


58 

>. 

. sin A sin (А +2B)—sin В зщ (B+24)=sin (А — B) sin (А + B). 
(sin 34 +ain A) віп A + (cos ЗА — сов A) cos А =0. 


p. 25in(4 -0) cos C —sin (4 -20) sin A 
2 sin (В С) cos C —sin (B-20) ain B^ 


. сов 20 сов 5 - сов 30 cos 20 — iin 50 sin 


sin A віп 24 +sin 34 віп 6A +sin 44 віп 134 
10: tin A con 24 Fain ЗА cos 64 + ain 44 cos I34 7542 94. 


14 соз 24 сов ЗА — сов 2А соз ТА + сов А cos 10A _ teá 
` sin 44 sin 3A -ein 24 sin 5А sin 4A sin 7A 09 бА cot БА. 


cos (36° — А) cos (36° + 4) + соз (54° + А) сов (54° — А)=сов 24, 
cos A sin (B – C) +608 B sin (C — 4) +008 C sin (A — B)=0. 


14. sin (45? -- A) sin (45° – A) = cos 2А. 
15. versin (A + B) versin (А — B)=(cos А — cos By. 

- sin (8 — у)соз(а — 8) *sin(y —a)cos(8 — 8) +sin(a 
17. 2cos 7. 9 3 Sr 


13 °° 7g +008 yy + сов ү =0. 


—B)cos(y—8)=0, 


98. To prove that tan (4+ В) – tan А + tan B 


1 — tan A tan В? 
and that tan (A — В) — tan A —tanB 


l + tan A tan B^ 
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By Art. 88, we have, for all values of A and 5 a 
: sin (A + B) _ sin A cos B + cos 4 sin 
Tm cos(A + В) соз А cos B — sin А sin B 
sn A sinB 
_ cosA соѕ В -viding both 
-mimi тузае 
cos A cos В s 
numerator and denominator by cos A cos B. 


5 _ tanA+tanB 
аб ten (A+ 3) 3 пени" 
Again, by Art. 90, 


_ ^^ _ sin (A — B) sin A cos В — cos A sin В 

ien (4 B) — eR (4 — B) ^ cos A cos B F sin A sin B 
sinA sinB 

cosA соз В 

1 ми Asin В’ 

cos A cos В 

t _ tanA —tan B 
ттр ур ў 


99. The formulae of the preceding ‘article may be obtained geometri- 
cally from the figures of Arta. 88 and 90. 


(1) Taking the figure of Art. 88, we have 


by dividing as before. 


OM 0Q-RN 
QN RP RP 
_00 + 09 IUS A +00 
1_ЕМ у EN RP” 
09 {ЕР 09 
But, since the angles RPN and QON are equal, the triangles RPN алб 
QON are similar, so that ЕР 09 
PN ON’ 


Д RP PN 
d f =_= 
an же 0909 tan В, 
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r tanA+tanB _ tan A +tan B 
tan (4 +В)=ү -un RPN tan B Г- tan А ton B` 
(2) Taking the figure of Art. 90, we have 
MP QN-PR 


tan (4 -B)= 0 OQ+NR 


Hence 


Я T RP O 
But, since the angles RPN and NOQ ere equal, we have BF 09, 


and therefore P m =tan В. 


tan А —tan В tan А —tan В 
Hence бап (4-8) = риа RPN tanB I+ten A tan B 


100. As particular cases of the preceding formulae, 
we have, by putting B equal to 45°, 
3 tanA+1_1+tanA 
tan (А + 45°) = j—tanA фай” 


and tan (A — 45°) = тал. 


Similarly, as in Art. 98, we may prove that 


_ cot A cot B —1 
cot (A + В) = "cot А + cot B 


$ A cot B +1 
and 94-80-0882 


tan 45° + tan 30° 
о — о оу = и 
101. Ex.4. tan 75° —tan (45°+30°) = | fan 45° tan 30° 


PE) 331, (V3? 432 VP cov 


Se 


1 3219 (8—1 


=2+41-73205... =3-73205... - 
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= о ао _ tan 45? — ian 30° 
Ех. 2. tan 15° = ES —30°)= “T+ tan 45? tan 30° 


E V3-1 (v8-1* 4- avel 
an ee ae ave 


=2—1-73205... —-26795.... 
EXAMPLES. XVI. 


1. If tan A=} and tan B=2, find the values of tan(24 5) and 


tan (24 – В). Verify by a graph and accurate measurement. 


УЗ _ ¥3 
ааа аз В з 
tan (A - В)=-315. 


2 It tan A=7 , prove that 


з tan A=" and tan В= сү, find tan (4 +B). 

4 If tan a= and шав=үү, prove that a+8=7. Verify by 
graph and accurate measurement. 

Prove that 


т т 
[3 tan (1+6) xtan (+6) =-1. 
eee i-a 
A A 
1. 1+tan A tan > —tan А cot — 1 вес A. 
8. Construct the acute angles whose tangents are — Д g aud i and verify 
by measurement that their sum is 45°. 


9. The tangente of two acute angles are respectively 3 and 2; shew 
by а graph that the tangent of their difference is za 


10. The sine of one acute angle is -6 and the cosine of another is -5. 


- Sh 2 
É X pee a? and also by calculation, that the sine of their difference 
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11. Draw the positive angle whose cosine is -4 and shew, both by 
measurement and calculation, that the sine and cosine of an angle which 
exceeds it by 45° are -93 and —-365 nearly. 

12. Draw the acute angle whose tangent is 7 and the acute angle 
whose sine is -7; and shew, both by measurement and calculation, that 
| the sine of their difference is approximately 61. 


102. As further examples of the use of the formulae 
of the present chapter we shall find the general value of 
the angle which has a given sine, cosine, or tangent. 
This has been already found in Arts. 82—84. 

Find the general value of all angles having a given sine. 

Let а be any angle having the given sine, and 9 any 
other angle having the same sine. 

We have then to find the most general value of 0 
which satisfies the equation 

sin б = ein a, 4.2. sin 0 — sina = 0, 

This may be written 


Zoos Eau o 


and it is therefore satisfied by 7 
0 +a 0 .0—a 
2 = 0, and by sin 5^ = 0, 
$е.ъу б+а iple of Z 
2 = апу odd multiple of 7 
andby 6 j^ = any multiple of т 


cos 


ie. by 


A 8 = — a + any odd multiple of m ...::-(1) 


б Ө = a + any even multiple of m =-=" (2), 
pa т must = (— 1)" а + лл, where n is zero eH 
ositive or negative inte ) 
ger. ith (1) 
_ For, when n is odd, this expression agrees with (1) 
and, when л is even, it agrees with (=i 
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103, Find the general value of all angles having the 
зате cosine. 


The equation we have now to solve is 
cos 8 = cos a, 


i.e. cos a — cos 8 = 0, 
-6+а д—а 
i.e. 2 sin —2 sin Soe 0, 
and it is therefore satisfied by 
sin te о, and by sin = _ 9, 
з.е. by 22 = any multiple of т, 
and by 0-а 


2 = апу multiple of v, 
ie. by $——a. any multiple of 27, 
and by 0—a4 any multiple of 27. 

sets of values are included in the solution 
where n is zero or апу positive or negative 


Both these 
9 = Inn + а, 
integer, 

104. Find the general value of all angles having the 
same tangent. 


The equation We have now to solve is 


tan Ө — tan a — 0, 
1. sin Ө cos с — Cos Ü sing = 0, 
i.e. sin (9 — a) = 0. 


~ 2 = any multiple of m 


= ^п, Where n ig zero Or an 
Positive or negative integer, 
80 that the most general solution is 0 — 


т + а. 


CHAPTER УШ 


THE TRIGONOMETRICAL RATIOS OF MULTIPLE 
AND SUBMULTIPLE ANGLES 


: 105. To find the trigonometrical ratios of an angle 2А 
$n. terme of those of the angle A. 

If in the formulae of Art. 88 we put B = A, we have 
віп ЗА = sin A cos A+ cos А sin А = 2 віп А сов A, 
cos ЗА = cos A cos A — віп A sin А = cos? A — sin*A. 

= (1 — sin? A) — sin? 4 = 1 — 2 sin?A, 
and also ; 

= cos? A — (1 — cost А) = 2 cos*A — 1; 
and 


tan A + tan A 2tanA 
тап ЗА  (anA.tanA 1-—tan’A’ 

Now the formulae of Art. 88 are true for all values of 
A and B; hence any formulae derived from them are 
true for all values of the angles. 

In particular the above formulae are true for all values 
of A. 

106. An independent geometrical proof of the for- 
mulaeof the preceding article may be given forvaluésof А 
which are less than a right angle. Р 


Let ООР be the angle 24. us ДА 
- $. C. 
With centre C and radius Р P AN. 


describe a circle, and let QU meet o 
it again in О. 
Join OP and PQ, and draw PN 
»erpendicular to OQ. 
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By Geometry, the angle 
QOP =} ZQCP = A, 
and the angle NPQ=ZQOP=4A. 
Hence 
5 NP 2NP 2МР_„МР ОР 
an 24 — OP 7 09 - ^ 00 ^ * OF OG 
= 2 віп NOP сов POQ, since OPQ is a right anglo. 


= 2 sin A cos A; 


CN _2CN _ (00 + CN) — (0C — c. 
«ез4 = op = бу = OC + OME (00 = CN) 
-ON-NQ_ON OP_NQ PQ 

OQ =0р`09 PQ’ 0g 


= coat A — sin? A; 


УР 
and tan2daNP_ 2NP ON 
ON = <a 
PN ON 
2 tan A 
1 — tanid’ 


Ex. To find the values of sin 15° and cos 15*. 
Let the angle 24 be 30°, so that А is 15°, 
‘Let the radius OP be 2a, во that we Бато 


CN =2а cos 30° ma УЗ, 

and NP —23 sin sa, 
Hence ON 200 +0N =a (244/3), 

and NQ-0Q-lN z3 (э - „узу, 

M QP «ON .OQzu 2.4/3) ка, 
cU ОР=а 2 (3+1), 
and PQ'—QN.Q0-a (9 — 4/3) x д, 
80 that 


Рд=а /3( 3-1) 


La 
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PQ 42(4/3-1) 43-1 
Hence sin 0° — 4 —— GIA 
ОР_у2(у3+1) 341 
and COUR E — EF 


107. To find ihe trigonometrical functions of 3A $n 
terms of those of A. 
By Art. 88, putting B equal to 24, we have 
sin ЗА = віп (А + 2A) = sin A cos 24 + cos А sin 24 
= gin A (1 — 2 sin? A) + cos A . 2 sin A cos A, 
by Art. 105, 
= sin A (1 — 2 sin? A) + 2 sin A (1 — віп? А). 
Hence sin ЗА = З sin A — 4 віп:А .........(1). 
So 
cos ЗА = cos (A + 24) = cos А cos 24 — sin A sin 24 
= cos А (2 ссз% A — 1) — sin A . 2 sin А cos A 
= cos A (2 сов? 4 — 1) — 2 соз А (1 — ооз? A), 
Hence cos ЗА = 4 cos’ A — З cos А..........(2). 


Also tan ЗА = tan (А + 24) = fon 4 + tan #4 
2tan A 
tan A+ ад tan A(1—tan?A) + 2tan А 
“———_ Stand  (1—tan?d)—2tan'A ^ 
E : 
З tan A—tan’A 


Hence tan ЗА = AC). 


[The student may find it difficult to remember, and distinguish between, 
the formulae (1) and (2), which bear а general resemblance to one another, 
but have their signs in а different order. If in doubt, he may always 
verify his formula by testing it for в particular case, e.g- by putting 
А =30° for formula (1), and by putting А —0? for formula (2).] 
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108. By a process similar to that of the previous 
article, the trigonometrical ratios of any higher multiples 
of 0 may be expressed in terms of those of 0. The method 
is however long and tedious. In a later chapter better 
methods will be pointed out. 

As an example, let us ex 
We have 
cos 58 = cos (30 + 20) 

= cos 30 cos 29 — sin 36 sin 20 
= (4 cos? 0 — 3 cos 8) (2 cos? 0 — 1) 

— (3 sin 0 — 4 sin? 0) . 2 sin Ө cos 8 
= (8 cos* 0 — 10 cos? 6 + 3 cos 9) 

— 2с030. sin? 6 (3 — 4 sin? 0) 
= (8c0s5 0 — 10 cos? 8 + 3 соз б) 

— 2 соз 0 (1 — cos? 0) (4 cos? 0 — 1) 
= (8 cos’ 8 — 10 cos? 0 + $ cos 9) 

— 2 cos @ (5 cos? 0 — 4 cost 0 — 1) 

= 16 cos’ 0 — 20 cos? 9 4 5 cos б. 


press cos 50 in terms of cos 0. 


EXAMPLES, XVII. 


1. Find the value of. sin 2a when 


us EIS 
(1) ea (2) АШа=то; and (3) tan а=18 


2. Find the value of cos 2а when 


15 

1 x inc 

(1) cosa iv’ (2) ЕЕ» апа (3) пар. 
Verify by а graph and Accurate measurement, 

b 

3, If tan sco find the value of a cos 20 +b sin 29, 
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Prove that 
sin 24 sin 2А 
=. . — 7 
ixco24 ^. cece 
zl 2 
6. 1082 ад, T. tan А +cot А —2 cosec 24. 
1 +соз 24 
8. tan A -cot A= – 2 cot 24. 9. cosec 24 +cot 24 —cot A. 
"1 – сов A +cos B – соз (А + В) А В 
40. tan иң; >= 
І + соз A —cos B - cos (А +B) бело 2° 
cos A 2,4 sec8A —1 tan8A 
11, isa cn (45 +3). 12. еса 21 tan2A° 
1+tan?(45°-A) о 
13. ї San AEA a 2A. 


tenes 
sin a+sin В _ 2 
sina-sinB | 3 a-B 


14. 


Ае 
15. aint A В ао (АВ). 


16. tas (1+6) -tan (1-6) 2 tan 26. 


cos А зіп А соз А -sin A 


* сов Л -sin А соз А mi b 


«24 
48. cot(A 4155) - tan (А -19)-:TT 834 


sin 6 +sin 20 1+sin 6 –соз Ó 6 
= tals 
* p-cos 0 + соз 29 Cae 20. узи 6 +008 Ó 2 


sin (л +1) A-sin(n-1) A x 
Gs(nrl)As2cond-cos(n-l)A | oe 


sin (n +1) А +2 sin n4 +sin(n-1)A_ 9,4. 
cos (л —1) A—cos(n+1)A 
28. віп (2n +1) A sin А =віп? (n+1) 4 -sint n4. 


22. 


ga, Sin (4 +B) +sin (34 +B) 5 eoe (4 B) 
sin 24 +sin 2B 
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Prove that A i 
25. sin ЗА +sin 24 —sin А —4 sin A coe 


Boa 


2 


26. tan 24 = (вес 24 +1) Увесї А Т, 

27. сов? 20 +3 cos 20 —4 (cos* 0—вїп* 6). 

28. 1+ cos? 29 =2 (сові 6 +aint 4), 

29. вес? A (1 +вео 24) —2 sec 24. 

80. созес А — 2 cot 24 cos А —2 sin A. Ld 

1 A A 

B1. cot d= (55-615). 

32. Ча a si (60° а) sin (60° + 0)=1 ain 3a | 

83. сов a con (80° — a) со (60° +a) =] сов 3a. | 
| 

84. cot a eot (60° +a) – cot (60° — a) =3 oot За. | 

35. сов 20° сов 40° сов 60° сов 80°= L, 1 | 
| 

38. sin 20° sin 40° sin 60° sin 80° — 3. | 

M. сов 4a —1 – 8 cos? а +8 cost а. | 

38. sin 44 =4 sin А cost A —4 cos A ain? 4. 

39. соз ба =32 cost а — 48 coat а+18 соз]. 

%. tan ЗА tan24 tan A=tan 34 -tan 24 (an A. 

4 2cos2^8 +1 


108. Since the 


Gowgep 7046-1) (2 oos 28- 1) (2 азад ру 


SAS (2 ооа 29-16 — 1), 
Submultiple angles. 


relations of Art. 105 are true for all 
values of the angl 


we res ae = and therefore if instead 
2. PL i.e. A. 


e A, they will be true if instead of A 
of 24 we put ` 
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Hence we have the relations 


A A 
sin A= Qsin = cos 


A A 
= cS a RN 
COS А = cos: a Bin: а 


ма А 
=асой сец жу 


А 
2 — 
2 sin (2), 
and tana – 2 


From (1), 


We also have 


A A 

2 sin = cos 4 
sin 4 — E 215 

A ESSI 

opt unt: 


Сов? 


А 
2 


rue by dividing both 


numerator ang denominator by ke 
A A 

Сова > — gin: А 

Bo cos А = 3 


Cos? > + sine d 
2058s 


Ke A 
8 
1 Я 
+ алат. 
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119. То express the trigonometrical ratios of the angle 


E in terms of cos A. 


From equation (2) of the previous article, we have 


cos A —1— 2 sin? 1, 


80 that 2 sin: = L соз 4, 
and therefore sin А =+,/ I-A оосо ев (1). 
Again, cos A = 2 cos? 4 =1, 
80 that 2 cost 4 = 1+ cos A, 
and therefore cos А =t,/ сов A оа (2). 
sin 4 
Hence, tan = TETA = = СОИ E (3). 
2 25 А 1-- соѕ4 
2 


case the proper sign с 
examples will shew, 
Ex. 1. Given cos i=l, » find the values of sin 224° 


and cos 294°; 
The equation (1) of the previous article gives, by puttin, 


E A equal to 45°, 


4 
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Now ein 224° is necessarily positive, во that the upper sign must be 
taken. 


Hence sin 227) уЗ 
1 5 
So cos 22}°=+ , / D / х2. у2+у2; 
also сов 224° із positive; 
Рта Е 


Ex. 2. Given cos 330% , find the values of sin 165° and сов 165°. 


The equation (1) gives 


TEES : 
sin 165°= + MEE zn — > ae n/a 


3-1 
== уз 
Also 
a І +сов 330° ome JEE 
cos 165 ES 2 EI = + 8 
— МЗ 
=+ у 


Now 165° lies between 90° and 180°, во that, by Art. 52, its sine is 
positive and its cosine is negative. 


л Va 
Hence від 165 T3243 Q 
у3+1 
о = -e 
and cos 165°= 2.3" 


From the above examples it will be seen that, when the angle A and 


ita eosine are given, the ratios for the angle 4 may be determined without 


any ambiguity of sign. : 
When, however, only оов A is given, there is an ambiguity in finding 


sin 4 and ooo £. The explanation of this ambiguity is given in the next 
article, 
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**112. To explain why there is ambiguity when cos * 
and sin = are found from the value of сов A. 
We know that, if п be any integer, 
cos 4 = cos (2nz + A) = k (say). 


Hence.any formula which gives us cos E in terms of k 


should give us also the cosine "of 2+4 a 


Now cos <= а = cos (nn + 2) 


- cos nr cos + sin nm sin 4 = cos nz cos 4 
A 

= + cos > 

according as n is even or odd. 

- Similarly, any formula, giving us sin 4 in terms c; k, 


should give us also the sine of "лал А 
Also sin 277+ A = sin (nw + £) 


~ sin ne оов + cos nm sin A + oos ne sin d 
A 


2 

= + sin >. 
Hence, in each case, we should expect to obtain two 
values for cos # and sin 2: and this is the number which 


‘the formulae of Art, 110 give. 


“RATIOS OF > IN TERMS OF SIN4 · Hä 

! [The student may illustrate this article geometrically by drawing cu 
angles pura бе. ail. The bounding line for these! angles will 
| have four positions, two inclined to the positive direction of the initia 
line at angles > = and = and two inclined “2 ала 5 to the negative 
direction of o initial line, It will be УХ from the ө figure that there 


azo two values for oos $ ind two О 71 
113. To express the trigonometrical ratios of the angle , 
= in-terms of sin А. ! 
From equation (1) of Art. 109, we have 


Also sin 4 + cost 4 =1, always Econ (2). 


First adding these equations, and then subtracting 
(1) from (2), we have. 


а ааа а 


вїлї 5 09835 2 
and ш 4 — 2sin 2 cos + cost 2 = 1— sin A; 
Be (sin $ + cos 2) = 1 + sin A, 
ЕЛ Ау Ж 
and (sin — e 5) = 1 sin A; 
во that ind a сов 4 У sn А.........(3), 
and ain 4 — oo 4 — x VI in 4........ (4). 
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By adding, and then subtracting, we have 


аза JT pe At VI —sin A ...(5), 


and 2 оов = + T tsin АФ /1=sin A ...(6), 
| The other ratios of 2 are then easily obtained, 


114. In each of the formulae (5) and (6) there are 
© ambiguous signs. In the following examples it is 
shewn how to determine the ambiguity in any particular 
Case, : 


Ex.1. Given that sin 30° is 5 find the values of sin 15° and coa 15°, 
Putting 4 =30°, we have from Telations (3) and (4), 

віп 15° +- сов 1°= уга 30°— +з, 
sin 15? — cog 15-4 l-sn Wait. 
Now sin 15° and cos 15° are both Positive, and cos 16° 
sin 15°, Hence the ex 


в is greater than 
pressions sin 15° -+ соз 15° and sin 15? — cog 15° are 
respectively positive and negative, 
Hence the above two Telations should be 
; 3 

sin 15° + сов 159 — Var 

anu sin 16° — сов 15° | 
Er deg ees УЗ+1 
Непсе Ww EVO and ЫРУ a 


Ex. 2. Given that sin 570° $a equal to | 


1 
9? Jind the values of ain 285° 


AR 
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Putting A equal to 570°, we have 
sin 285? + сов 285°=+V1+sin SU = 45, 
and sin 285° coe 286° = МТ "=, /'2. 


Now sin 285° is negative, cos 285° is positive, and the former is numeri- 
cally greater than the latter, as may be seen by a figure. ‹ 

Hence віп 285° + соз 285° is negative, and sin 285° – соз 285° is also 
negative. 


, sin 285° + cos 285° = E 
and віп 285? — cos 285? = Y 
Hence 1 віп 285? = -y 
and сова. 


**115. То explain why there is ambiguity when sin 


and сов 4 are found from the value of sin A. 


We know that, if n be any integer, 
“gin {лт + (— 1)" A) = sin A = k (say). (Art. 82.) 
Hence any formula which gives us sin á in terms of k 
should give us also the sine of maira, 


First, let n be even and equal to 2m. Then 
Nori un 
2 2 
= Bin mr сов 4 + cos mm sin $ = сов mm sin > 
=+ sin 4 
Р 2? 
according as m is even or odd. 


L.P.T(1)—5 
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Secondly, let n be odd and equal to 2p + 1. 
Then 


-lPA . рте ГА Й А т—А 

ча ain a sin nip s 

è 3 A 

= Sin prr cos р + Cos pr sin 0008 07 COs 
= + e094, 


according as p is even or odd. 


Hence any formula which gives us sin а 


3 int ms of 
sin A should be expected to give us, in addi эп, the 
values of 


sin А cos E and — cos A 
2? 2 2’ 
we get from the formulae of Art, 113, by giving ; ! 
Possible values to the ambiguities, —' 
In a similar manner it may be shewn that when ccs a 

is found from sin A, we should expect four values, 

-]m 

Ш the angles DIM iental 
cally for the case when = is an acute angle, it will be found that there 
are four positions of the bounding line, two in the first quadrant inclined 


A 
at angles 5 ё, and two in the third quadrant 


and 5 -$ to the initial lin 


5 {0 the negative direction of the initial line, It 
will be clear from the figure thàt we should then ех 


A 
inclined at A and 5- 


pect four value: for 


sin 2 and four for cos E + Similarly for any other value of : dl 


g> be drawn geometri- + 


4 
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118. In any general case we can shew how the 
ambiguities in relations (3) and (4) of Art. 113 may be 
found. 


We have 
TA A Tec Ад А\ 
sin 4 + соз = 2 (5915 + 756085) 
Ая; Ат . m А 
= y2 [sin oo» + 008 sin 1] -v2 sin (1+5). 


The righ -hand member of this equation is positive if 


я + = lie between 2n7 and 2n + 7, 


i.e. if = lie between 2n7 — 7 and 2nz + x. 
Hence sin 4 + соз 4 is positive if 

A. T 37. 

9 lie between 2n7 Sn and 2лт + T 


it is negative otherwise. 
Similarly we can prove that 


ГА! А Аат. 
sin 5 — cos; — У2 sin 5-1). 


Therefore sin 4 -= cos 4 is positive if 


G = 3) lie between 2тт and 2n + т, 


te if 4 lie between 2nz + 2 апа 2лт + z 5 


It is negative otherwise. 
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The results of this article are shewn 


graphically in the 
following figure, 


4 A. 
Sin + cos is— f 


OA is the initia] line, 
the angles in the first, 
respectively. 


Numerical Example. 


and OP, ОО, 


OR and OS bisect 
second, third 


and fourth quadrants 
T. 2 A 

Within: what limits must р lie if 

2.4. -Vitend - Ут =sin AP 

In this case the formulae'of Art, 113 must clearly be 


and 3708 = -Vi-urA 


For the addition of these two formulae gives the 


From (1) it follows that the revolving line whic! 
must lie between 0! 
From (2' 
OS or else 


given formula, 


h bounds the angle E 
© and OR or else between OR and 08. 

) it follows that the revolving line must lie between OR and 
between 08 and OP. 


_—— 
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Both these conditions are satisfied only when the revolving line lies 


between OR and 08, and therefore the angle = lies between. 


Qn = SF and 2лт 2. 


117. То express the trigonometrical ratios of & in terms 
of tan A. 
From equation (3) of Art. 109, we have 


$122 
tan A = —— —7T- 
1— tant, 
A 2 A 
c х. ge = 
4 l- tan 9 dnd 823° 
A „А 2 А 1 1 
Hence tang + nao + tend) апад 
2 .l-4tantA 
tan?A ^ 
Sus Batol V1 + tant 


= А... a). 


118. The ambiguous sign in equation (1) of the 
previous article can only be determined when we know 
something of the magnitude of A. 

Ex. Given tan 15° —2 — 4/3, find tan 7}°. 

Putting А —15? we have, from equation (1) of the previous article, 
.QEVIr-38-1 +V8=44/3-1 
tan7]?— is = Sy (1). 
Now tan 7]? is positive, во that we must take the upper sign. 
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8. If sin 6+sin фсе and cos @ + сов ф =b,-find the value of tan $, 
Prove that 


9. (cos а + сов 8)? + (sin а —sin В)!=4 cost 2*5, 


ML 


/10. (cos a +008 B) + (sin a +sin В —4 cost В, 


2tan 4 1-4 
12. sin A= а 13. Ce N 
1 +tantS 


Іна 
т т 
14. e (149) Bec (E -0)=2 oo 24, 


15. tan (#44) = кты" 


int (Z 44) ше (= 4V 1 
њам (1+5) ain? (5 2) 73 i4. 


17. cos? а + cos? (а+120°) + cost la- -120)=. 


18, бов, ger E Hoost Эт Те Ji 


| 3r бп 1т 3 
19. sint 7 (Eia Ni t = 
віп! 8 +sin' 8 +8 8 +sin‘— =~. 


20. cos 26 cos 2¢ +sin? (8.— 7:9) - ein! (0+ ф) = 008 (28.194). 
21. (tan 44 tan 24) (1— ~tan* ЗА tan! 4)—2 tan ЗА seot А, 


| за. (Lean о $) (remm $ +000 


5) =sin a вес? $° 
` Find the proper signs to be applied to the radicals in the tj 
ые hree follow- 


| 
| | 
28, бо з= Vicia Ze V Eran d, when 2 e 2799, | 


Бету УГЕ sin A, “= Bx 


TL 


и’ 


А , 
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a5, 2cos d — + VIen dt Vrain, when = — 140", 
96. If A =340°, prove that 
2 sin 2 — V Trsin A VI-sind, 


отте 
and 2 coe4 = Утеп A - VT-sin А. 
27. If A=460°, prove that 


2004 = -Vi+enA+V1-sin A. 
28. If A =580°, prove that 

2 sin $= - VixsinA - УТ -в А, 
99. Within what respective limits must 1 lie when 


(1) аи = V1-sin А+ 1-з A, 


(2) 2 sin = утап + VI sn > 


(3) ава @= + А - VI-sin d, 


and Я (4) реа Vicsin А -М1-зїпА? 


30. In the formula 
2c052 — Утаа УТ 5 


find within what limita a must lie when 


2 
(1) the two positive signs are taken, 
(2) the two negative ,, 4, „ 


and (3) the first sign is negative and the second positive, 


81. Prove that the sine is algebraically less than the cosine for any 


7 | where n is any integer. | 


angle between ann ЗЕ and 2n7 + а 
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32, If sin 1 be determined from the equation 
I - 


A 
sin А —3 sin E —4 sin? 3' 
prove that we should expect to obtain also the values of 


т+А 


EEA а 
зіп and -sin 
3 
Give also a geometrical illustration. 


33. If cos 4 be found fre : the equation 


A 
cos А —4 cos? 3 -3 cos 4, 
prove that we should expect to obtain also the values of 
° 


2--A 2т+А 
сов ES aud cos 


Give also a geometrical ili stration. 


120. By the use of the formulae of the present 


chapter we can now find the trigonometrical ratios of 
some important angles. 


To find the trigonometrical 
Let 0 stand for 18° 


Hence 
and therefore 


functions of an angle of 18°. 
› 80 that 20 is 36? and 30 is 54°, 
20 = 90° — 30, 


sin 20 = sin (90° — 30) = cos 38. 
7. 2 sin 0 соз@ = 4 cos? 9 — 3 сов 0 (Arts. 105 and 107), 
Hence, either cos 0 = 0, which gives 9 = 90°, or 


2 sin 0 = 4 00820 — 3 = 1. 4 sin? 0. 


1. 48120 + 2 sin 8 = 1, Y 
By solving this quadratic equation, 


sing = +V5—1 


we have 
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In our case sin 6 is necessarily a positive quantity. 
Hence we take the upper sign, and have 


45-1 
°= 
sin 18°= a 
Hence 
вла VI 1 2S e 1028 
i 
VIO F 2/5 
TIES 


The remaining trigonometrical ratios of 18° may be 


now found. 
Since 72° is the complement of 18°, the values of the 


ratios for 72° may be obtained by the use of Art. 69. 
121. To find the trigonom«trical functions of an angle 
of 36°. у 
Since cos 20 = 1 — 2 sin? 6, (Art. 105), 


*. cos 36° = 1 — 2 sin? 18° = 1 — (=) 
ee 3—4/5 
l i3 
so that cos 36°= CER: Е а 
Непсе 


M EU - 
16 4 3 
'The remaining trigonometrical functions of 36° may 
now be found. 
Also, since 54° is the complement of 36°, the values of 
the functions for 54° may be found by the help of Art. 69. 
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122. The value of sin 18° and cos 36° 
found geometrically as follows. 

Let ABC be a triangle constructed 
30 that each of the angles В and C is 
double of the angle A. Then 

180 —4--B--C — A + 2A 4- 24, 
so that A = 36°. 


may also be 


A 


Hence, if AD be drawn perpendicular 

to BC, we have ] 
£BAD = 18°, н 

By the geometrical construction we know that BO is | 

equal to AX where X is a point on AB, such that 
AB. BX = AX?, 
Let AB =a, and AX = а: 
This relation then gives 


i.e, T? + ах = a? 

Ў в 5—1 

i.e. i касс. 

Hence sin 18° = in BAD — ВР _18ВС 
= BA~3BA 
Lls vs-1 
OT mS 


Again, by Geometry, we know that AX and XC are 
equal; hence, if. X7, 


be perpendicular to AC, th 
„ bisects AG, нр 


Непсе 


М5 + 1 


бту 5+1 


d UG AE 
М5 уБ) +. 


1 - 
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Г 423. To find the trigonometrical functions for an angle 
of 9°. 
Since sin 9° and cos 9° are both positive, the relation 
(3) of Art. 113 gives 


a Sol 3+ 
о И О; В 


Also, since cos 9° is greater than sin 9° (Art. 53), the 


| quantity sin 9° — cos 9° is negative. Hence the relation 


(4) of Art. 113 gives 


Ш а, 
віп 9°— cos 9°= — V1 — sin 18° = — NS 
V5—3/5 
a э: 


By adding (1) and (2), we have 
e ASPE ie ЕЕЕ, 
c 9° УЗ +5 = 525, 

and, by subtracting (2) from (1), we have 
V3 8 +М5— у5 
4 5 


The remaining functions for 9° may now be found. 
Also, since 81° is the complement of 9°, the values of 
the functions for 81° may be obtained by the use of 


n cos 9? 


Art. 69. 
ÉXAMPLES. XIX. 
Prove that 
1. sin? 72° — sin? =V. 
у5+1 


2. cos! 48° —sin* 12° = 
Быр S 
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Prove that 


8. соз 12° + сов 60° + соз 84° =cos 24°-+- сов 48°. Verify by a graph. 


6. si pass RD 
10 10 5 02% ее кая 


2" 4 
9. 16 соз 15 ° is 


10. Two parallel chords of a circle, which are on the same side of the 
centre, subtend angles of 72° and 144° respectively at the centre. Prove 


that the perpendicular distance between the chords is half the radius of. 
the circle. 


11. In any circle prove that the chord which subtends 108° at the 
centre is equal to the sum of the two chords which subtend angles of 36° 
and 60°. 


12. Construct the angle whose cosine is equal to its tangent. 
18. Solve the equation 


sin 50 cos 30 =зїп 90 cos 76. 


CHAPTER IX ? 
IDENTITIES AND TRIGONOMETRICAL EQUATIONS 


424. Tux formulae of Arts. 88 and 90 can be used to 
obtain the trigonometrical ratios of the sum of more than 
two angles. 

For example 
sin (А +В 4-0) ^ sin (4 + В) cos C + cos (А + B) sin C 

= [sin A cos B + cos A sin В] cos C 
+ feos A cos В — sin A sin В] sin C 
= sin A cos B cos С + cos A sin В cos C 
Р + cos A cos В sin C — sin A sin B sin О 
о 
сов (А + B + С) = cos (А + B) cos С — sin (A + В) зщ С 
= (cos A cos В — sin A sin B) cos C 
— (sin А cos В + cos А sin B) sin [^] 
= сов A cos В cos C — cos A sin B sin C 
— sin A cos В sin С — sin А sin B cos C. 


» tan (A + B) + tan C 
Also tan (A+B +0) = п (A + B) tan O 


tan A + tan В 
X: Thine ene 
tan A + tan B 
D^ anam 


tan A + tan B + tan C — tan A tan B tan C 
= i— tan B {ап С = tan C tan A — tan A tan 
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125. The last formula of the previous article is a 
particular case of a very general theorem which gives the 
tangent of the sum of any number of angles in terms of 
the tangents of the angles themselves. The theorem is 


tan (A, +A, +A, +... +A) 


= 83+ 85-в1+... 
1—в,+в,—з+...°°°` 0» 
where 


| 


sı = tan A, + tan A, +... + tan A, 


= the sum of the tangents of the separate angles, 
& = tan A, tan A, + tan A, tan А+... 


= the sum of the tangents taken two at a time, 
83 = tan A, tan A, tan A, + tan A, tan A, tan A, +... 


= the sum of the tangents taken three at a time, 
and so оп. 


Assume the relation (1) to hold f 


or т angles, ul add 
on another angle An. 


Then tan (A, + A; +... AS) 


= tan [(4, + 4,4... + 4.) + Anal 
= tan (4, + A,+...4 An) + tan AS. 
qo = = +4) + tan Ags 
1 — tan (А; + А+... + An) tan Aqu 
9—8 + 85 — 8, +... 
Та. th Алы 
T 8 85 -k 85 — 
_ 81 s Б... 
1 lc tan A, 
Let tan A,, tan A,, ... tan Any be respectively called 
fols; faa. 
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Then tan (A, + A, +... + Agi) 
PS (51 — 83 + 5—...) + а (1 — 82 + 84 —...) 
(1— 8 + Sa —...) — (81 — 83 + 55 —---) вы 
= (8 + Ёла) (Sa + 9 л) + (85 + Satnar) —... 
І (s; + 5,6541) + (Sa + Satna) — (Se + 381.3) EC 
But s, + £44 = (f + be + «+ tn) + a 
= the sum of the (n + 1) tangents, 
85 + Sitni = (hte + bts ...) + (G + ta + -e + tn) Фаза 
=: the sum, two at a time, of the (n + 1) 
tangents, 
83 + 821 = (ҺЬв + totaly + wee) + (tite + Ыз + озу 
=the sum, three at a time, of the (n +1) 
tangents, and so on. 
Hence we see that the same rule holds for (n + 1) 
angles as for n angles. 
Hence, if the theorem be true for n angles, it is true 
for (n + 1) angles. 
But, by Arts. 98 and 124, it is true for two and three 
angles. 
Hence the theorem is true for four angles; hence for 
five angles .... Hence it is true universally. 


Cor. If the angles be all equal, and there be 7 of 
them, and each equal to 0, then 
ву = ntan6; s, = "О, tan*0; зз = "C, tan? 6, ....... 


Ex. Write down the value of tan 46. 

4-5 _ 4 tan 6 — ‘C, tan? 0 
1-445 1-*C, tan? +5C, tan* 0 
_ 4ten6-4tan? Ü 
71-6tan* 6-rtant 0" 
5tan 0 — l0tan? 0 -tan*Ó 
1-10 tan? 04.5 tan* Ó > 


Here tan 40= 


Ex. Prove that tan 56= 
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126. By a method similar to that of the previous 
article it may be shewn that 


sin (A, + A, +... + An) 
= соз Д, cos A, ... cos A, (s, — 8 + 8; — ...), 
and that соз (A, + А,+... + An) 
= соз A, cos A, ... cos А, (1 — s, + & — ...), 


where 81 82, 83, ... have the same values asin that article. 
127, Identities holding between the trigono- 
metrical ratios of the angles of a triangle. 


When three angles A, B, and C, are such that their 
sum is 180°, many identical relations are found to hold 
between their trigonometrical ratios, 

The method of proof is best seen from the followjng 
examples, 

Ex.1. If 


A+B+C=180°, 
prove thai 


“sin 24 +sin 2B +віп 20 —4 sin A sin Buin С. 


sin 24 +sin 2B+sin 20=2.6m (A +В) cos (A — В) +2 віп С coa Q. 
Since 


А+В+С=180°, 
we have А+В=180°—С, 
and therefore sin (A + B)—sin С, 
and 


cos (A + B)— —cos C. (Art. 72) 
Hence the expression 

=2 sin О cos (A — B)--2 sin C cos C 

=2 sin С [cos (А — = B) cos C] 

=2 sin C [cos (A — B) — — сов (A + B)] 
—2sin C.2 sin A sin В 

—4 sin A sin B sin О. 


A+B+C=180°, 


prove that cos A +008 В-оов 0= 144 cos% созу Мас 


Ex.2. If 


The expression =cos A + (cos В – cos C) 


а 143 da BAC О-В 


—— sin —— 


Now 


so that 


and therefore 


and 


Hence the expression 


A А. C-B 
= st = si 
=2 cos 5 1+2 сов g sin 5 
А А С-В 
ELI E -1 


Sce та БАО: 2060 -1 
5720095 самара 


oye prts сыл 


2 2 2 
A. B.C 
= —1+4 0085 сов 5 Sing- 
Ex. 3. If А+В+С=180°, JS 
prove that віп? А eint B-+sin® C =2 +2 cos A cos B cos C. 
Let S —sin? А +sin? В +в? С, 
so that 28 =2 sint А1 —cos 2B +1 —cos 2С 


=2вїпї А +2 —2 cos (В +C) cos (B-C) 


=2-2 cost А +2 — 2 cos (B +C) cos (B-C). 


1. S=2+c08 A [cos (B-C) +соз (В +С), 


since оов A =cos {180° -(В+С)}= — со (B+C). 
2. ВЕ сов А.2 cos B cos C 
=24-2 cos А сов В cos C. 
Ex. 4. If А+ В +С =180°, 


prove that tan A +tan В+ tan C —tan A tan B tan C. 
By the third formula of Art. 124, we have 


АЛ tan А tan B+tan C— tan A tan B tan C 
1-(&n B tan C+tan€ tan A ten tan 


But tan(A +B+C)=ten180°=0. 
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Hence 


O=tan А +tan B+tan C —tan A tan B tan C, 
he. 


tan A+tan B+tan C=tan A tan B tan C. 
This may also be proved independently. For 
tan (A +B)=tan (180? — C) — tan C. 
tan A tan В 
: “ада в” 2880. 
4 tan A+tan B= —tan C £tan А tan B tan C, 


ie tan А +tan B+tan O=tan A tan B tan C. 
Ex. 5. If z+y+z=zyz, 
"s 22 By) РОГ ae” oy 7 2: 
коен и ара ти isa 


Put z=tan A, y—tan B, and z=tan С, во that we have 
tan A +tan B+tanC=tan A tan B tan C, 
tan A+tan В 
^ I-n Atang" nO, 
tan (A + B)=tan (r — С). 
А+В+С=пт+т, 
+ Mo, 2 _ Stand + 2tanB 2600 
l-z 1-y "1-2 1—tan?A l-tan*B 1—tan?*@ 
=tan 24 -tan 2B + tan 2@=tan 24 tan 2B tan2C, 
(by а proof similar to that of the previous example) 
2z 2y 2z 


l-2'1-y^1-2 


90 that 


[Art, 7: ' 
Hence 


EXAMPLES. xx, 
If A+B+C=180°, prove that 


1. sin 24 +sin 2B —sin 20 —4 сов A cos B sin С. 


2. cos 24 +cos 2B + cos 20 = —1`—4 cos A cos В cos C, 
3. сов 24 + сов 2B — сов 20 =1 —4 sin A sin B cos С, 


a Ча 4 +аш B+sin C=4 coa 4 ово созу. 


5. sin A tein B -ain C=4 sin 4 sin В cos C. 


g n3 e. 


—À———— n 


Ju 
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6. cos A +008 B+c0s C 1-4 sin 4 sin D sin’. 


T. sin? А +sin? B — sin! C —2 sin A sin B cos C. 
8. cost А + соз? В + сов? C —1 —2 cos A соз В cos C. 
5. сов? A +cos? B — соз? C =1 —2вїп A віп В cos C. 


SAL Beis Ome Ва 
10. віп? 5 tein? 5 sin pic 2 с віп sing- 


с "ATHE, 
11. nint eina aint =1 -2 eos 5 0085 sing. 


A B B € с AN 
12. tan tan 3 +tan 5 tang +tan g tan g =l 


A B с A в. C 
18. соё 25506 об сов cot 3 cot z 


14. cot B cot C +cot C cot A +cot А cot B=1. 
15. sin (B+20) +sin (C +2A) +sin (A +2B) 


Lau B70 407A А-В 
=4sin 2 sin z == 
eA а e uen put cede ge 
16. sin > +50 5 pe ri n—14 cas 
7. A ме 
17. сов 5 +008 5 2— 4 4 е 
18. віп 2A sin 2B +sin 2C g OES el hos 
АЕ аа psp. 


19. sin(B+C—A)+sin(C+A—B)+sin (А+В-С) 
=4 sin А sin B sin О, 
If A+B+C=28, prove that 


20. sin (S — A) sin (S — В) + п S sin (5-С) =віп A віп B. 


21. 4 віп S віп (S – A) зіп (S – В) зіп (3-С) 
=1 – соз? А — сов? B — соз? С +2 cos A сов В соз C. 


22. sin (S — A) ein (S — B) +sin (S—C) sin 8=4 sin 4 WD ure 


2 pp 
33. cos 5 + сов (S — A) --cos* (S – B) + cos* (S - C) 
=2 +2 cos A cos B cos C. 
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34. If А+В+С=28, prove that 
сов? А -- cos! B + сов? C +2 cos A cos B cos C. 
=1 +4 oos S cos (S — A) cos (S – B) cos (S - C). 
35. Ifa+8+y+3=2n, prove that 
а+В о а+у а+8_ 


(1) 90€ а+ сов В + cos у +0088 +4 08—— = 008—,-—0, 
(2) tin a-sin B+sin y -ein 244 сов 57 sin Y oog 2420, 


and (3) ten a--tan В+{ап y+tan8 
=tan a tan B tan y tan д (cot a+cot В - cot. y+ oot 8). 
28. If the sum of four angles be 180°, Prove that the sum of the 


products of their cosines taken two and two together is equal to the 
sum of the producta of their sines taken similarly. 


27. Prove that 
sin 2a +вїп 28 +sin 2, —2 (sin a +sin B +sin y) (1 +008 a «cos В + сов у), 
if а+В+у=0. 

28. Verify that 


tin? a sin (b —c) +sin?b sin (c а) +вїп* c sin (a —Ь) 
+ein (a +b +c) sin (b —c) sin (c — а) sin (a — b) =0, 
If A, B, C, and D be any angles, prove that 
39. sin A sin B sin (А — B)-&sin B sin C sin (B-C) 
+sin C sin A sin (C — A) +віп (А ~ B) sin (B C) sin (C — 4) =0. 
30. sin (A — B) cos (A + B) +sin (B C) cos (B+C) 
+uin (0 — D) сов (C + D) +sin (D — А) оов ( D +A) =0, 
31. sin (A + B -2C) сов В -sin (A +C -2B) cos C | 
=sin (В —С) {сов {B +C — A) +сов (C + А — B)+ ooe (A +B-C)}. 
32. sin (A+B+C +D)+sin (A +B-C-D)+sin(A +B-C+D) 
+sin (A +B +0 — D)=4 sin (А + B) cos C сов D. 
38. If any theorem be true for values of A, B, and C such that 
A+B+C=180°, 
prove that the theorem is still true if we substitute for A, B, and C 


respectively the quantities 
А В с 
M 99-7, 90°—5, and 9-7, 
or 


s (2) 180°-24, 180°-2B, and 1809.90. 
"Hence deduce Ex. 16 from Ex. 6, and Ex. 17 from Ех. 5, 
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If z+y+z=zyz, prove that 
NEZ ayy Senet и ЗИ 32-2 
Toast зу 1-34 [2321-31-32 
and 35. 2(1- 4) (1-24) +y (1-2) (1-2) +(1-,4)(1-)=4у® 


428. The Addition and Subtraction Theorems may be 
used to solve some kinds of trigonometrical equations. 
Ex. Solve the equation 
sin = + sin 5z = sin Зх. 
By the formulae of Art. 94, the equation is 
2 sin Зх cos 2z = sin 3z. 
<. sin 3z = 0, or 2 соз 22 = 1. 


и sin 3х = 0, then 3х = nr. 

и cos 2x = 5, then 2x = 2m7 +3- 
n 

Hence z=, or nrg 


429. To solve an equation of the form 
а соз 8 + b sin @ =c. 
Divide both sides of the equation by Уа? + 6, so that 
it may be written 
a b 5 © 
a are 
Find from the table of tangents. the angle whose 


‘tangent is and call it a. 


Then tana = = so that 
a 


В b 
Bina = —————— = 
ГЕР and cosa a Bi 
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The equation can then be written 


cos a cos 0 + sina sin Ө = © 


Va? +52” 
i.e. cos (0 а) = SEA iM, 
Va? + 52 

Next find from the tables, or otherwise, the angle B 


whose cosine is G 


so that cos В = VEIB . 
[N.B. This can only be done when c is < ya? + 22] 
The equation is then cos (8 — а). = cos В. 
The solution of this is 0 — a = 2nz + B, so that 


9 = 2»; tas B, 
where is any integer. 
Angles, such аз а and B, which are introduced into 


trigonometrical work to facilitate computation are called 
Bubsidiary Angles. 


130. The above solution may be illustrated Graphically as follows: 
Measure OM along the initial line equal 
to a, and MP perpendicular to it, and equal 


to b. The angle MOP is then the angle whose 
tangent is 3 б.е. а. 


With centre O and radius OP, i.e. ^/qx n 
describe a circle, and measure ON along the 
initial line equal to c, 

Draw QNQ perpendicular to ON to meet 
the circle.in Q and Q'; the angles NOQ and Q'ON are therefore each 
equal to В, 

—s 
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The angle GOP is therefore a -В and Q'OP is a-- B. 
Hence the solutions of the equation are respectively 
эпт +ООР and 2nz 4 Q'OP. 


The construction clearly fails if c be > +/a?+6?, for then the point N 
would fall outside the circle. 


131. Aso numerical example let us solve the equation- 
5 cos 8 -2 sin 0=2, 


given that tan 21° asi. 
Dividing both sides of the equation by 


V B1 3-23, i.e. 29, fe 2 
we have OT 
5 CR IR 2 $148 
7a Opies 6-739: 
Hence 
cos Ó сов 21° 48' – зіп Ө sin 21° 48' = зіп 21° 48’ —sin (90° — 68° 12’) 
=cos 68° 12’. 
1. cos (6 +21° 48’) =cos 68° 127 
Hence 8 +21° 48' =?а x 180? 2-68? 12". (Art. 83) 


у. 6 =2п х 180° – 21° 48 +. 68° 12 
=2n x 180°-90°, or 2n х 180° +46° 24’, 
where n is any integer. 
Aliter. The equation of Art. 129 may be solved in another way. 


For let шаў, 


so that sin б=—— = — 


and ceu ES (Art, 109) 


The equation then becomes 
EA s 
1+2 140 
po that #(с+а) -2Ы+с-а=0 


142 
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‘This is в quadratic equation giving two values for t, and hence two 
values for tan д с 


2 


‘Thus, the example of this article gives 


so that he ог 


T8 +4t-3=0, 


1 
=tan ( — 45°), or tan 23° 12’ (from the tables} 


Hence gn. 180° —45°, ог п. 180° 4-23? 12’, 


fe 


6=n. 360° —90°, ог n . 360° +46° 24’. 


EXAMPLES. XXI. 


Solve the equations 


1. 
8 
5. 
1. 
9. 
10. 
11. 


12. 


14. 
16. 
18. 
20. 
22. 
28. 
24. 
25. 
21. 
29. 


sin 6 -- sin T8 —sin 44, 
cos 0 + cos 30 —2 оов 26, 
оов 6 – віп 30 —cos 26, 


2. оов Ó + оов 70 —cos 40. 
4 sin 40 — sin 20 оов 34, 
ё. sin 70 —sin 6 +sin 36. 


сов @ + сов 20 + coe 30 =0. 8. sin Ó -- sin 30 -- sin 50 =0. 
віп 20 — cos 20 — sin 6 +008 9 =0 
sin {39 + а) +sin (36 — a) -- sin (a — 0) — sin (a+6)=cos a. 


сов (38 + а) сов (30 — a) + сов (58 + а) cos (58 — a) =008 2a. 

cos п6 —cos (n — 2) 9 + ein б. 18. in^ gain tlg +4in 
sin тд + sin n —0. 15. cos тб +008 n4=0, 
в? пб —sin'(n—-1)@=sin?6. 17. sin 39 +008 20 —0. 
УЗ cos 9 --sin 0 —4/2. 19. віп 0 +08 = 4/2. 

УЗ sin д — cos 0—4/2. 21. sin z--cos z—4/2 cos А. 
5 sin 6 +2 cos 65 (given tan 21? 48' =-4), 

6 cos z +8 sin z—9 (given tan 53° 8'—1j and cos 25° 50'—-9). 
1 +віп? 6=3 ein 6 сов 0 (given tan 71? 34’ —3). 

coseo Ó —cot 0 + 4/3. 

(2 + 4/3) cos 0—1 —sin 8. 
оов 20 = сов? 6. 


26. coseo z=1 + cot z. 
28. tan 0+вес 8 —4/3. 
80. 4 сов 0 —3 вес Ó—tan б. 
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81. cos 29 +3 cos 6=0. 32. cos 30 +2 cos 0 —0. 


88. cos 28=(/2+1) (000-75 . 84. cot @—tan 0—2. 


35. 4 cot 20 —cot* 6 — tan? 6. 36, 3 tan (9—15°) —tan (8 -- 182). ` 


37. tan Ó--tan 20 +tan 30 —0. 
88. tan 6 +tan 20 + 4/3 tan 6 tan 20—4/3. 
89. sin За=4 sin a sin (z +a) sin (2-а). 


| 40. Prove that the equation z? —22+ 1=0 is satisfied by putting for w 
either of the values 
4/2 sin 45°, 2 віп 18°, and 2 sin 234°. 


ee n) 
41. If sin (7 cos 8) =сов (зт sin 6), prove that cos (ex) - a 
42. If sin (т cot 0) —cos (т tan 6), prove that either cosec 20 or oot 34 


is equal to n b where n is в positive or negative integer. 


432. Ex. To trace the changes im ihe expression 
sing + соз ж as x increases from 0 to 2т. 


z 145. 1 
We have sin x + cos z = y2 [asin = + Jy cose 


= ү? [sin «= + соза 3] = ув (2+4) 
We thus have the following table of values: 


П 
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As in Art. 62, the graph is as in the following figure. 


133. Ex. То tra-e ле changes in the sign and magni- 
tude of a cos 0" b sin 0, and to find the greatest value of 
the expression. 

Мө have 


i a b f 
mest Raap T) 


Let а be the smallest positive angle such that 


cosa 2 
Уа? +b? 

‘The expression therefore 
= Уа? + b? [cos соза + sin ĝ sina] = Уаз + b cos (0 — a). 

As changes from a to 2 + a, the angle 0 
from 0 to 27, and hence the changes in the sign and 
magnitude of the expression are easily obtained. 

Since the greatest, value of the quantity cos (0 — a) is 
unity, i.e. when 0 equals a, the greatest value of the 
expression is Va? + ба, 

Also the value of @ which gives this greatest value 1з 


and si ЛР 
2 ENG era ен 


— achanges 


such that its cosine is 


a 
Va? +62 
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Similarly the expression 
asin (9 +a) +5 sin (8+8) 
=віп 6 (a сов a+b cos В) -- cos 6 (a sin a +b sin В) 
=Ввіп(6+ у)... о-нан наци меннн (1), 
where В cos у=а cos a+b cos B, 
and Rain у=а sin a +b sin B, 
50 that, on squaring and adding, 


Ba! bx 2abcos (a — B), 
and, on division, 
a sin a-b sin В 
a c08 a b cos B^ 
The greatest value of (1), $.е. of the given expression, is clearly В 


tan у= 
corresponding to the value, 3 of the angle 6. 


EXAMPLES. XXII. 

As 6 increases trou: © to 2л, trace the changes in the sign and magni- 
tude-of the following expressions, state wusir periods, and plot thei: 
graphs. 

1. sin 6 – cos 4. 
2. sin 0+ 4/3 cos б. 
[pe sin 8 -- 4/3 cos 0— [5 sin 4 V3 pee 2а ( (0+3).] 


8 sin 6-4/3 coa б. 4. сов 6 — віп? б. 5. sin 6 cos 6. 
6. sin 36. 7. tan 36. 8. вес 40. 

sin 0 -- sin 20 Т А 1 
9. ртр 10. sin (л'віп 6). 11. сов (= sine). 
12, Trace the changes in the sign and magnitude of on за the 


angle increases from 0 to 90°. 


CHAPTER X 
LOGARITHMS 


134. Suprosme that we know that 
102-4031205 — 253, 102-6095944 _ 407, 
and 105-0137149. — 102971, 
we can shew that 253 x 407 = 10297 1 without per- 
forming the operation of multiplication, For 
253 x 407 = 1024031205 X 102-6095944 
= 102-4031205+2.6095944 
- = 1050127149 — 102971. 
Here it will be noticed that the process of multiplica- 


tion has been replaced by the simpler process of addition, 
Again, Supposing that we know that 


10690005 — 79507, 
and that 10-9485 _ 43, 


Wwe can easily shew that the cube root of 79507 is 43, 
For 479507 = [79507] = (104-2001055) $ 


= 10} *4-9004055 _ 1016334685 _ 

Here it will be notic 

extracting the cube root 
process of division, 


135. Logarithm. Def. If a be any number, and x 
and N two other numbers such that a= = М, then x is called- 
the logarithm of N to the base a and is written log, N. 

The logarithm of a number to a given base is therefore 


43. 
ed that the difficult process of 
has been replaced by thesimpler 


— ———— 
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the index of the power to which the base must be raised 
that it may be equal to the given number, 

Exs. Since 10*=100, therefore 2=Iog,, 100. 


Since 105 =100000, therefore 5=log,, 100000. 
Since 24 =16, therefore 4—log, 16. 


Since si - [sl =2'=4, therefore polos 4 = 
LL аа Ihe 1 3 
Bince 9 Le tae , therefore 


з= (2 
5718s =). 


N.B. Since a?—1 always, the logarithm of unity to any base is always 
Zero. 

136. In Algebra, if т and т be any real quantities 
whatever, the following laws, known as the laws of 
indices, are found to be true: 

(i) а" ха" = amm 
(ii) а" — a^ = а"-", 
and (ii) (а”)" = а"". 

Corresponding to these we have three fundamental 
laws of logarithms, viz. 

(i) log, (mn) = log, m + log, n, 
(ii) log, (=) =log, m—log,n, 
and (iii) log, ша = п log, т. 

The proofs óf these laws are given in the following 
articles. 

137. The logarithm of the product of two quantities is 
equal to the sum of the logarithms of the quantities to the 
eame base, i.e. 

log, (mn) = log, m + log, n. 
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Let 2: = log, т, so that а= = т, 
and y = 102. п, во that av = ^. 
Then mn = a? x qv = gz*v 

= z^ Поратт =z +y (Art. 135, Def.) 

= = loga т + log, п. 


138. The logarithm of the quotient of two quantities ig! 
equal to the difference of their logarithms, i.e. 


log, (=) =log,m— log, n. 


le z= log, m, so that a? = m, (Art. 136, Def.) 


and y = logan, so that a” = р, 
Then z = а= - ау = а-ә, 


Л. log, (2) =#—у (Art. 135, Def.) 
= log, т — log, n. 


À 139. The logarithm ofa quantity raised to any power 
$8 equal to the logarithm of the quantity multiplied by the 
index of the power, i.e. 


log, (шз) = п Іов, m. 
Let 2 = log; m, so that a= — т. 
Then т" = (а=)" = ал=, 
os loga (m^) = ng (Art. 135, Def.) 
=n log, m. 


Exs. log 48—log (2 х3)=1о 244 Jog 3.4 log 2--1og 3; 
1 


63 7x3 
log agi log 177 =log 7 +log 31 — log 22 —log 112 


5log 7+2 log 3—2 log 2 ~ 2 log ll; 
Vg 4/13 =10g 134 =} log 18, 
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140. Common system of logarithms. In the system 
of logarithms which we practically use the base is always 
10, so that, if no base be expressed, the base 10 is always 
understood. The|advantage of using 10 as the base is 
seen 1: three following articles. 


141. Characteristic and Mantissa. Def. If the 
logarithm of any number be partly integral and partly 
fractional, the integral portion of the logarithm is called 
its characteristic and the decimal portion is called its 
mantissa. 

Thus, supposing thatlog 795 — 2-9003671, the number 
2 is the characteristic and -9003671 is the mantissa. 

Negative characteristics. Suppose we know that 

log 2 — -30103. 
Then, by Art. 138, 
log 4 = log 1 — log 2 = 0 — log 2 = — :30108, 
во that log $ is negative. 

Now it is found convenient, as will be seen in Art. 143, 
that the mantissae of all logarithms should be kept 
positive. We therefore instead of — -30103 write 
— (1 — -69897), so that 

log } = — (1 — :69897) = — 1 + -69897. 

For shortness this latter expression is written 1-69897. 

The horizontal line over the 1 denotes that the integral 
part is negative; the decimal part however is positive. 

As another example, 3-4771213 stands for 

: — 3 + :4771213. 


142. The characteristic of the logarithm of any number 
can always be determined by inspection. 


L.P.T(1)—6 


150 TRIGONOMETRY 


(i) Let the number be greater than unity. 
Since 10 = 1,thereforelog 1=0; 


since 101 = 10, therefore log 10 = 1; 
since 10? = 100, therefore log 100 = 2; 
and so on. 


Hence the logarithm of any number lying between 1 
and 10 must lie between 0 and 1, that is, it will be a 
decimal fraction and therefore have 0 as its character- 
istic. 

So the logarithm of any number between 10 ат? .00 


must lie between 1 and 2, i.e. it will have a charac! istic 
equal to 1. 


Similarly, the logarithm of any number betw: n 100 
and 1000 must lie between 2 and 3, i.e. it will „ауе a 
characteristic equal to 2. 


So, if the number lie between 1000 and 10000, the 
characteristic will be 3. 


Generally, the characteristic of the logarithm of am 
number will be one less than the number of digits in їз 
integral part. 

Exs. The number 296-3457 has 3 fi 


gures in its integral part, and 
therefore the characteristic of its logarithm is 2. 
The characteristic of the logarithm of 29634-57 will be 5 — 1, .e. 4, 


(ii) Let the number be less than unity. 


Since 10 =  ],therefore lg 1-20; 
since 10-1 = 1 = l, therefore log `1 = – 1; 
since 10-2 = a = -01, thererore log -01 = — 2; 
sine 10-2 = 1 = 


тоз = `001, therefore log -001 = — 3; 
and so on. 


CHARACTERISTIC OF ANY LOGARITHM i51 


The logarithm of any number between 1 and -1 there- 
fore lies between 0 and — 1, and so is equal to— 1-4-some 
decimal, i.e. its characteristic is 1. 

So the logarithm of any number between -1 and -01 
lies between — 1 and — 2, and hence it iseqral to — 2+ 
some decimal, i.e. its characteristic is 2. 

Similarly, the logarithm of any number between -01 
and -001 lies between — 2 and — 3, 4.6. its characteristic 
ів 3. - 

Generally, the characteristic of the logarithm of any 
decimal fraction will be negative and numerically will be 
greater by unity than the numbez-of cyphers following the 
decimal point. 

Cor any fraction between 1 and -1 (e.g. -5) has no 
cypher following the decimal point, and we have seen 
that its characteristic is 1. 

Any fraction between -1 and -01 (eg. -07) has one 
cypher following the decimal point, and we have seen 
that its characteristic is 2. 

Any fraction between -01 and -001 (e.g. -003) has two 
cyphers following the decimal point, and we have seen 
that its characteristic is 3. 

Similarly for any fraction. 

Exs. The characteristio of the logarithm of the number -00835 is 3. 

The characteristic of the logarithm of the number -0000053 is 6. - 

The characteristic of the logarithm of the number -34567 is T 


143. The mantissae of the logarithm of all numbers, 
consisting of the same digits, are the same. 
This will be made clear by an example. 
Suppose we are given that 1 
log 66818 = 4-8248935. 
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Then E 
66818 


log 668-18 — log 100 ^ leg 66818 — log 100 (Art. 138) 
= 4-8248935 — 2 = 2-8248935; 


log -66818 = log os = log 66818 — log 100000 


» (Art. 138) 
= 48248935 — 5 — 1-8248935. 


So log -00066818 = log 5818 = log 66818 — log 108 


= 48248935 — 8 = 4-8248935. 
Now the numbers 66818, 668-18, *66818, and -00066818 
consist of the same significant, figures, and only differin 
i cimal point, We observe that their 
same decimal portion, i.e, the same 
„апа they only differ in the characteristic. 
characteristic is in each case deter- 
Е the previous article. 
that the mantissa of a logarithm is 


mined by the rule o 
It will be noted 
always positive, 


144. Tables of logarithms, 
numbers from 1 to 108000 are givi 
of Logarithms. Their values are 
seven places of decimals, 

The student shoul 
table of logarithms 


The logarithms of all 
en in Chambers’ Tables 
there given correct to 


next few chapters. 


On the opposite Page is a specimen page selected from 
Chambers’ Tables, It gives the mantissae of the loga- 
_ rithms of all whole numbers from 52500 to 53000, 
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A table of logarithms, to ave places of decimals, is 
given at the end of this book. It will be found to be 
sufñciently accurate for most practical purposes. 


145. To obtain the logarithm of any such number, 
such as 52687, we proceed as follows. Run the eye down 
the extreme left-hand column until it arrives at the 
number 5268. Then look horizontally until the eye sees 
the figures 7035 which are vertically beneath the number 
1 at the top of the page. The number corresponding to 
52687 is therefore 7217035. But th’s last numbc. con- 
sists only of the digits of the mantissa, so that the man- 


tissa required is -7217035. Also the characteristic for ` 


52687 is 4, 


Hence log 52687 = 4-7217035. 
So log -52687 = 1-7217035, 
and 


log -00052687 = 4-7217035. 

If, again, the logarithm of 52725 be required, the 
student will find (on running his eye vertically down the 
extreme left-hand column as far as 5272 and then hori- 
zontally along the row until it comes to the column 
under the digit 5) the number 0166. The bar which is 
placed over these digits denotes that to them must be 
prefixed not 721 but 722. Hence the mantissa corre- 
sponding to the number 52725 is 1220160. 

Also the characteristic of the logarithm of the number 
52725 is 4, 

Hence log 52725 = 4-7220166. 

So log -052725 = 9-1220166. 


If we use the five-figure tables at the end of this book we proceed thus: 
Поп fhe eye down the extreme left-hand column of pages xxii and xxiii 


— — wa 
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until it-arrives at the number 52; then look horizontally until the eye 
sees the figures 72099 below the figure 6 at the top of the previous page, | 
We thus get | 
No. log 
526 2-72099 
The next figpre in our number is 8, Look at the extreme right of the | 
pegé of logarithms for the Mean Differences. Run the eye down the 
column headed by 8 until it arrives at the'horizontal line commencing 
with 52, and there we find the number 66. 
Our last figure is 7 and the corresponding number in the Difference 
column is 58, We thus have \ 


No. log 

526 2.12099 

E diff. for 8 66) 
diff. for 07 5 


526-87 2.12110 

Hence, as beiore, log 52687 =4:72171, correct to five places. 

This is as accurate в result as we can get from using a five-figure table | 
with the corresponding table of Mean Differences. It-will be noticed that | 
it differs in the fifth place of decimals from the value found above. 

We shall now work a few numerical @xamples to shew 
the efficiency of the application of logarithms for pur- 
poses of calculation. 

146. Ex. 4. Find the value of §/23-4. 

Let == 1/23 = (23-4), 


so that log z=} log (23-4), Љу Art. 139. 
Tn a seven-figure table of logarithms we find, opposite the number 234, 
the logarithm 3692159. 
Hence log 23-4—1-3692159. 
Therefore log z=; [1:3692159] —-2738432. 


Again, in the table of logarithms we find, corresponding to the logarithm 
2788432, the number 187864, во that 
log 1-87864 =-2738432. 
;. 2=1-87864, 
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Ex. 2. Taing the tables at the end of this book, find the 


(6-45)? x 8/0003 
(937)? x 478-98 ` 


value of 


Let z be the Tequired valu 


log z= log (6:45) + Jog (-00034)4 ор (9.37)2 -log (8-93 


1 
7) = log 8-93, 


2 1 
lgzr-3x 380958. (453148) -2 x.97174 1, 95085, 
Ви 


E (5314s) 1 [8--2:53148] 


=2+-843827. 
+. log z—2.42868 +(3+ :843827]— 1.9 


4348 — -237713 
=3:272507 — 4.181193 


» COrTect, to five places of 


decimals, 
Page xxii we 


find, Corresponding to the 


1, 80 that We have 
log 123 =2:08991 
diff. for 4= цо 

log 123-4 —2.99131 

Hence log x =log 712340, 
and therefore ==-12340, 

When the logarithm of any numbet dogg not quite agree with any 
logarithm in the tables, but lies between two Consecutive logarithms, it 
will be shewn in the next chapter how the питье) 
found, 


T may be accurately 
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Ex.3. Having given log 2=-30103, find the number of digits in 287 
and the position of the first significant figure in 2-37, 
We have 10628767 x log 2=67 x -30103 
=20-16901. 
Since the characteristic of the logarithm of 287 is 20, it follows, by 
Art. 142, that in 26 there are 21 digit, ` 
Again, 108231 = – 37 log 2— – 37 x-30108 
= -11-13811 = 12:86189. 
Hence, by Art. 142, in 2-37 there are 11 cyphers following the decimal 
point, i.e. the first significant, figure is in the twelfth place of decimals. 


Ex. 4. Given log 3=-4771213, log 7=-8450980, and log 11=1-0413927, 


solve the equation 
32 x 722 —1]2+5, 


Taking logarithms of both sides, we have 
log 32 +log 72=+1=Jog 112+8, 
^. zlog3-(2z--1)log 7—(z +5) log 11. 
+. x [log 3+2 log 7 -log 11]=5 log 11 -log 7. 
5 log 11 -log7 
log 3+2 log 7 -log 11 
5:2069635 – -8450980 
—471213+ 156901960 — 1-0413927 


4-3618655. 
711259246 =3-87.... 


147. To prove that 
log, m = log, m x log, b. 


$ T. 
oe ae 


Let log, m = х, во that a* = m. 
Also let logs m = у, во that bv = т. 
"n a? = by, 


Hence log, (а =) = log, (bv). 
| @=ylog,b. (Art. 139.) 
Hence log, m = log; m x log, b. 

By the theorem of the foregoing article we can from 
the logarithms озу number toa base b find its logarithm 
to any other baset- It is found convenient, as will 
appear in Part п; Arg, 3,2. not tocalculate the logarithms 


158 TRIGONOMETRY 


to base 10 directly, but to calculate them first to another | 
base and then to transform them by this theorem. 


EXAMPLES. XXIII. 
1, Given log 4=-60206 and: log 3=-4771213,. find the logarithms of 
*8, -003, -0108, and (-00018)}, 
22 Given log 11 =1-0413927 and log 13=1:1139434, find the values of 
(1) log 1-43, (2) log 133-1, (3) log 1/143, and (4) log 3/-00169. 
8. What are the ch.. -teristics of the logarithms of 243-7, -0153, 
28713, -00057, -025, $/ 515, and (24589) з: 
& Find the 5t: root of -003, having given 
log 3=-4771213 und log 312936 =5-4954243. 
& Find the values c` (1) 7}, (2) (84)8, and (3) (021 
log 2=-30103, log 3=-4771213, 
log7=-8 2980, log 132057 —5-1207283, 
log 688453 = 57597117, and log 461791 =5:6644438, 
6. Having given log 3=-4771213, 
| find the number of digits in 
(1) 39, (2) 327, and (зу зз, 
and the position of the first significant figure in 
(4) 38, (5)3-6, aad (8) 3-05, 
7. Given log 2=-30103, log 3=-4771213, and log 7=-8450980, solve 


the equations m 
: (1) 22,92 ла, 
(2) P, gara nas 
(3) 722.224 9:7. 
TY x ЗУ =9 
and (4) вы зн) А 

8. From the tables find the seventh root of -000026751. 
Making uso of the tables, find the approximate values of 


JÈ, having given 


9. 9/6453, 10, 82357. 11. ME 
x 
3/373 OFS GON ! 
A [12x83 e st iit 
94165 ута хб 
Draw {һе graphs of 
14. Logz. ‘15. Log sin z. 16. Log оса a 


17. Log tan z, 18. Log совес z, 19, Log cot z. 


а 


CHAPTER XI 


TABLES OF LOGARITHMS AND TRIGONOMETRICAL 
RATIOS. PRINCIPLE OF PROPORTIONAL PARTS 


148. We have pointed out that the logarithms of all 
numbers from 1 to 108000 may be found in Chambers’ 
Mathematical Tables, so that, for example, the loga- 
rithms of 74583 and 74584 may be obtained directly 
therefrom. 

Suppose however we wanted-the logarithm of a num- 
ber lying between these two, e.g. the number 74583:3. 

Чо obtain the logarithm of this number we use the 
Principle of Proportional Parts which states that the 
increase in the logarithm of a number is proportional to 
the increase in the number itself. 

Thus from the tables we find 

log 74583 = 4-8726298 ............ (1), 
and log 74584 = 4-8726457 ............(2). 

The quantity log 74583-3- will clearly lie between 
log 74583 and log 74584. 

Let then “log 74583-3 = log 74583 + x 

2 = 48726398 += ......... (3). 

From (1) and (2), we see that for an increase 1 in the 
number the increase in the logarithm is -0000059. 

The Theory of Proportional Parts then states that for. 
an increase of -3 in the number the increase in the 
logarithm is 

*8 x -0000059, 4.e., -00000177. 
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Hence log 74583-3 = 4-8726398 + :00000177 
= 4-87264157. 


149. As another example, we shall find the value of log -0382757 and 
shall exhibit the working in a more concise form. 
From the tables we obtain 
log 038275 =3.5899159 
log -038276 =5.5829265. 
SSS 


Hence the difference for 
-000001= -0000113. 
Therefore the difference for 


0000007 =-7 x -0000113 
=-00000791. 
7. log -0382757 —2.5829157 
+ -00000791 
аа 
—2-58292311. 


Since the logarithms we are using are only correct to seven places of 
decimals, we omit the last digit and the answer is 2-5829231. 


150. The converse question is often met with, viz., 
to find the number whose logarithm is given. Tf the 
logarithm be one of those tabulated, the required number 
is easily found, The method to be followed when this is 
not the case is shewn in the tonowing example. 

Ex. Find the number whose logarithm ia 2-628394. 

On reference to the tables We find that the logarithm 6255524 ів not 


tabulated, but that the nearest logarithms are 6283889 and 6285591, 
between which our logarithm lies, 


We have then log 425-00 =2-6283889. 
and log 425-01 —2.6283991. ...(2); 
Let log (425-00 +z) =2-6283904.... (3), 


From (1) and (2), ув see that Corresponding to a difference of 01 
number there is а difference of "0000102 in the logarithm, 

From (1) and (3), we see that corresponding to a difference of z in the 
number there is a difference of -0000035 in the logarithm. { 


in the 
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Hence we have т: +01 :: -0000035 : -0000102. 
^ 35 -35 
"1930225 == 00343 nearly. 


Hence the required number =425-00 + -00343 =425:00343. 

151. Where logarithms are taken out of the tables 
the labour of subtracting successive logarithms may be 
avoided. On reference to page 153 there is found at the 
extreme right a column headed Diff. The number 82 at 
the head of the figures in this column gives the difference 
corresponding to a difference of unity in the numbers on 
that page. 

This number 82 means -0000082. 

The rows below the 82 give the differences correspond- 
ing to -1, -2, .... Thus the fifth of these rows means that 
the difference for -5 is -0000041, 

As an example, let us find the logarithm of 52746-74. 


From page 153, we have 
log 52746 =4-1221895 


diff. for Pi = :0000057 


I x diff. for j = -0000003 


log 52746-74 =4-7221955, 
We shali Sore two more examples, taking all the logorithms from 
the tables, and only putting down the necessary steps. 
Ex. 1. Find the seventh root of -034574. 
If z be the required quantity, we have 
log z=} log (+034514) =} (3-5387496) 


=} (7 +5-5387496). 71) 160 (212 
;. log z=1-7912499, 142 
But 1од-61837=1.7912484 30 
ая. = 0000015. Br. 
But diff. for -00001= -0000071, 50 
2. required increase = *00000211, x 


z^ == 61837211. 
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Ex. 2. If а=345-15 and 5 —283-912, find the value of the square root 
of a? —U*, using the Jive-figure tables at the end of this book. 
If z be the required quantity, we have 
2log z—log (a? — 5?) =log (a —b) + log (a +b) 
=log 61-838 + log 629-662. 


Now, from page xxiv, log 61-8 =1-79099 
diff. for QUEM 
А, :008 = 56 
Tog 629 =2-79865 
diff. for 6 = 42 
= 06 = 42 
M -002 14 
Hence, by additions’. 2 log z =4-59037, correct to places, 
7. log z—2:29518 5, 
But, from page xxii, 108197 =2-09447 
diff. fer з= 67 
02 = 45 
<- log 197-32 —2-29518 5 
/. 2=197-32 


If we used seven-figure logarithms we should obtain a more accurate 
result, viz. 197-3247. 


152. The proof of the Principle of Proportional Parts 
will not be given at this Stage. It is not stric 
without certain limitations, 

If we use seven-figure tables, the numbers to which 
the principle is applied must contain not less than five 
Significant figures, and then we may rely on the result 
as correct to seven places of decimals. 

For example, we must not apply the principle to 
obtain the value of log 2-5 from the values of log 2 and 
log 3. 

. For, if we did, since these logarithms are -30103 and 
-4771213, the logarithm of 2-5 would be 389075. 


tly true 


Oct CNWECRM 
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But from the tables the value of log 2 5 is found to be 
3979400. 

Hence the result which we should obtain would be 
manifestly quite incorrect. 

So, if the numbers to which the principle is applied 
contain not less than four digits, we can rely on the 
result as correct to five places of decimals. 

Similarly, if the numbers contain not less than three 
digits, the result can be relied upon in general to four 
places of decimals. 


Tables of trigonometrical ratios. 


153. In Chambers’ Tables will be found tables giving 
the values of the trigonometrical ratios of angles between 
0° and 45°, the angles increasing by differences of 1’. 

It is unnecessary to separately tabulate the ratios for 
angles between 45° and 90°, since the ratios of angles 
between 45° and 90° can be reduced to those of angles 
between 0° and 45°. (Art. 75.) 

[For example, 

sin 76° 11’ = sin (90° — 13° 49') = cos 13° 49’, 
and is therefore known.] 

Such a table is called a table of natural sines, cosines, 
etc. to distinguish it from the table of logarithmic sines, 
cosines, etc. 

If we want to find the sine of an angle which contains 
an integral number of degrees and minutes, we can obtain 
it from the tables. If, however, the angle' contain 


seconds, we must use the principle of proportional 
parts, 
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Ex.4. Given sin 29° 14' =-4883674, 
and sin 29° 15' =-4886212, 


find the value of sin 29° 14’ 32”. 
By subtraction we havo 


difference in the sine for 1’ =-0002538, 
4. difference in the sine for 32” == x 0002538 =-00013536, 
7. sin 29° 14’ 32" —-4883074 
+-00013536 
= 4885077. 


Since we want our answer only to seven places of decimals, we omit 
the last 6, and, since 76 is nearer to 80 than 70, we write 


sin 29° 14’ 32” —.4885028. 
When we omit a figure in the eighth place of decimals we add 1 to the 
fi 


igure in the seventh place, if the omitted figure be 5 ога number greater 
than 5, 
Ex. 2. Given сов 16° 27’ =-9590672, 


and сов 16° 28’ =-9589848, 
find the value of сов 16° 27’ 47°, 


We note that, as was shewn in Art. 55, the cosine decreases as the 
angle increases, 


Hence for an increase of 1’, i.e. 60°, in the angle, there is à decrease 
of -0000824 in the cosine, 


yon for an inorease of 47° in the angle, 
вх “0000824 in the cosine. 


there is a decrease of 


4. оов 16° 27’ 47° =-9590672 - a x -0000824 


=-9590672 — -0000645 
=-9590672 


- 0000645 


I 


9590027, 
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In practice this may be abbreviated thus: 


cos 16° 28'= -9589848 
cos 16°27’= -9590672 
ponin Se 


824 
diff. for 1’ = —-0000824. 41 
7. dift. for 47” = — $4 х 0000824 75768 
= —-0000645. __3296 
2. Ans.= 9590612 60) 3872,8 
— -0000645 645 
= 9590027. 


154. An example of the inverse question, to find the 
angle when one of its trigonometrical ratios is given, 
will now be given. 


Ex. Find the, angle whose cotangent is 1:4109325, having given 
cot 35° 19 =1-4114799, and cot 35° 20’ =1-4106098. 


Let the required angle be 35° 19 +2", 
БО that cot (35° 19’ 4-27) =1-4109325. 
From these three equations we have 
For an increase of 60" in the angle, а decrease of -0008701 in the cotangent, 
3 5 pn » » » „ 70005474 » » 
s x: 60:: 5474: 8701, во that т=3Т1. 
Hence the required angle =35° 19’ 37-7". 


455. In working all questions involving the applica- 
tion of the Principle of Proportional Parts, the student 
must be very careful to note whether the trigonometrical 
ratios increase or decrease as the angle increases. Asa 
help to his memory, he may observe that in the first 
quadrant the three trigonometrical ratios whose names 
begin with co-, i.e. the cosine, the cotangent, and the 
cosecant, all decrease as the angle increases. * 
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Tables of logarithmic sines, cosines, etc. 


156. In many kinds of trigonometric calculation, as 
in the solution of triangles, we often require the loga- 
rithms of trigonometrical ratios. To avoid the incon- 
venience of first finding the sine of any angle from the 
tables and then obtaining the logarithm of this sine by 
a second application of the tables, it has been found 
desirable to have separate tables giving the logarithms 
of the various trigonometrical functions of angles. As 
before, it is only necessary to construct the tab’ s for 
angles between 0° and 45°. 

Since the sine of an angle is always less thar unity, 
the logarithm of its sine is always negative (Art. 142). 

Again, since the tangent of &n angle between 0? ала 
45° is less than unity its logarithm is negative, whilst 
the logarithm of the taugent of an angle between 45^ 


and 90? is the logarithm of a number greater than unit : 
and is therefore positive, 


1 157. To avoid the trouble and inconvenience of print- 
ing the Proper sign to the logarithms of the trigono- 
metric functions, the logarithms as tabulated are not 
м logarithms, but the true logarithms increased 


For example, sine 30° — 1. 


Hence log sin 30° — log} = — log 2 


= — -30103 = 1-69897, 
The logarithm tabulated is therefore 

10 + log sin 30°, е, 9-69897, 
Again, tan 60° = 4/3, 
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Hence log tan 60° = $ log 3 = $ (-4771213) 

= -2385606. 
The logarithm tabulated is therefore 
10 + -2385606, т.е. 10-2385606. 

The symbol Г, is used to denote these “tabular 
logarithms,” i.e. the logarithms as found in the English 
books of tables. 

Thus J sin 15° 25’ = 10 + log sin 15° 25’, 
and L sec 48° 23’ = 10 + log sec 48° 23’. 


1 


158. If we want to find the tabular logarithm of any 
function of an angle, which contains an integral number 
of degrees and minutes, we can obtain it directly from 
the tables. If, however, the angle contain seconds we 
must use the principle of proportional parts. The method 
of procedure is similar to that of Art. 153. We give an 
example and also one of the inverse question. 


Ex. 4. Given L совес 32° 21’ =10:2715733, 
and L cosec 32° 22’ =10-2713740, 
| find L cosec 32° 21’ 51". 
For an increase of 60” in the angle, there is a decrease of -0001993 in 
the logarithm. 
Hence for an increase of 51” in the angle, the corresponding decrease 
is 2 x 0001993, i.e: -0001694. 
Hence L cosec 32° 21’ 51” —10-2715733 
— -0001694 
=10-2714039. 


Ex.2. Find the angle such that the tabular logarithm of ite tangent 
is 9-4417250. 
Let z be the required angle. 
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From the tables, we have 
L tan ==9:4417250 L tan 15? 28' —9-4420062 


L tan 15° 21'=9-4415145 — Ltan15?27'—9-4415145 
pue aeri са rt 
dift, 2105. dif. for l'2 4917. 
2105 | 
60 
Corresponding increase = 2305 x 60° 4917) 126300 (25-7 
= 25-7", 9834 | 
7. z—15? 27 28”, 27960, 
dais 24585 
33760 
Ex. 3. Given L sin 14° 6’ =9-3867040, 
find L совес 14° 6’, 
Here log віп 14° 6’ = Г sin 14° 6’ —10 
= -14+-3867040, 
1 
OS 
Now log оовес 14? 6 Elle 


= -log sin 14° 6’=10 ~ Lain 146^ 
=10 —9-3867040 =-6132960, 
Hence E оовео 14° 6’ =10-6132960, 
More generally, we have sin @ X cosec 9 =], 
*. log sin 6 +106 cosec 6 =0, 
2 Гап 6+1 cosec 920. 


The error to be avoided ів this; the student sometimes assumes that, 
because 


log cosec 14° 6’ = —log sin 14° 6’, 
he may therefore assume that 
L cosec 14° 6’ = — L sin 14° 6’. 


This is obviously untrue, 
EXAMPLES. XXIV 
1. Given log 35705 =4-5527290 
and log 35706 —4-5527412, 
find the values of log 35705-7 and log 35-70585. 
2. Given: log 5-8742 =-7689487 
and log 587-43 —2-7689561; 


find the values of log 58742-57 and log -00587422, 
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8. Given log 47847 =4-6798547 
and log 47848 =4-6798638, 
find the numbers whose logarithms are respectively 
2-6798593 and 3-6798617. 
4. Givea log 258-36 =2-4122253 
and log 2:5837 =-4122421, 
find the numbers whoee logarithms are 
+4122378 and 3-4122287. 


Б. From the table on page 153 find the logarithms of 


(1) 52538-97, (2) 527-286, (3) -000529678, 
and the numbers whose logarithms are 
(4) 3-7221098, (5) 57240075, and (6) -7210386, 
6. Given sin 43° 23’ =-6868761 
and віп 43° 24’ =-6870875, 
find the value of sin 43° 23’ 47". 
7. Find also the angle whosesine is 6870349. 
8. Given оов 32° 16’ =-8455726 
and cos 32° 17’ —-8454172, 


find the values of cos 32° 16’ 24” and of cos 32° 16’ 47°. 


9. Find also the angles whose cosines are 
-8454832 and -8455176. 


10. Given tan 76? 21’ —4-1177784 
end tan 76? 22' —4-1230079, 
find the values of tan 76° 21’ 29” and tan 76° 21’ 47°. 
11. Given cosec 13? 8’ —4-4010616 
and созес 13? 9' —4-3955817, 


find the values of совес 13° 8’ 19” and coseo 13° 8' 37*. 
12. Find also the angle whose cosecant is 4-396789, 


18, Given L cos 34° 44’ =9-9147729 
and L сов 34° 45’ —9-9146852, 
find the value of L оов 34° 44’ 27°. 
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14. Find also the angle 6, where 
Lcos 6 —9-9147328, 


15. Given L cot 71° 27’ =9-5257779 
and L cot 71° 29” =9-5253589, 
find the value of І cot 71° 27’ 47, 
and solve the equation L cot 6 =9-5254780, 

16. Given L sec 18° 27’ — 10-0229168 
and L sec 18° 287 =10-0229590, Ё 
find the value of L sec 18° 27° 35*. 


17. Fina also the angle whose L sec ig 10-0229285. 


log 6=-7781513, L sin 36° 52’ =9-7781 186, 
and Lsia 36° 53° =9-7782870, 


between 39° and 33°. 
In the second column under 


2^0' and L sin 32° 1’; g 
"7242097 from 9-7244118. It 
will also be Noted that the figures 2021 are printed half- 


97262249 


97264257 
97266264 
97268269 
Ее 
91212014 


97304148 
97306129 
977308109. 
97310087 
97313004 
97314040 


97341572 
91343529 


Cosec. 
102757903 


102747811 


102745796 
10-2743783 
102741771 
102739760 
102737751 


10°2735743 
102733736 
102731731 
102729727 
102727724 
102725722 
102723722 
102721723 
102719725 
102717729 


102715733 
102713740 
102711747 
102709756 
102707766 


102705777 
102703789 
102701803 
10:2699818 
10:2697835 


102695852 
10-2693871 
102691891 
102689913 


Tang. 
9°7957892 
9°7960703 
9°7963513 
9°7966322 


9°7969130 
9'7971938 


H 7974745 
"1971551 


8: 7980356 
97983160 
97985964 
97388767 
97991569. 
977324370 
977297170 


9199990 2 


9 En 1161 
9:8013957 


9°8016752 
98019546 
95022340. 

9:8025133 
$i 8027925 


9:8030716 
98033506 
98036296 
9'8039085 
98041873 


98044661 
98047447. 
93050233 
9°8053019 


102687936 9:8055803 


10-2685960 
102683985 
102682011 
102680039 
102678068 


102676098 
102674130 
102672163 
102670197 
102668232 


98069714 
9:8072494 


98111336 


98114105 
98116873 
98119641 
98122408 
98125174 


10-2025255 
10-2022449 
10:2019644 
10-2016840 
10-2014036 


10°2011233 
107 "2008431 


101997231 


101994433 1 


101991635 
1071988839 
10:1986043 
10-1983218 
10-1950454 
101977660 
10°1974867 
1071972075 


10° "1969284 


1071958127 


10-1955339 
10:1952553 
101919767. 
10:1946961 
10:1944197 


10" "1941413 


101927506 
101924727 
1071921948 
1071919171 
10°1916394 


101913617 
10:1910842 
1071908067 
10:1905293 
101902520 


1071899747 

10-1896975 

101594204 
10-1891434 

10-1888664 
101885895 
10:1883127 
10-1880359 
101871592 
10-1874825 


Tang. 


10-0715795 
100716585 
1070717375 
10-07158166 
10:0718957 
100719749 


10-0720541 
10-0721334 
100722127 
10:0722921 
100723715 


10:0721510 


10:0725305 T 


100726101 
100720897 
100727694 
10:0728491 

10°07 29289 


10°0730087 
10:0730886 
100731688 
1040732485 
100733286 
100734087 
10-0734588 


100735690 80 


100736493 
10:0737296 
100738099 
100738904 
1070739708 


1050740513 . 


100741319 


1007142125 806 


100742931 
1070743739 


10:0744546 
10:0745354 
1070746166 


100746972 g 


100747782 


100748592 
10:0749103 
100750214 
100751026 
100751839 


100752651 
10-0753465. 
10°0754279 
100755093 
100755908 
100756723 
100757539. 
10:0758356 
100759173 
100759990 


100760809 
100761627 
100762446 
100763266 
10:016486 


Сое, Dif. Sine 
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979284205 
9:9253415 
99282625 
99251534 
99251043 
99280251 


99279459 
99278666 
99277873 
99277079 
99276285 
99275490 
99274695 
9-9273399. 
93273103 
179272306 


9°9271509 
99270711 
9°9269913 
9:9263114 
99268314 


99251408: 
99250597 
99249786 
99248974 
9-9248161 


99247349. 
99246535 
99245721 
99244907 
99244092 


99243277 


99239191 
99238373. 
99231554 
99236734 
99235914 


57 Dee. 


ЕЗЕР 


E 
я 


&@ 52552 52555 5. 


~ omus TANDO 
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160. There is one point to be noticed in using the 
columns headed Diff. It has been pointed out that 2021 
(at the top of the second column) means -0002021. Now 
the 790 (at the top of the eighth column) means not 
:000790, but -0000790. The rule is this; the right-hand 
figure of the Diff. must be placed in the seventh place of 
decimals and the requisite number of cyphers prefixed. 


Thus 
Diff.= 9 means that the difference is 0000009, 
Dif.= 74 | $ » _ 0000074, 
Dif.— 735 к С » 0000735, 
Diff.= 2021 £ T »  -0002021, 
whilst Diff. —12348 5 » » 0012348, 
161. Page 171 also gives the tabular logs. of ratios 
between 57° and 58°. Suppose we wanted L tan 57° 20’. 
We now start with the line at the bottom of the page and 
Tun our eye wp the col 


extreme right-hand с 
10-1930286, which is 


L tan 57° 20, 


EXAMPLEs, xxv. 

1. Find 6, given that ооз 0 —-9725382, 
сов 13° 27’ =-9725733, dig. for 1' =677, 

2 Find the angle whose sine is 2, given 


віп 22° 1’ =-3748763, dift. for 1’ = 2696, 
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3. Given cosec 65° 24' —1-0998243, 
diff. for 1’ —1464, 
find the value of cosec 65° 24’ 37", 
and the angle whose cosec is 1-0997938. 
4. Given L tan 22? 37' =9-6197205, 
diff. for 1'—3557, 
find the value of L tan 22° 37' 22°, 


and the angle whose L tan is 9-6195283, 
5. Find the angle whose L cos is 9-993, given 
L cos 10° 15' =9-9930131, diff. for 1’ =229, 
6. Find the angle whose L sec is 10-15, given 
4 вес 44° 55’ —10-1498843, diff. for 1^ —1260. 
7. From the table on page 171 find the values of 


(1) L sin 32° 18 23", (2) Г cos 32° 16’ 49", 
(3) L cot 32? 29" 43°, (4) L sec 32° 52 27", 
(B) L tan 57° 45’ 28", (6) Г совео 57° 48’ 21", 


and (7) L cos 57° 58’ 29". 
8. With the help of the same page solve the equations 
(1) L tan 0 —10-1959261, (2) L cosec 0 —10-0738125, 
(3) Lcos 0 —9-9259283, and (4) Lsin 0—9-9241352. 


9. Take out of the tables L tan 16° 6’ 23” and calculate the value of 
the square root of the tangent. 


10. Change into a form more convenient for logarithmic computation 
(se. express in the form of products of quantities) the quantities 


(1) 1+tan z tan y, (2) 1—tan z tan y, 
(8) cotz+tan y, (4) cot z — tan y, 
(5) l-cos92z and (6) tanz+tany 


1+008 22° cotz+coty ` 


CHAPTER ХП 


RELATIONS BETWEEN THE SIDES AND THE TRIGONO- 
METRICAL RATIOS OF THE ANGLES OF ANY TRIANGLE 


162. Ix any triangle ABO, the side BC, opposite to 
the angle A, is deuoted by a; the sides CA and AB, 


opposite to the angles В and С respectively, are denoted 
by b and c. 


163. Theorem. In any triangle ABC, 
snA_sinB sing 


ADEM 
AB T “in B, so that AD = c sin В. 


In the triangle ACD, we have 


AO = tin C, so that AD = bain C 
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[If the angle C be obtuse, as in the second figure, we have 


IP sin ACD =sin (180° — C) -sin О (Art. 72), 


во that AD=bsin C.] 


Equating these two values of 4D, we have 
csin В = біп C, 

sinB віпС 

БЕТЕ Со 

In a similar manner, by drawing a perpendicular from 
B upon CA, we have 

віп С  sinA 
Cian a 

Tf one of the angles. C, be a right angle, as in the third 

figure, we have 


i.e. 


sin € = 1, sin A =<, and sin B=? 


sin A | 1 sind 
a n c 

We therefore have, in all cases, 

sinA sinB sinc 


a b c 


Hence 


sin B 
p = 


164. In any triangle, to find the cosine of an angle in 
terms of the sides. à 


^ A 
И ^ 
а DC B а = со 2 C 


Let ABC be the triangle and let the perpendicular 
from A on BC meet it, produced if necessary, in the 
point D. 
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First, let the angle C be acute, as in the first figure. 
By Geometry, we have 


AB? = BC? + СА? — 2BC . CD 

But ср cos C, во that CD = b cos C. 
CA 

Hence (i) becomes 


€? = a? + b? — 2ab cos C, 


i.e. 2ab cos C = a? + b3 — сз, 
2 23 c? 
i.e. exc. poe 


Secondly, let the angle C be obtuse, as in the second 


By Geometry, we have 
AB? = BC? + C43 + 2BC . CD 


But P4 = сов ACD = cos (180? — C) = — cos C, 


(Art. 72) 
80 that CD = — b cos C. 
Hence (ii) becomes 
с = gt + 6 4 2a (— b cos С) = a? + b3 — 2ab cos C 
80 that, as in the first case, we have 


з 2 
сов О =% tb- o 


In a similar manner it may be shewn that 


Ъ + c?— аз 
ON толза 


and оов В = а? Ба 


SIDES AND ANGLES or A TRIANGLE 177 
If one of the angles, C, be a right angle, the above 
formula would give с? = a? + b?, so that cos C = 0. This 
is correct, since C is a right angle. 
The above formula is-therefore true for all values of С. 
Ex. If а=16, b=36, and c=39, 
36% + 391 — 15% 9t (128 +138 51) _ _12 


Шеп ов А39 ^ 2x3:x12x13 “нз 213° 


165. То find the sines of half the angles in terms of | 
the sides. 

In any triangle we have, by Art. 164, 
624 сЗ а? 
EE EIU 


cos А = 
By Art. 109, we have 


соз A = 1— 2sint4, 


дБ — 63 — съ +a? _ а%— (5%--с%—25с) a*—(b—c)* 


2be 2be 2be 
[o+(6—c)][a—(b—c)]}_ (@+Ь-—с)(@—Ь + с) 
msc gh gk aabo (7) МЫМ 
зы 


Let 2s stand for a + b + с, во that s.is equal to half 
the sum of the sides of the triangle, i.e. s is equal to the 
semi-perimeter of the triangle. 

We then have f 

>. в@+Ь—с=а-+Ь-+- с— 2с = 28 — 20 = 2(8— с), 
and a —5--o— ab c— 2 = 2з — 2b = 2 (s Б). 
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The relation (1) therefore becomes 
A ==, -з@=%)@-9 


2 sin? Dies 
n aM TEL sd (2). 
Similarly, | 


sin? = f= ED) Fant tao = OED), 


166. To find the cosines of half the angles in terms of 
the sides. 


By Art. 109; we have 


соз A = 2 cost — ү 


—а% 
Непсе 2 соз = 1 + соз Д — 1 te a 
w= Beet roa: а 
~ met 


—(Ф+9)+а1[ф+с)—а]_(а+&+г\(ф+ос—а) 
2be ГЬ 9bc 


Now b+c—a=a+b+c— 24 = 9в— 9а =2(s—a), 
30 that (1) becomes 
A 2s x 2 (s — a) 8 (s — a) 
2 MIU S cete Hed viue cd ДИН ee, 
LI» с 23 Бом" 
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167. To find the tangents of half the angles in terms of 
the sides. 


Since tan = —= 


we have, by (2) of Arts. 165 and 166, 
A ЗЕ РЕЯ . /s(s—a)_ /(в—Ъ)(в—С) 
Tn bc EAT pete s(sca) ` 
Similarly, 
Bl (s—c)(s— a) 6.3. (s—a)(s—b) 
епт eee im. s(s—c) ` 
Since, in a triangle, A is always < 180^, A is always 
< 90°. 


The sine, cosine, and tangent of = are therefore always 


positive (Art. 52). 
| The positive sign must therefore always be prefixed to 
the radical sign in the formulae of this and the previous 
two articles. 
168. Ex. If a—13, 5—14, and c=15, 


then а, зав т 
and s—c=6. 
= NEU LC ME. 
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169. To express the sine of any angle of a triangle in, 
terms of the sides. 
We have, by Art. 109, МА 
віп 4 = 2вїй cos =. 
But, by the previous articles, ` 


Zb) (e А _ (s — a) 
sind — eed, and cos y A. 


Hence 


Suet (с=с уе), 


“ain A= 2 va = (s — 5) (в—с). 


EXAMPLES. XXVI. 


In a triangle 
1. Given 4725, 5-52, and c=63, 
find tan 4 tan and tanl. 
e 22 2* 
& Given 125, b=123, and c= =62, 
find the sines of half dei angles and the sines of the angles, 
& Given 5—18, b—24, and с=30, 
віп A, віп B, and sin С. 
$. Given 2-35, b—84; and с=91, 
find tan A, tan B, and tan C. 
Б. Given 9-13, b=14, and с=15, 
find the sines of the angles. Verify by в graph. 
6. Given 


@=287, b=816, and с=865, 
fiad the values of tan 4 and tan 4. 


% Gin ауз Deva, ай ca VE. 
find the angles, 
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170. In any triangle, to prove that ` 
a=bcosC + c cos В. 

Take the figures of Art. 164. 

In the first case, we have 


ВР = cos B, во that BD = ссоз B, 
and ` CP = vos O, во that CD — bcos C. 


Hence a= BO = BD + DC = c cos B + b cos 0. 
In the second case; we have 


Dd — cos B, so that BD —ccos B, 


and OD - cos ACD = cos (180° — C) 
= — с08 С’ (Art. 72), 
во Њаљ CD--—bcosC. 
Hence, in this case, 
а = BC = BD — CD = с cos B — (— b cos €), 

8o that in each case 

a=bcosC+ccosB. 
. Similarly, 6=ccosA+acosC, 
and c = а соз В + b cos A. 


171. In any triangle, to prove that 


L.P.T()—7 


181, 


182 TRIGONOMETRY 
In any trianglė, we have 


Hence 


172. Ex. From the 
and vice versd. 


The first and third formulae of Art. 164 give 


formulae of Art. 164 deduce those of Art 170 


b сов С єс соз p tH аа 
2а 2а 
За? 
—— ^ 
so that a=b cos С + с cos В. 
Similarly, the other formulae of Art. 170 may be obtained. 


Again, the three formulae of Art. 170 givo 
a=b cos C +c cos В, 
b=c соз А +а соз С, 


с=а cos B +b cos A, 
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Multiplying these in succession by а, b, and —c, we have, by addition, 
а? +b? - ct—a (b cos C +c cos В) +b (c cos A +a cos C) —c (a cos В b cos А). 


=2ab cos C. 
i 2c? 
eh coso = ETT. 


Similarly, the other formulae of Art. 162 may be found. 


173. The student will often meet with identities, which he is required 
to prove, which involve both the sides and the angles of a triangle. /, 

It is, in general, desirable in the identity to substitute for the sides in 
terms of the angles, or to substitute for the ratios of the angles in terms 
of the sides, 

Ех. 1. Prove that acos P5 - (6 se) аа. 

By Art. 163, we have 


B-9 


2sin Ek 
Ъ+с віп В+віпбС _ 2 


“a sind 


Zain cos 4 


а 1250 wee 
eR o: музды 

RTI = Г 

sin > с05 > C 


2 2 


" a Ae -0 
db (b+c) sin =а cos ——. 


Ex. 2. In any triangle prove that 
(53 — с?) cot A +(c?—a*) cot B+(a*—b*) cot =0. 


By Art. 162 we have 


вп А sinB sinC 
Tag КОДДУ 
Hence the given expression E 


ЕЕ соз A 245 9958 _ pay 698 С 
(62 — с*) ak + (с —а*) БЕ +(а*-Ь) ak 


1 6241 а? c at-bi 2452 —, 
=[® roue cp a sae о 


1 
gag [Ot -etat (03-6) ect atb? (c*a?) at - b са (a? Ьу] 
=0, 
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Ex.3. In any triangle prove that 
A [^] 
(a+b +c) (tan $ +tan 3) => ots: 


The left-hand member 


(6-5) (2-с) (ac) (2-а) 


Е ЕЕЕ Е, 


2Va(s-c).e . 
ШЕ: =)” since 22=a+b+ce, 
mico. 
This identity may also be proved by substituting for the; tes, 
We have, by Art, 163, 
a+b+e_sinA+sin B+sin O 
пои aC _ 


4cos cos? cos! 26 
а Es 


2 2 
Also ———— 
A Вии Bl ZEIT z| 
tan 5 +tan = sin% | sin cos P сов ain В 
3 2 sin y | in оов 5 +008 5 аш с 
В 
————MÓ— 2 


2 
UTSSÓUCCAXE OSes oe 
Sigs CU 
We have therefore 
с 
а+Ь+с_ 10905 
4 B' 


so that (a+b +c) (tan +tan 2) =2e oot ©, 


—— 
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Ex. 4. If the sides of a triangle be in Arithmetical Progression, prove 
that го also are the cotangents of half the angles. 


We have given that a+c=2b (1), 
and we have to prove that 
A с В 
cot 2 +096 5=2 0055 ЕЕЕ (2) 
Now (2) is true if 
8(s—a) 5 / &(s-c) =2 8 (8-5) 
(s - 5) (s - c) (s-a) (s - 5) N (s-c)(s-a) 
or, by multiplying both sides by 
Jeza (a-b) (s - c) 
De SER TEE 
it (в-а)+(5—с)=2 (8—5), 
fe. if 28 — (ac) -2s - 25, 


ie. if a+c=2b, which is relation (1). 
Hence if relation (1) be true, во also is relation (2). 


EXAMPLES. XXVII. 


In any triangle ABC, prove that 
. B-C_b-c, A 
1. ЕР 
2 D3 ein 2C + c? sin 2B —2bc sin А. 
a a (b cos С —с cos B) -b* — e. 


& (b+c) cos А +(с+а) cos B 4 (a +b) cos C=a+b+e. 


Б. a (cos B+cos 0)=2 (b +e) sint $. 


6. a (cos С вов B)=2 (b-c) оон, 


sin(B-C) bà-c a+b A+B. A-E 
T m(B+0) a ie eg. 


9. asin G +в)г+двв{ 
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In any triangle ABC, prove that 

a? sin (BC) 5 віп (0-4) , csin(A—B) | 
аваа Оа Сата nAn B= E 
\ В А 

11. (б+с-а) (cot D +0) =2а cot 3 
12. a*+b*+c*=2 (bc cos A +са cos B+ab cos C). 
13. (a 6% +c) tan B - (a3 3 —c*) tan C. 


14. &-(a- b) cost S (а eb) aina С. 

10. asin (B — C) b sin (C — A) c sin (А — В)=0. 

16. asin (B-C) bsin(C-4). csin (A - B) 
B-a а-а q oC 
m4 В=0... В. 0-А а 

1. asin sin —— +b sin 5 sin 5 сп віп = 

18. a? (cos? В — cos? С) +b? (cos? C — сов? A) +c? (cos? A — cost B) =0. 


A-B 


Bcd c-a. а? 2. = 
19, — tin 24 +—;— вп 2B + a sin 20 —0. 
A B [^] 
(arbres 90 5 +006 oot; 
a@+b%+c? cot A+cot B+cobG” 


$1. а? cos (B — С) +63 cos (C — A) +c cos (A — B) -3abc. 


22. In a trianglo whose sides are 3, 4, and 4/38 metres respectively, 
prove that the largest angle is greater than 120° 


23. The sides of a right-angled triangle are 21 and 28 cm.; find the 


length of the perpendicular drawn to the hypothenuse from the right 
angle. 


24. If їп апу triangle the angles be to one another as 1:2: 3, prove 
that the corresponding sides are as 1 : 4/3 : 2. 


25. In any triangle, if 


find tan 0, and prove that in this triangle a+c=25, 


— 


[Ёхз. XXVIL] SIDES AND ANGLES OF A TRIANGLE 187 


28. In an isosceles right-angled triangle а straight line is drawn from 
the middle point of one of the equal sides to the opposite angle. Shew 


that it divides the angle into parts whose cotangents are 2 and 3. 


ular AD to the base of в triangle ABC divides it 


27. The perpendic 
into segments such that BD, CD, and AD are in the ratio of 2, 3, and 6; 


prove that the vertical angle of the triangle is 45°. 
28. A ring, 10 cm. in diameter, is suspended from а point 12 cm. 
1 strings attached to its circumference at 


above its centre by 6 equal 
equal intervals. Find thecosinc of the angle between consecutive strings. 


29. If c?, b", and cè be in A-P., prove that cot A, cot B, and cot С are in 
A.P. also. 


30. If a, b, and c be in A.P., prove that cos A cots, cos B cot 3» 


and cos C cot S are in AF 


XH EC 
, sin? =, and віп? 5 are 


31. If a, b, and c are in H.P., prove that sint 4 


also in Н.Р. - 


32. The sides of & triangle are іп А.Р. 
angles are 6 and ф; prove that 
4 (1 – соз 9) (1 – соз ф) =соз 6+ cos Фф. 


and the greatest and least 


33. The sides of a triangle are in А.Р. and the greatest angle exceeds 
the least by 90°; prove that the sides are proportional to МЛ +1, 7, and 


40-1. 

34. If С=60°, then prove that 

RI A 
are bye abi 

35. In any triangle ABC Г be any point of the base BC, such 
that BD: DC ::m:2, and if 4 BAD=a, LDAC=8, LCDA —6, and 
AD —z, prove that 

(m+n) cot 8 =m cot a - ». cov B. 


=n cot B-m cot C, 


~ mà (mon). 2=(m+n) (mb? + nc!) – тпай, 
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38. If in a triangle the bisector of the side ¢ be 


Perpendicular to the 
side b, prove that 

2tan A tan C0. 
87. In any triangle prove that, if 6 be 


any angle, then 
b cos à 


—ccos (А 76) +a cos (0+6). 


аїр? +6142 — 2аЬр cos C= 4352 


89. In the triangle ABC, lines OA, OB, ana OC are drawn So that 
Һе angles OAB, OBC, and OCA are each equal to w; prove that 


cot о —cot А + cot, B-*cot C, 
1900607 = cosec? A + coge В+ ooseca 7, 


sin? О, 


and 


CHAPTER XII 
SOLUTION OF TRIANGLES 


174. In any triangle the three sides and the three 
angles are often called the elements of the triangle. When 
any three elements of the triangle are given, provided 
they be not the three angles, the triangle is in general 
completely known, i.e. its other angles and sides can be 
calculated. When the three angles are given, only the 
ratios of the lengths of the sides can be found, so that 
the triangle is given in shape only and not in size. When 
three elements of a triangle are given, the process of 
calculating its other three elementsis called the Solution 
of the Triangle. 

We shall first discuss the solution of right-angled 
triangles, i.e. triangles which have one angle given equal 
to а right angle. 

The next four articles refer to such triangles, and C 
denotes the right angle. 

175. Case I. Given the hypothenuse and one side, to 
solve the triangle. 

Let b be the given side and c the given hypothenuse. 

The angle B is given by the rela- 
tion А 

sin B = 5 b 
c 


7. Lsin В = 10 + log b — loge. E = я 
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Since b and c are known, we thus have Lsin B and 


therefore B. 
The angle A (= 90° — В) is'then known. 
The side а is obtained from either of the relations 


cos В = 2, tan В=?, ora=V(c— Б) (с + b). 


176. Case II. Given the two sides a and b, to solve the 


triangle. 
Here B is given by A 
b 
=- с, 
tan В =7 6 
во that ы м 


a 


Ltan В = 10 + log b — log a. 

Hence L tan B, and therefore B, is known. 
З he angle A (= 90? — B) is then known. 
‘the hypothenuse c is given by the relation c = V/a?4-*. 


This relation is not however very suitable for loga- 
rithmic calculation, and c is best given by 


- b... 
snB--, i.e. c= ab 
-. log c = log b — log sin B 
= 10 +1026 — Lsin B. 
Hence c is obtained. 


177. Case III. Given an angle В and one of the sides 
a, to solve the triangle. 


Here A (= 90° — B) is known. 
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The side 6 is found from the relation 


d — tan B, A 
a z 3 
and c from the relation 
B z с 
@ — cos B. 
Е 


178. Case IV. Given an angle В and the hypothenuse 
с, to solve the triangle. 


A 
Here A is known, and a and 6 are 
obtained from the relations с, b 
br. 
< = cos B, and = = sin В. B = o 


EXAMPLES. XXVIII. 


L In a right-angled triangle ABC, where C is the right angle, if 
a=50 and B=75°, find the sides. (tan 75°=2 + 4/3.) 

2. Solve the triangle of which two sides are equal to 10 and 20 cm. 
and of which the included angle is 90°; given that log 20 = 1-30103, anc 
L tan 26° 33’ =9-6986847, diff. for 1’ =3160. 

3. The length of the perpendiculer from one angle ofa triangle upor 
the base is 3 cm. and the lengths of the sides containing this angle are 
4 апа 5 cm. Find the angles, having given 

log 2=-30103, log 3 =-4771213, 
L sin 36° 52^ =9-7781186, diff. for 1'—1684, 
L sin 48? 35’ —9-8750142, diff. for VY=1115. 


4. Find the acute angles of 2 right-angled triangle whose bypothen: 
жый Sma ва long as the perpendicular drawn to it from the opposite 
angle. е 


злі 
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179. We now proceed to the case of the triangle which 
is not given to be right-angled. 

The different cases to be considered are: 

Case I. The three sides given; 

Case II, Two sides and the included angle given; 
Case III. Two sides and the angle opposite one of 
hem given; 

Case IV. One sid 3 two angles given; 

Case V. The ‘hree angles given. 


180. Case I. The three sides a, b, and c given. 


Since the sides are known, the semi-perimeter в is 
known and hence also the quantities 8 — a, 8 — b, and 
8— с. 

The half-angles e В 2, and © are then found from the 
formulae 


A (3—6) (з = с) В (s — с) (s — a) 
tan 5 = л — —— — yf ee A 
2 8 (s — a) —— s(s—b) "' 
and tan Qu. (8 =a) (s — 5) 
2 . &(s—c) ` 
Only two of the angles need be found, the third being 
known since the sum of the three angles is always 180°. 
The angles may also be found by using the formulae 
for the sine or cosine of the semi-angles, 
(Arts. 165 and 166.) 


The above formulae are all suited for logarithmic 
computation. 
= 


w 
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The angle A may also be obtained from the formula 
b? + c— а? 
cos A = he! (Art. 164.) 


This formula is not, in general, suitable for logarithmic 
calculation. It may be conveniently used however when 
the sides a, 6, and c are small numbers, 


Ex. The sides of a triangle arc 32, 40, and 60 cm.; find the angle oppo- 
sile the greatest side, by using the five-figure tables at the end of this book. 


Here a=32, b —40, and c=66, 
so that Об, s-a=37, з—5=29, and s—c=3. 
Qi (3-0) "T 69x3 
Hence cot 3—A/ (s-a) (0-0) 37x29" 


^ L eo S -10 5 [log 3 +10g 69 —log 37 – 105 29] 


=10 + [-47712 + 1-83335 — 1-56820 — 1-46240] 


=10 + 1-157985 — 1:51530 


=9-642685 ... неа» 
From page xxxix of the tables, we have 
L cot 66° 10’=9-G4517 ......... нн (2), 
and L cot 66° 20 —9-64175. .... centre (3) 
and hence we see that S lies between 66° 10’ and 66° 20’. 
Let then Cte o +2. 


For an increase of 27 in the angle we see, from (1) and (2), that the 
decrease in the logarithm —-002485. 

For an increase of 10’ in the angle we see, from (2) and (3). that the 
decrease in the logarithm =-00342. 
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1. 2 gd =T 16” nearly, 
=66° 17’ 16°, and hence C=132° 34’ 39°, 


2 
2 


EXAMPLES. XXIX. 


[The student should verify the results of some of the following examples 
(eg. Nos, 1, 7, 8, 10, 11, 12) by an accurate graph.] 

1. If the sides of a triangle be 56, 65, and 33 cm., find the greatest 
angle. З 

2. The sides of а triangle аге 7, 4 4/3, and У13 metres respectively. 
Find the number of degrees in its smallest angle. 

3. The sides of a triangle are z*-z-- 1, 27+ 1, 


and 21-1; prove that 
the greatest angle ia 120°. 


4. The sides of a triangle are a, b, and Va?+ab +b? em.; find the 
greatest angle. 
5. Ifa 22,6 — 6, апіс =,/3 – 1, solve the triangle. 
6. Ifa=2,b=,/6, andc=./3+ 1, solve the triangle. 
7. Ifa=9,b=10, and c=11, find B, given 
log 2=-30103, L tan 29° 29° =9-7523472, 
and . Dian 29° 30’ =9-7526420, 
8. The sides of a triangle are 130, 123, and 77 cm. 
angle, having given 
log 2=-30103, L tan 38° 39’ =9-9029376. 
and L tan 38° 40’ —9:9031966. 
9. Find the greatest. angle of a triangle whose sides are 242, 188, and 
270 cm., having given 
log 2=-30103, log 3 = 4771213, log7 =:8450980, 
L tan 38° 20° =9-8980104, and L tan 38° 19^ =9-8977507. 


10. The sides of a triangle are 2, 3, and 4; find the greatest angle 
having given 


Find the greatest 


log 2=-30103, log 3=-4771213, 
L tan 52° 14’ =10-1108395, 
and . L tan 52° 15' =10-1111004, 
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Making use of the tables, find all the angles when Ў 
11. a=25, b=26, and c=27. 

12. a—17, b —20, and с=27. 
18. а=2000, 5—1050, and с=1150. 


181. Case II. Given two sides b and c and the included 
angle A. 

Taking b to be the greater of the two given sides, we 
have 


B-C b—-c А : О" 
tan—— = 0009 (Art.171)...(1), 
с 
В+С Ө! А. / 
and CEDE = 90° — 2 p (2). с2 в 


These two relations give us 


and therefore, by addition and subtraction, В and С. 
The third side a is then known from the relation 


а. у b 
sinA sinB’ 
t o sin A 
which gives a= bunB 


and thus determines a. 
The side a may also be found from the formula 


а? = b? + c? — 2bc cos A. 
This is not adapted to logarithmic calculation but is 


sometimes useful, especially when the sides а and b are 
small numbers. 
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189. Ex.4. Ifb=V/3, c1, and A —30*, solve the triangle, 
sr. В-С b-c A wW3-1 


tea Tii. g yan 90015" 
Now tan 16? — т zi 1 (Art. 101), 
o that к= 
Непсе аа 2-С. 
2-С АБ уу 
Nes B+0 A 


= еулие 15°= 15° 5... эө. 
By addition, B=120°. 

By subtraction, С =30°. 

Since А =C, we have a=c=1. 

Otherwise. We have 


аз = +c – 2be сов А=3+1-2 4/3. мз =1, 


30 that а=1=с. 


;. С=А=30°, 


and B=180° - А -C=120°. 


Ex. 2. If b=215, c=105, and A —74? 27’, find the remaining angles 
and also the third side a, having given 


log 2=-3010300, log 11 =1-0413927, 
log 105=2-0211893, log 212-476 =2-3273103, 
L cot 37° 13’ =10-1194723, diff. for 1 = 2622. 
L tan 24? 20’ =9-6553477, diff. for 1'—3304, 
L sin 74? 27' =9-983805z, 


L совес 28° 25 = 10-3225025, diff. for Y 2334. 


эт 
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diff. for 30" . BHU 
^ Lcot 37° 13' 30° =  10-1193412 
10 11= 10413927 
11-1607339 
log 32= 1:50515 
^. Btan}(B-C)=. 9:6555839 
But Ltan 24°20’= 9-6553477 
diff. = 2362 


=diff. for 4347 of 60° 
=diff, for 42.1". 


> B-C po 20 40", 


oo 8 


; 
Bu B+C 992-4 59° 46’ 30”. 
2 2 
2 by addition, B=77° 7' 12", 


and, by subtraction, С=28° 25' 48”. 


2. а=105 віп 74° 27’ cosec 28° 25’ 48*. 
But L созес 28° 25’= 10-3225025 


diff. for 48*=- + 1867 
І соѕес 28° 25 48"= 10-3223158 
І вір 74° 27'=  9-9838052 
Іор 105= · 2:0211893 
22-3273103 

20 
2. loga= 23273103. 


4. G@=212-476, 


194 


28 


3364) 141720 (42-1 
13456 
7160 . 
6728 
4320 


48 x 2934 
={ x 2334 
= 1867, 
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%183. There аге ways of finding the third side a of the triangle in the | ! 
previous case without first finding the angles B and C. 

‘Two methods are as follows: 

(1) Since а? = +c" -9bc оов A 


=и+а-эс( cost -1) 


z(b--c)t—4bc «=. 


Poit ‘Abe A 
55 [оон 4]. 


i19... 46 A 
Hence, if sint rcf m ze 
we have a* —(b +c)? [1 —ein* 8] — (5c) сог? 0, 
to that & —(b +c) оов б. 
If then sin 6 be calculated from the relation 
9-2 УЕ „А 
Ре 3? 
we have a=(b +c) cos 6. 
(2) We have j 
аї=Ь* ct — 2bc cos A =b? et — De (1-27) 
=(b-c)* +45с sin 4 
E 4% ‚А 
(b [ats]. 
s 4с „А 
2» Baap ing tant d, 
so liit Tu gar Vee A 
4 b-c 2” 
and hence ф is known. 
Then й=(Ь-су [l (er 
@=(6 —c} [| аф ig? 
so that a@=(b—c) sec ф, 
and is therefore easily found. 


An angle, such as @ or ф above, introduced for the Purpose of facilitating 
calculation is-called а subsidiary angle (Art, 129). 
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! 
EXAMPLES. ХХХ. 
(The student should verify the results of some of the following examples 
(eg. Nos. 4, 5, 6, 11) by an accurate graph.] 
1, If 6=90, c=70, and А —72? 48’ 30”, find В and C, given 
log 2=-30103, L cot 36° 24’ 15°=10-1323111, 
L tan 9° 37’ —9-2290071, 


and L tan 9? 38' 29-2297735. 
2. If a—21, b—11, and C —34? 42' 30’, find A and B, given 
log 2=-30103, / 
and L tan 72? 38' 45* —10-50515. J 


3. If the angles of a triangle be in А.Р. and the lengths of the 
greatest and least sides be 24 and 16 cm. respectively, find the length | 
of the third side and the angles, given 

log 2=-30103, log 3=-4771213, 
and L tan 19° 6’ =9-5394287, diff. for 1’ —4084. 


4. Ifa=13, b=7, and C =60°, find A and B, given that 


log 3 =-4771213, 
and L tan 27° 27’ =9-7155508, diff. for 1’ =3087. 


5. If a —2b, and О =120°, find the values of A, B, and the ratio of c 
toa, given that 


log 3 =-4771213, 
and L tan 10° 63’ =9-2837070, diff. for 1’ =6808. 
6. (6 =14,c=11, and A =60°, find В and C, given that 
log 2=-30103, log 3 =-4771213, 
L tan 11° 44’ =9-3174299, 
and L tan 11° 48’ =9-3180640. 
1. The two sides of a triangle are 540 and 420 metres long respec- 
tively and include an angle of 52° 6’. Find the remaining angles, given 


that 
log 2=-30103, Г tan 26° 3’ =9-6891430, 


L tan 14° 20’ =9-4074189, 
254 L tan 14° 21’ =9-4079453. 
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B. Ifb =2} cm.,c =2 cm., and А =22° 20’, find the other angles, and 
shew that the third side is nearly one cm., given 

log 2=-30103, log 3=-47712, 
L cot 11° 10’ =10-70465, Lesin 22° 20’ =9-57977, 
L tan 29° 22’ 20° =9:75038, L tan 29° 22’ 30° =9-75043, 

and L sin 49° 27’ 34” —9-88079. 

9. Ifa=2,b=1+./3, and О =60°, solve the triangle. 


10. Two sides of a triangle are V3 +1 and ./3-1, &ad the included 
angle is 60°; find the other side and angles, 


11. Ifb=1,¢=,/3-1, and А =60°, find the length of the side a, 


12. Ifb=91, = 125, and tan 2 — I" , provo that a=204 


13. If a 25, b —4, and cos (А-В) = » Prove that the hird side c 
will be 6, 


14. One angle of & triangle is 30° and the lengths of the sides 


adjacent to it are 40 and 40./3 metres. Find the length of the chird 


side and the number of degrees in the other angles, 


15. The sides of a triangle are 9 and 8, and the difference of he 
angles opposite to them is 90°, Find the base and the angles, ha: ing 
given 

log 2—-30103, log 3=-4771213, 
log 75894 =4-8802074, log 75895 =4-8802132, 
L tan 26° 33’=9-6986847, 


and L {ап 26° 34’ =9-6990006. 
16. If ED E 
ns. а+5 % 2, 
cin? 
Prove that Е 


в={а+ь)——. 
If a—3, b—I, and 0=53° 7’ 48*, find c without getting 4 and B, 
given 
log2—-30103, log 25298 =4-4030862, 
log 25299 =4-4031034, Г cos 26° 33° 54" =9-9515452, 
and L tan 26° 33’ 64" =9-6989700, 


Se CPE S 
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17. Two aides of & triangle are 237 and 158 cm. and the contained 
angle is 66° 40’; find the base and the other angles, having given 


log 2530103, log 79 =1-89763, 
log 22687=4-35578, Г cot 33° 20’ =10-18197, 
L sin 33° 20’=9-73998, L tan 16° 64’ =9-48262, 
Т, tan 16° 55’=9-48308, Г sec 16° 54’ =10-01917, 
and L sec 16° 55’ =10-01921. 


[ое the formula cos Вены ] 


In the following four examples, the required logarithms must be taken 
fromthe tables. 


18. Ifa —242:5, b = 164-3, and С = 54° 36’, solve the triangle. 
19. 105 —130, c =63, and A =42° 15’ 30°, solve the triangle. 


. 90. Two sides of в triangle being 2265-4 and 1779:cm., and the in- 
cluded angle 58° 17’, find the remaining angles. 


21, Two sides of в triangle being 237-09 and 130-96 cm., and the 
included angle 57° 59’, find the remaining angles. 


484. Case III. Given two sides b and c and the angle В 
opposite to one of them. 
The angle C is given by the relation 
вїп _ sinB 


c b 
c ; б 
sin C = p sin B. (1). 
B z с 


Taking logarithms, we determine 
C, and then A (= 180? — B — C) в found. 
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'The remaining side a is then found from the relation 


i.e. a=b 


185. The equation (1) of the previous article gives in 


n "i H 
some cases no value, in some cases one, and sometimes 
two values, for C. 


First, let B be an acute angle. 

(a) If b < csin B, the right-hand member of (1) is 
greater than unity, and hence there is no corresponding 
value for C. 

(B) If b = c sin B, tne right-hand member of (1) is 
equal to unity and the corresponding value of C is 90°. 

(y) If b — c sin B, there ore two values of C having 
кы В as its sine, опе value lying between 0° and 90° 
and the other between 90° and 180°. 

Both of these values are not however always admis- 
sible. | 

For if > с, then В > С. The obtuse 
C is now not admissible; for, in this case, C cannot be 
obtuse unless B is obtuse also, and it is manifestly 
impossible to have two obtuse an, 


gles in a triangle. 
| Ifb <c and B is an acute angle, both values of C 
are admissible. Hence there are two values found for 


A, and hence the relation (2) gives two values for a. In 
this case there are therefore two triangles satisfying the 
given conditions. 


Secondly, let B be an obtuse angle, 


-angled value of 


——Unn—m[ Mg ели рии нинин: -— 
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If b is < or = c, then B would be less than, or equal 
фо, С, so that С would be an obtuse angle. The triangle 
would then be impossible. Ў 

If b is > c, the acute value of С, as determined from 
(1), would be admissible, but not the obtuse value. We 
should therefore only have one admissible solution. 

Since, for some values of b, c and В, there is a doubt 
or ambiguity in the determination of the triangle, this 
case is called the Ambiguous Case of the solution of 
triangles 


486. The Ambiguous Case may also be discussed in 
в, geometrical manner. 

Suppose we were given the elements b, с, and B, and 
that we proceeded to construct, or attempted to con- 
struct, the triangle. 

We first measure an angle ABD equal to the given 
angle B. 

We then measure along BA a distance BA equal to 
the given distance c, and thus determine the angular 
point A. 

We have now to find a third point C, which must lie 
on BD and must also be such that its distance from A 
shall be equal to 6. 

To obtain it, we describe with centre A a circle whose 
radius is 6. 

The point or points, if any, in which this circle meets 
BD will determine the position of С. 

Draw AD perpendicular to BD, so that 

AD = ABsin B = c sin B. 

One of the following events will happen. 
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The circle may not reach BD (Fig. 1) or it ma 
BD (Fig. 2), or it may meet BD 
(Figs. 3 and 4). 


у touch. 
in two points C, and €,; 


АЕ. 3 


In the case of Fig. 1, 
triangle satisfying the give 
Here 


it is clear that there is no 
n condition. 
b< AD, i.e. <csin B. 


In the case of Fig. 2, there is one triangle ABD which 
is Tight-angled at D. Here 


b = AD — c gin B. 
In the case of Fig. 3, there are two triangles ABC, 
and ABC,. Here} lies in magnitude between AD апа с, 
їе. b is >csin B and < с. 

In the case of Fig. 


5 angle at B is not equal to В but is . 
equal to 180° — В]. Here b із greater than both c sin B 
and c. 


„ -—— 
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In the case when B is obtuse, the proper figures 
should be drawn. It will then be seen that when 6<¢ 
there is no triangle (for in the corresponding triangles 
ABC, and ABC, the angle at B will be 180° — B and not 
B). If b > с, it will be seen that there is one triangle, 
and only one, satisfying the given conditions. 

To sum up: 

Given the elements б, c, апа В of a triangle, 

(а) If b is < c sin B, there is по triangle. 

(8) If b = c sin B and Bis acute, thero is one triangle 
right-angled. 

(y) If b is > c sin B and < c and B is acute, there are 
two triangles satisfying the given conditions. 

(8) Tf b is > c, there is only one triangle. 

Clearly if b == c, the points В and C, in Fig. 3 coincide 


_and there is only one triangle. 


(e) If B is obtuse, there is no triangle except when 


bc. 

187. The ambiguous case may also be considered 
algebraically as follows. 

From the figure of Art. 184, we have 

b? = c? + a? — Xa cos В. 
7. а? — 2ac cos B + с? соѕ В = b3 — c? +. с? cos? B 
= 6? — c? sin? B, 
4 @-— ссов В = + Vb? сї sin? B, 

fe. а = c cos В + Vb3— c? sin? B......... (1). 

Now (1) is an equation to determine the value of a 
when 6, с, and В are given. 
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(а) Н < сыт B, the quantity Ур стер m 
imaginary, and (1) gives no real value for a. 

(B) If b = c sin B, there is onl 
for a; there is thus onl 
angled. 


(y) If b> c sin B, there are two values for a. But, 
since @ must be positive, the value obtained by taking 
the lower sign affixed to the radical is inadmissible unless 

c cos В — Vb? = c? sin? B is positive, 
i.e. unless V6? — c? sin? B < c cos B, 
i.e, unless 6? — c? sin? B — c? cos? B, 
i.e. unless b? < с?, 

There are therefore two triangles only when 6 is 
> csin B and at the same time < с. 

(8) If В is an obtuse an 
and one value of a is alway: 
ing triangle impossible, 

The other value will be positive only when 

€ cos B + Vb? — c? sin? B is positive, 
te. only when Уб c? ain? Б >—ccos В, 
ie only when 62 cigin? В + с? cos? B, 
i.e. only when 


bc. 
Hence, B being obtuse, there is no trian 


and only one triangle when b > с. 


188. Ex. Given b—16, c=25, 
ts ambiguous and 
of this book, 

We have 


У one value, с соз В, 
У one triangle which is right- 


gle, then c cos B is negative, 
s negative and tit correspond- 


gle if b — c, 


and B=33° 15', prove that the triangle 


00 


= cue 25 in Bol 108. d 
sinC =; sin B= sin B= sin В sin 33? 15°, 


find the other angles, using the fwe-figure tables at the end · 


x I 
ae а — € 
ee 
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Hence Z sin C=2 + L sin 33° 15’ -6 log 2 
=2 +9-73901 — 1-80618 
=9-93283, 


From the tables on page xxxvi we see that this lies between L sin 58° 50’ 
and Г віп 59°. We thus have 


L sin С —9-93283 L sin 59° —9-93307 
L sin 58° 50' —9-93230 L sin 58° 50' —9-93230 
Diff.= -00053 Diff. for 10'— -00077 
-. angular diff, =4} x10 
=6’ 53" nearly. 
С. C=58° 56' 53”, ог 180? — 58° 56' 53“, 
Hence (Fig. 3, Art. 186) we have 
С,=58° 56°53” and С:=121° 3' 7". 
2. 2. ВАС, - 180? — 33? 15’ — 58° 56' 53" —87? 48’ 7", 
and 2 BAC,—180? – 33° 15’ — 121? 3’ 7* —25? 41’ 53*. 
If we had used seven-figure tables we should have obtained the more 
accurate resulta C, —58? 56' 56” and C, —121? 3' 4”, 


Be EEE XXXI. 
[The student should verify the results of some of the following examples 

(eg. Nos. 3, 5, 6, 8, 9, 10, 12, 13) by an accurate graph.) 

1. If a—5, b —7, and sin A 4 is there any ambiguity? 

2. Ifa=2,c=+/3+1, and А =45°, solve the triangle. 

8. If a—100, c=100 4/2, and А = 30°, solve the triangle. 

4. If 25 —3a, and tan! А =, prove that there are two values to the 
third side, one of which is double the other. 

5. НА =30°, b=8, and a=6, find с. 


6. Given B=30°, c=150, and 5 —50 4/3, prove that of the two triangles 
which satisfy the data one will be isosceles and the other right-angled. 
Find the greater value of the third side. 

Would the solution have been ambiguous had . 
В=30°, c=150, and 6=75? 
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1. Tn the ambiguous case, given a,b; and A, prove that the difference 
between the two values of c is 2 Va! — D! sin? A, 
8. Ifa=5, 5=4, and A =45°, find the other-angles, having given 
log 2=-30103, L sin 34° 26’ —9-7523919, 
and L siu 34° 27’ =9-7525761. 
9. If a=9, b=12, and A=30°, fnd c, having given 
log 2.—--30103, log 3—-47712, 
log 171 =2-27301, log 368 =2.56635, 
Zain 11° 48" 30° =9-31108, Г sin 41° 49’ 39° —9-82391, 
and L sin 108° 11’ 21°=9-97774, 
10. Point out whether o1: no 
are ambiguous, 
Find the smaller value of the third 
the other angles in both cases, 
(1) 4 =80°, c=250 metres, and а=125 metres; 
(2) 4=30°, c —250 metres, and a —200 metres. 
log 2=-30103, log 6.03893 =-7809601, 
І sin 38° 41’ — 9-7958800, 
L sin 8° 41’ =9.1789001. | 
П. Given а =250, 6 =240, and 4 — 72» 4. 
C, and state whether they can have more than.one value, given | 
log 2:5 =-3979400, log 2:4 =-38021)2, 
L sin 72° 4' =9:9783702, L віп 72° 5' = 9-9784111, | 
L sin 65° 59’ = 9.9606739, | 


the solutions of the following triangles 


side in the ambiguous case and 


Given 
and 


48”, find the angles B and 
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In the following three examples the required logarithms must be taken 
тот the tables. 


13. Two sides of a triangle are 1015 cm. and 732 cm., and the angle 
opposite the latter side is 40°; find the angle opposite the former and 
prove that more than one value is admissible. 


14. Two sides of a triangle being 5374-5 and 1586-6 metres, and the 
angle opposite the latter being 15° 11’, calculate the other angles of the 
triangle or triangles, 

15. Given A=10°, a=2308-7, and 5.—7903:2, find the smaller value 
of 


189. Case IV. Given one side and two angles, viz. 
a, B, and C. 

Since the three angles of a triangle are together equal 
to two right angles, the third angle 


is given also. A 
The sides b and c are now obtained 
from the relations 2 b 
ON МЕ «сиз re 
sinB sn sin A’ B а © 
un re sin B _ sind 
giving b=a— д, and c=a——— EA 


190. Case V. The three angles A, B, and C given. 


Here the ratios only of the sides can be determined 
by the formulae 


snA snB 500 
Their absolute magnitudes cannot be found. 
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EXAMPLES. XXXII. 
17 1 : Ill 
1. И cos 4—5, and cos б=т, find the ratio of a: b zc, 


`2. The angles of a triangle are as 1:2:7; prove that the ratio of 
the greatest side to the least side is М5+1: М5-1. 

8. If A=45°, В=15°, and О =60°, Prove that a+c/2=94, 

4. Two angles of a triangle are 41? 13’ 22” and 71° 19’ 5* and the side 
opposite the first angle is 55; find the side opposite the latter angle, 
given log55—1:7403627, log 79063 —4-8979715, 

Dain 41? 13° 22° —9-8188779, 
and L sin 71° 19° 5" =9-9764927, 

5. From each of two ships, one km. apart, the angle is observed 
which is subtended by the other ship and a beacon on shore; these 
angles are found to be 52° 26' 15* and 75° 9’ 30* respectively; Given 

N L sin 75? 9! 30" = 9-9852635, 
L sin 52? 25° 15* —9:8990055, log 1-2197 = :0862530, 
and log 1-2198 = 0862886, 
find the distance of the beacon from éach of the ships. 

6. The base angles of a triangle are 221° und 1 125°; prove that the 

base is equal to twice the height. 


For the following five examples the required logarithma must be taken 
Лот the tables; 


7. The base of a triangle being 7 cm, and the base angles 129° 23 
and 38° 36’, find the length of its shorter side. 


8. If the angles ofa triangle be as 5 : 10 ; 21, 
the smaller angle be 3 cm., find the other sides, 


1l. To find the distance from A to P з distance, АВ, of 1 km. is 
measured in a convenient direction. At A the angle РАВ is found to be 


41° 18’ and at B the angle PBA is found to be 114° 38’, What is the 
required distance to the nearest metre? 


CHAPTER XIV 
HEIGHTS AND DISTANCES 


191. Ix the present chapter we shall consider some 
questions of the kind which occur in land-surveying. 
Simple questions of this kind have already been con- 
sidered in Chapter III. 

192. To find the height of am inaccessible tower by 
means of observations made at distant points, 

Suppose PQ to be the tower and that the ground 
passing through the foot Q of the P 
tower is horizontal. At a point A 
on this ground measure the angle 
of elevation a of the top of the 
tower. 

Measure off: a distance АВ (=a) AA 
from A directly toward the foot of ^ © 
the tower, and at В measure the angle of elevation В. 

To find the unknown height z of the tower, we have 
to connect it with the measured length a. This is best 
done as follows: . 

From the triangle PBQ, we have 

x 


pp TSB ee (1), 

and, from the triangle PAB, we have 
РВ _ вп РАВ sina (9); 
э 


а “вш ВРА sn(f-a) UU 
since Z ВРА = ZQBP — / ОАР = В – а. 
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From (1) and (2), by multiplication, we have 


i.e. z—a 


The height z is therefo; 


Te given in a form suitable for 
logarithmic calculation, 


Numerical Example. Ifa =100 metres, a =30°, and В=60°, then 
@ = 100 52 29, sin 60° =100 xB — 86-6 metres 


193. It is often 


Not convenient to measure AB 
directly towards Q: 


Р 

Measure therefore AB in any | 
other suitable direction on the Ej | 
horizontal ground, and at А mea. | 


Sure the angle of elevation a of P, A Аа 
and also the angle РАВ (= В). А 7 a 
At B measure the angle РВА ж А | 
(= у). B | 
In the triangle PAB, we have then 
САРВ = 180°_ Z фарі 
AP sink. . —. Biny 
P E UE [у 
From the triangle PAQ, 


PBA = 180° — (B + y). 


we have | 
= AP sina =g Чпавту, 
alias “sin @+y) 


Hence z is found by an expression suitable for tog- 
arithmio calculation, 
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194. To find the distance between two inaccessible points 
by means of observations made at two points the distance 
between, which is known, all four points being supposed to 
be in one plane. 

Let P and Q be two points whose dist&nce apart, PQ, 
is required. 

Let 4 and B be the two known 
points whose distance apart, AB, 
is given to be equal to a. 

At A measure the angles PAB 
and QAB, and let them bé a and В 


respectively. А а B 
At В measure the angle PBA and ОВА, and let them 
be у and ô respectively. 


Then in the triangle PAB we have one side a and the 


two adjacent angles a and y given, so that, asin Art. 163, <i. 


we have AP given by the relation 
AP _ siny _ siny а) 
a “аш APB (ау) . 
In the triangle QAB we have, similarly, 
А@ __ sind 
а  sin(p +5) 

In the triangle APQ we have now determined the 
sides АР and AQ; also the included angle PAQ (= a — В) 
is known. We can therefore find the side PQ by the 
method of Art. 181. 

If the four points A, B, P, and Q be not in the same 
plane, we must, in addition, measure the angle PAQ; for 
in this case РАО is not equal toa — В. In other respects 
the solution will be the same as above. 


L.P.T(1)—8 
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195. Bearings апа Points of the Compass. The 
bearing of a given point В as seen from a given point 
O is the direction in which B is seen from O. Thus if 
the direction of OB bisect the angle between East and 
North, the beaxing of B is said to be North-East. 


If a line is said to bear 20° 
that it is inclined to the Nort 
20°, this an i 


West of North, we mean 
h direction at an angle of 
North towards 


To facilitate the Statement of the bearing of a point 
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(N.E.). The bisectors of the ares between N.E. and N. 
and Е. are respectively called North-North-East and 
East-North-East (N.N.E. and E.N.E.). The other four 
subdivisions, reckoning from N., are called North by 
East, N.E. by North, N:E. by East, and East by North. 
Similarly the other three quadrants are subdivided. 

It is clear that the arc between two subdivisions of 

jo 

the card subtends an angle of з, $.е. 114°, at the 
centre О. 


EXAMPLES. XXXIII. 


1. A flagstaff stands on the middle ofa square tower. A man on the 
ground, opposite the middle of one face and distant from it 100 metres, 
just sees the flag; on his receding another 100 metres, the tangents of 
^^ ation of the top of the tower and the top of the flagstaff are found 
to Бе 1 and 5 . d 
flagstaff, the ground $ing horizontal. 

2. A man, walking оп a level plane towards в tower, observes that 
at a certain point the angular height of the tower is 10°, and, after 
going 50 metres nearer the tower, the elevation is found to be 15°. 
Having given 

Lain 15°=9-4129962, L cos 5° = 9:9983442, 
log 25-183 =1-41 13334, and log 25-784 = 1-4113503, 
find to 4 places of decimals the height of the tower in metres. 


3. DE is & tower standing on в horizontal plane and ABCD isa 
straight line in the plane. The height of the tower subtends ап angle 9 
at A, 20 at В, and 30 at С. If AB'and BO be respectively 50 and 20 
metres, find the height of the tower and the distance CD. 

4. A tower, 50 metres high, stands on the top of a mound; from a 
point on the ground the engles of elevation of the top and bottom of 
the tower are found to be 75° and 45° respectively; find the height of 
the mound. 


Find the dimensions of the tower and the height of the 
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5. A vertical pole (more than 10 metres high) consista of two parta, 
the lower being gra of the whole, From a Point in a horizontal plane 


8. FQ isa tower standing on а horizontal plane, Q being its foot; 


А and B are two Points on the Plane such that the Z QAB is 90*, and 
4 BB is 4 metres, It. is found that 


cot PAQ = S * and cot PBQ- 


10 
Find the height of the tower, 
9. A column is E.S.E, 
w is N 


10. A tower is observed from two вілі 
due north of 4 and north-west of В. В 


rmer place the elevation їз 15°, Ifthe 
be a, prove that the height of the 


ai Ч 
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30°, whilst that of the nearest corner is 45°. Prove that the breadth of 
the tower is a (4/10 - 4/2). 

18. A person standing at a point A due south of a tower built on a 
horizontal plane observes the altitude of tho tower to be 60°. He then 
walks to B due west of A and observes the altitude to be 45°, end again 
at C in AB produced he observes it to be 30°. Prove that Bis midway 
between А and С. 

14. At each end of в horizontal base of length 2a it is found that 
the angular height of a certain peak is @ and that at the middle point it 
isġ. Provo that the vertical height of the peak is 

asin Ó sin $ 
Vain ( +8) sin ($ —6) 

15. A and B are two stations 1000 m. apart; P and Q are two 
stations in the same plane as 4 В and on the same side of it; the angles 
PAB, PBA, QAB, and QBA aro respectively 75°, 30°, 45°, and 90°; 
find how far P is from © and how far each is from A and В. 

For the following seven examples the required logarithms must be taken 
from the tables. 

16. At point on a horizontal plane the elevation of the summit of 
a mountain ig found to be 22° 15’, and at-another point on the plano, 
1 km. farther away in а direct line, ita elevation is 10° 12’; find the 
height of the mountain. 

17. From the top of a hill the angles of depression of two successive 
points, 1 km. apart, on level ground and in the same vertical plano 
with the observer, aro found to be 5° and 10° respectively. Find the 
height of the hill and the horizontal distance to the nearest point. 

18. A cliff and a tower stand on Ше same horizontal plane. The 
height of the cliff is 140 metres, and the angles of depression of the top 
and bottom of the tower as seen from the top of the cliff are 40° and 
80? respectively. Find the height of the tower. 

19. A tower PN stands on level ground. A base AB is measured at 
right angles to AN, the) ints A, B, and № being in the same horizon- 
tal plane, and the angles PAN and PBN are found to be а and В 
respectively. Prove that the height of the tower is | 

AB sin a sin В я 
If AB —100 m., a —70*, and В = 50°, calculate the height. 
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20. А mim, standing due south of a tower on a horizontal plane 
through its foot, finds the elevation of the top of the tower to be 


54° 16’; he goes east 100 metres and finds the elevation to be then 
50° 8. Find the height of the tower. 


21. A man in а balloon observes that the angle of depression of an 
object on the ground bearing due north is 33°; the balloon drifte 3 km. 


due west and the angle of depression is now found to be 21°. Find the 
height of the balloon. 


22. From the extremities of a horizontal base-line AB, whose length 
is 1 km., the bearings of the foot C of a tower are observed and it is 
found that 2 CA B —56* 23', 2 CBA =47° 15', and the elevation of 
the tower from A is 9° 25’; find the height of the tower. 


a tin B cos (a +8) 
cos (a+23) © 
Let P and О be the top and foot о! 
staff. Let A and B be the points 
so that 4 PAQ=8 апа, PAR= 


with the length AR. 
_ Todo this, we must first determine the 
angles of the triangles ARP and ARB. 
Since 4, B, P, and В lie ona circle, we 
have 
2 ВЕРЕЁ BAP=g, 
and L APB=L ARB=6 (вау). 


Also 4APR=90°+2 PAQ=90° +B. 


HEIGHTS AND DISTANCES 219 


Hence, since the angles of the triangle APR are together equal to two 
right angles, we have 


180° =а +(90° +8) - (6 +8), 


во that 9=90°—(а+28) . (1). 
From the triangles APR and ABR we then have 
PR AR AR a 


sina sin RPA sin RBA sind (А Тез); 
[It will be found in Chap. XV that each of these quantities is equal to 
the diameter of the circle,] 
Hence the height of the flagstaff 
asina asin a 
EA (а+23)' PY Q* 


Again, po BPQ=cos (a FB) ............ eee (2) 
PB sinPAB sing 
and STRAP Ray eeeeees изу; 


Hence, from (2) and (3), by multiplication, 
PQ віп В cos (a +8) віп В cos (a +8) 
2: віп Ө — соз(а+28) ' byq. 
Abo,  BQ=PQtan BPQ- PQ tan (a+8) 
5 а В зїп (а+8) 
~~ сов(а+28) ' 

m _ 7 cos (a +28) + sin В sin (а+ В) 
and AQ=a+BQ=a ЕЕ 
сов В cos (a+) 

сов (а+28) ` 


If a, a, and В be given numerically, these results are all in а form 
suitable for logarithmic coinputation. 


Ex. 2. At a distance a from the foot of а tower AB, of known height 
b, a flagstaff BC and the tower subtend equal angles, Find the height of 
the flagstaff. 

Let O be the point of observation, and let the angles AOB and BOC 
be each 6; also let the height BC be y. 


x 
We then have tan a=", and tan 29=0+¥ 
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25 
b+ 2 tan à a 
Hence И 
Ta 
bey _ 2ab d 
50 that "Gy == D 
20% api 
mum Уа t= ти, 
If a and b be given numerically, we thus easily obtain y. 


197. Ex, 4 man walks along a Straight roag and 
observes that the greatest angle 
а; from. the Point where this 


the distance between the objects 1s 

€ Sin a sin B sec 

Let P ang Q be the two point, t PQ meet the 
vote Points, and Je Q 


Cre) 
5. 


“+8 вес 


— A 
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[For, take any other point A’ оп AB, and :oin it to P 
cutting the circle in В’, and join A’Q and В’). 
Then 2РА'О < 2 PB'Q 
and therefore СҮР 
-Let the angle QAB be called 0. „иеп the angle APQ 
is 0 also. 
Hence.180? — sum of the angles of the triangle PAB 
= б + (a + 0) + B, 
so that o= 00° 238. 
From the triangles PAQ and QAB we have 
PQ sina ani AQ _ вш В __ sing 
АӨ sinó' c ^ Bn АОВ” sin (0 4 a) 
Hence, by multiplication, we have 
РО sinaesinf 
"€ віпбвш (0 a) 


sin c sin В 
a+ а — В` 
cos 2 cos 2 
B РО = c sin a sin f seo 2 seo “В. 


EXAMPLES. XXXIV. 

1. A bridgehas 5 equal spans, each of 10 m. measured from the centre 
of the piers, and a boat is moored in a line with one of the middle piers. 
The whole length of the bridge subtends a right angle as seen from the 
| boat. Prove that the distance of the boat from the bridge is 10 ./6 m. 
Р 2. A ladder placed at an angle of 75° with the ground just reaches 

the sill of a window at a height of 9 metres above the ground on one 
side of a street. On turning the ladder over without moving its foot, it 
is found that when it resta against a wall on the other side of the street 
-itisatan angle of 15? with the ground. Prove that the breadth of the 
street and the length of the ladder are respectively 
а 9 (3—./3) and 9 ( y6- „/2) metres. 


| 
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3. From a house on one side of a street observations are made of th». 
angle subtended by the height of the opposite house; from the level of 
the street the angle subtended is the angle whose tangent is 3; from 
two windows one above the other the angle subtended is found to be 
the angle whose tangent is — 3; the height of the opposite house being 
30 metres, find the height above the street of each of the two windows. 

4. Arodofgiven length can turn ina vertical plane passing through 
the sun, one end being fi: ed on the ground; find the longest shadow it 
can cast on the ground. 

Calculate the altitude of the sun when the longest shadow: it can 
cast is 3} times th- length of the rod. 

5. А person on a ship A observes another ship B leavinga harbour, 
whose bearing is then N W. After 10 minutes A, having sailed one lax, 
N.E., sees B due west and the harbour then beara 60° west of north. 
After another 10 minute- B is observed to bear S.W. Find the dis- 
tances between A and B at the first observation and also the direction 
and rate of В. 

6. A person on a ship sailing north sees two lighthouses, 
6 km. apart, in a line due west; after an ^ 
bears S.W. and the other S.S.W. Find the s] 


T. A person ona ship sees a lighthouse N.W. of himself, After sail- 
ing for 12 km, ina direction 15° ù 


30° east of north, notes when he is due south of a certain house; when 
he has walked 1 km. farther, he observes that the house lies due west 


[Exs. XXXIV.] HEIGHTS AND DISTANCES 223 


and that a windmill on the opposite side of the road is М.Е. of him; 

three km. farther on he finds that he is due north of the windmill; prove | 

that the line joining the house and the windmill makes with the road ! 

the angle whosetangentis 48-25 v3 
11 

11. A, B, and С are three consecutive stones 1 Ета. аратфоп а straight 
road from each of which a distant spire is visible. The spire is observed 
to bear north-east at A, east at B, and 60? east of south at С. Prove that 
the shortest distance of the spire from the road is СУ km, 

12. Twostations due south ofa tower, which leans towards the north, 
are at distances a and 5 from its foot; if a and B are the eievations of. 
the top of the tower from these stations, prove that its inclination to 
the horizontal is b cot a—a cot В 

cot !1——— — ——.. 
b-a 

13. From a point A on a level plane the angle of elevation of a bal- 
loon isa, the balloon being south of A ; from в point B, which is at a dis- 
tance c south of А, the balloon is seen northwards at an elevation of 8; 
find the distance of the balloon from A and its height above the ground. 

14. A statue on the top of a pillar subtends the same angle a at 


distances of 9and 11 m. from the pillar; if tana = 15 , find the height of 
the pillar and of the statue. 

15. A flagstaff on the top of & tower is observed to subtend the same 
angle a at two points on a horizontal plane, which lie on a line passing 
through the centre of the base of the tower and whose distance from 
one another is За, and an angle B at a point halfway between them. 


Prove that the height of the flagstaff is — — is 
2 sin Jung — 


соз a вш (8-а) 
16. An observer in the = place FEAR hirnself at a distance a 
metres from в column standing upon a mound. He finds that the 


column subtends an angle, whose tangent is Н 5, at his eye which may be 

supposed to be on the horizontal plane НЫН the base of the mound. 

On moving + a m. nearer the column, he finds that the anglesubtended 
-is unchanged. Find the ieight of the mound and of the column, 
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17. A church tower stands on the. bank of a river, which is 50 m. 
wide, and on the top of the tower is a spire 10 m. high. To an observer 
on the opposite bank of the river, the spire subtends the same angle 
that a pole 2 m. high subtends when placed upright on the ground at 
the foot of the tower. Prove that the height of the tower is nearly 95 m. 

18. A person, wishing to ascertain the height of a tower, 
himself on a horizontal plane through its foot at a point at which the 
elevation of the top is 30°. Оп walking a distance a in a certain direction 
he finds that the elevation of the top is the same as before, and on then 


walking a distance $a at right angles to his former direction he finds 


the elevation of the top to be 60°. Prove that the height of the tower is 
either alee or д [EST 
6 48 " 


19. The angles of elevation of the top of a tower, standing on a hori- 
zontal plane, from two Points distant a m. and b m. from the base and 
in the same straight line with it are complementary. Prove that the 
height of the tower is Vab m., and, if 0 be the angle subtended at the 


top of the tower by the line joining the two points, then sin @ EET 


stations 


20. A tower 150 m. high stands on the top of a cliff 80 m. hi, 


through the foot of the cliff? 
21. A statue on the top of a pillar, 


found to subtend the greatest angle a at the eye of an observer when 
his distance from the Pillar is c m.; prove that the height of the statue 
is 2c tana m., and find the height of the pillar. 

22. A tower stood at the foot of an inclined plane whose inclination 
to the horizon was 9°. A line 100 m. in length was measured straight up 
the incline from the foot of the tower, and at the end of this line the 
tower subtended an angle of 54°. Find the height of the tower, having 
given log 2= :30103, log 114-4123 — 2-0584726, 
and L sin 54° =9-9079576. 

23. А vertical tower stands on a declivity which is inclined at 15° to 
the horizon. From the foot of the tower a man ascends the declivity 

for 80 metres, and then finds that the tower subtends an angle of 30°. 
Prove that the height of the tower is 40 (./6 — „/2) metres, 


standing on level ground, is 
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24. The altitude of a certain rock is 47°, and after walking towards 
it 1 km. up a slope inclined at 30° to the horizon an observer finds its 
altitude to be 77°. Find the vertical height of the rock above the first 
point of observation, given that віп 47° =-73135. 

25. A man observes that, when he has walked с metres up an 
inclined plane, the angular depression of an object in a horizontal plane 
through the foot of the slope is а, and that, when he has walked a 
further distance of с feet, the depression is В. Prove that the inclination 
of the slope to the horizon is the angle whose cotangent is 

(2 cot В 4-cot a). 

26, A regular pyramid on a square base has an edge 150 m. long, 
and the length of the side of its base is 200 m. Find the inclination of 
its face to the base. 

27. A pyramid has for base a square of side a; its vertex lies on a 
line through the middle point of the base and perpendicular to it, and 
at a distance h from it; prove that the angle a between the two lateral 
faces is given by the equetion 

fin up 2a’ +4 
a?+ 4h? 

28. A flagstaff, 10 metres high, stands in the centre of an equilateral 
triangle which is horizontal. From the top of the flagstaff each side 
subtends an angle of 60°; prove that the length of the side of the 
triangle is 5 /6 metres. 

29. The extremity of the shadow of a flagstaff, which is 6 m. high 
end stands on the top of a pyramid on a square base, just reaches the 
side of the base and is distant 56 and 8m. respectively from the extrem- 
ities of that side. Find the sun's altitude if the height of the pyramid 
be 34 metres. 

30. The extremity of the shadow of в flagstaff, which is 6 metres 
high and stands on the top of a pyramid оп-в square base, just reaches 
the side of the bese and is distant 2 feet and у feet respectively from 
the ends of that side; prove thai the height of the pyramid is 


fry 
fa = tan а-6, 


where а is the elevation of the sun. 
31. The angle of elevationofa cloud from в point h metres above alake 
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is a, and the angle of depression of its reflexion in the lake is 8; prove that 
its height is В atte 

32. The shadow of a tower is observed to be half the known height 
of the tower and sometime afterwards it is equal to the known height: 
how much will the aun have gone down in the interval, given 

log 2=-30103, L tan 63° 26’ = 10:3009994, 

and diff. for 1'—3159? 

33. An isosceles triangle of wood is placed in a vertical plane, vertex 
upwards, and faces the sun. If 2a be the base of the triangle, hits height, 
and 30? the altitude of the sun, prove that the tangent of the angle at the 


h 
apex of the shadow is E Уз. 


34. А rectangular target faces due south, being vertical and standing 
on a horizontal plane. Compare the area of the target with that of its 
shadow on the ground when the sun is &? from the south at an altitude 
of a°, 1 

35. A spherical ball, of diameter 
eye when the elevation of its cent: 


8, subtends an angle a at a man’s 
re is 8; prove that the height of the 
centre of the ball a 3 8 ein 8 coses, 


36. A man standing 
distant pillars, the 10th 
they would do if they wei 


оп а plane observes & row of equal and equi- 
and 17th of which subtend the same angle that 
re in the position of the first and were respectively 


Prove that, neglecting the height of the man's 
eye, the line of pillars is inclined to the line drawn from his eye to the first 
at an angle whose secant is nearly 2.6. 

For the following nine examples the required logarithms must be taken 
Srom the tables, 

37. A and В are two Points, which are o 
opposite to one another, and betwcen them is the mast, PN, of a ship; 
the breadth of the river is 100 metres, and the angular elevation of P 
at A is 14° 20’ and at B 8° 10 . What is the height of P above 4B? 

38. AB is a line 1000 metres long; B is due north of A and from B 
8 distant point P bears 70° east of north; at A it bears 41° 22’ east of 
пог; find the distance from A to Р. 


g and 5 of their height, 


п the banks of a river and 
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39. A is a station exactly 10 km. west of B. The bearing of a par- 
ticular rock from A is 74° 19’ east of north, and its bearing from В is 
26° 51’ west of north. How far is it north of the line A B? 

40. The summit of a spire is vertically over the middle point of a 
horizontal square enclosure whose side is of length a metres; the height 
of the spire is Л metres above the level of the square. If the shadow of 
the spire just reaches a corner of the square when the sun hasan alti- 


tude 8, prove that h 4/2 -a tan 6. 
Calculate А, having given a = 100 metres and 8 =25° 15". 

41. Walking along a straight level road ina direction N.W., I notice 
two spires, P and Q, in a straight line with me on & bearing N. 20? E., 
P being the nearer spire. After walking 4 km. farther along the road, P 
bears E. 22° S, and @ bears E. 26? М. Find the distance between the 
Bpires. 

42. АВ isa road running uphill in a direction due east at an inclina- 
tion of 10°, B being above A and at a distance of 500 metres from 4. 
The bearing of an object C from A is E. 50* N. at an elevation of 43°, 
and the bearing of C from B is W. 65? N. Calculate the horizontal and 
vertical distances of C from A. 

43. A wireless signal from an aeroplane is intercepted at two direc- 
tion-finding stations, A and B, which are five km, apart in a north and 
south line. From A the direction of the aeroplane is found to be 66° 
west of north, and from В it is found to be 20° west of south. At the 
same time the altitude of the aeroplane is observed from А to be 40°. 
Find the height of the aeroplane above A. 

44. An observer sees an aeroplane due N. at an elevation of 8°. Two 
minutes later he sees it N.E. at the same elevation. It is known to be 
going due” , the horizontal component of its velocity being 80 km. an 
hour. Shew that it is rising at the rate of nearly 77-615 metres per 
minute. 

45. A small balloon is released from a point on a level plain, and 
ascends with & constant vertical velocity of 100 metres per minute. 
After it has risen for 10 minutes it is at P, and one minute later is at Q., 
At a station О on the plain the bearing of P is due east, and OP makes 
an angle of 63° with the plain. At O the bearing of Q is 29° north of 
east, and OQ makes an angle of 70? with the plain. Assuming the wind 
to blow with constant horizontal velocity, find this velocity, and show 
that ita direction is about 50° 37’ north of west. г 


CHAPTER XV 
PROPERTIES OF A TRIANGLE 


198. Area of a given triangle. Let ABC be any 
triangle, and AD the perpen- 
dicular drawn from A upon the 
opposite side. " 

Through A draw EAF parallel 
to BC, and draw BE and CF per- 
pendieular to it. By Geometry, 
the area of the triangle ABO  - 

= j rectangle BF = 180 . CF = ja. AD. 

But AD = AB sin B = c sin B. 

The area of the triangle ABO therefore — ca sin B. 
This area is denoted by A. 


Hence Azicasing- 


dab sin C = bo sin A ...(1). 
By Art. 169, we havesin A = Ув =6=56=0, 


so that A= 4bc sin А = в (в — а) (s — b) (s— c)...(2). 
This latter quantity is often called S. 


EXAMPLES. XXXV. 
Find the area of the triangle ABC when 
1. а=13, b=14, and с=15. 2. а=18, 6=24, and c—30. 
3 а=25, b=52, and c—63, 4 а=125, b=123, and c=62, 
5. а=15, $=36, and c=39, 6. a=287, b=816, and c—805 
7. а=35, b=84, and c—91. 


8 a—4/3, b—4/2, and catty? 
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9. If B=45°, С =60°, and a =? (./3+1) cm., prove that the area 
of the triangle is 6+ 2 ./3 sq. cm. 


10. The sides of a triangle are 119, 111, and 92 metres; prove that 
its area is 4830 sq. m. 


11. The sides of a triangular field are 242, 1212, and 1450 metres; 
prove that the area of the field is 29,040 sq. m. 


12. A workman is told to make a triangular enclosure of sides 50, 41, 
and 21 metres respectively; having made the first side one yard too 
long, what length must he make the other two sides in order to enclose 
the prescribed area with the prescribed length of fencing? ` 


13. Find, correct to :0001 of a cm., the length of one of the equal 


sides of an isosceles triangle on a base of 14 cm. having the same area 
as a triangle whose sides are 13:6, 15 and 16:4 cm. 


14. If one angle of a triangle be 60°, the area 10 ./3 sq. cm., and the 
perimeter 20 cm., find the lengths of the sides. 


15. The sides of а triangle are in A.P. and its area is Sens of an equi- 


lateral triangle of the same perimeter; prove that its sides are in the 
ratio 3 : 5 :7, and find the greatest angle of the triangle. 


16. In a triangle the least angle is 45° and the tangents of the angles 
are in А.Р. If its area be 27 sq. cm., prove that the lengths of the sides 
are 3 ,/5, 6 y2, and 9 cm., and that the tangents of the other angles are 


respectively 2 and 3. 

17. The lengths of two sides of a triangie are 12 cm. and 12 4/2 ст, 
respectively, and the angle opposite the shorter side is 30°; prove that 
there are two triangles satisfying these conditions, find their angles, 
and shew that their areas are in the ratio 


J/34+1:/3-1. 
18. Find by the aid of the tables the area of the larger of the two 
triangles given by the data 
А —31? 15’, а=5 cm., and =7 cm. 
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Substituting this value of sin A in (1), we have 


giving the radius of the circumcircle in terms of the sides, 


202. To find the value 
the triangle ABC. 

Bisect the two angles B and C by the two lines BI 
and CT meeting in Г. 

By Geometry, ] is the 
centre of the incircle, Join 
ТА, and draw ID, IE, and 
IF perpendicular to the 
t sides, - 

Тһеп ID =1Е = IF my, 

We have 


SERA THO AID. Bo еа; 
area of A ICA = 


ИЕ. са = dr .b, 
area of ATAB = 1р, АВ = фи. с. 
Hence, by addition, we have 
ir 


"+ .6+ у. с 


of r, the radius of the incwcle of 


= sum of the areas of the triangles 
IBC, ICA, and IAB 


ie. rb bre =8, 
80 that f.8—8. 
"o г-8, 

8 
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203. Since the angles IBD and IDB are respectively 
equal to the angles ZBF and I FB, the two triangles IDB 
and IFB are equal in all respects. 

Hence BD = BF, во that 2BD = BD + ВР. 

Soalso AE = AF, so that 24E = AE + AF, 
and CE — CD, so that 2CE = CE + CD. 

Hence, by addition, we have 

2BD + 2AE + 90g 
= (BD + CD) + (CE + AE) + (AF + BF), 
i.e. 2BD + 240 = BO + CA + AB. 
ES 2BD + 2b a+b +4 g= 25. 
Hence BD=s—b= Вр; 
СЕ=з—с— CD, 


80 


rail АР =з—а— Ag. 
ID 
Now BD 7 n IBD = tan Ë, 
B MUTUAE атов 
So Шона о 
and also pig ер 
Hen = (8 m i 
ce r= (в с T ЗГ 
ue mm Ks T may be found аз follows: we 
A = ЕВ Mert e ICD 
=r cot S root C 


‚ А А 
Cor. Since а = 2R sin A = 4R sin > cos 7, 


we have r— AR sin 2 n P dg C. 


205. To find the value of r,, the radius of the escribed 
circle opposite the angle, A of the triangle ABC. 

Produce AB and AC to L and M. 

Bisect the angles CBL and 
BCM by the lines BI, and CI, 
and let these lines meet in I. 

Draw 1,D,, LE,, and Г.Е, 
perpendicular to the three sides 
respectively. 

The two triangles I,D,B and 
I,F,B are equal in all respects, 
so that LF,-ID. 

Similarly 7, E, = I, D,. 5 

The three perpendiculars 1, D,, 7, E,, and IF, E 
equal, the point J, is the centre of the required circle. _ 
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Now the area АВТ 1С is equal to the sum of the 
triangles ABC and I,BC; it is also equal to the sum of 


the triangles [ВА and 1,CA. 
Hence 
AABC + AI, BC = AICA + ААВ. 
. 8+}LD,. BC = H,E,.CA + 31, F, . AB, 
я .а= а. +4п-© 
CS = [=] = т pe ct аы a] =n (8—4). 


i.e. 


К 8 
„ = CY . 
Similarly it can be shewn that 


EE E xA 
s—b' 5 в-с 


as 


206. Since АЁ, and AF, are tangents, we have, 


in Art. 203, AE, = AF}. 
Similarly, BF, = BD,, and CE, = CD. 
2 2АЕ, = AB, + AF, = АВ + BF, + AC + СЕ, 
L ву BD, ACH 0D, = AB + BO + CA =. 
+, AB, = в = AF. 
BD, = ВЕ, = AF, – AB =8— 0, 
CD, = CE, = АЕ, — AC = s — b. 
- LE, = AB; tan LAE, 


Also, 


and 


с А 
з.е. г, =stans- 
1 а 
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207. A third value may be obtained for 7, in terms of 
а and the angles В and C. 


For, since I,C bisects the angle BCE,, we have 


Z1,CD, = $ (180° — су — 99 _ © 


So 4I,BD, = эо° — В. 
“. = ВО = BD, + D,C 
= I, D, cot І BD, + ID, cot LCD, 


mn (on send 


gin P sin © 
$ = 
ті TH 2 É 
08-5 сов- 
В [^] г à p 
5 acos cos 3 = n (sin 3 oos + oos sin ©) 
INP. 
Snan (g +3) = risin (800-4) „А, 


cos 2 соз A 
^na : 
cos э 


Сог. Since a — 2R sin А = 4B sin 4 cos 4 


< RA! B С 
we have т = 4R sin z 008 5 сов 5. 


m feu 
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EXAMPLES. XXXVL 


1. In в triangle whose sides are 18, 24, and 30 cm. respectively, 
prove that the circumradius, the inradius, and the radii of the three 
escribed circles are respectively 15, 6, 12, 18, and 36 cm. 

2. The sides of a triangle are 13, 14, and 15 cm.; prove that 

(1) В-8:125 ст. (2) r—4cm., (3) r, =10-6 cm., 
(4) r,=12 cm., and (5) r, =14 ст. 
& Ina triangle ABC if a—13, 6 =4, and cos C= -5, find 
R, т, тү, ту, and rg. 

4. In the ambiguous case of the solution of triangles prove that the 

Gircumcircles of the two triangles are equal. 
Prove that 


B. r, (8-а) =r, (s —b) =r; (в-с)=та=8. 


-= = 2—, В m5" 
6. к tan’ 5 T. ттуу 65° 
А В с А 
B тулуу? соё сой = cott 5. 9. m, cot 5 =$. 
10, т т тт, +77, = 8. 11. о 


пт 
12. а (rr, +77) =) (r7, +7371) =с (т, +717). 
18. (r, +71) tan gain -r) cot $ =e, 
14. S=2R? sin A sin B sin С. 
15. 4R sin A sin B sin C =a cos A +b cos B +c cos C. 


16 аа, В С 
4 сов т сов 5 сов 5. 


т.д! 1,1 _@+ь+‹ 
ТУРТ ETIN REO RIS 18. п +7, +7: —7—4F 
19. (ri =r) (, =r) (rr) - 4 R$, 
"oW 
gol ce апат 1 1 
be ca ав: 21. RAV TRIP 


22 tnt ыз з lomo gi pe ce 


- ~< 
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208. Orthocentre and pedal triangle of any 
triangle. 


` Let ABC be any triangle, and let AK, BL, and CM be 
the perpendiculars from A, B, and C 
upon the opposite sides of the triangle. 
It can be easily shewn, as in most 
books on Geometry, that these three 
perpendiculars meet in a common 
point Р. This point P is called the 52 K T 
orthocentre of tne triangle. The 

trangle KLM which is formed by joining the feet of 


these. perpendiculars, is called the pedal triangle 
of ABC. 


209. Distances of the orthocentre from the angular 
points of the triangle. 
We have PK = KB tan PBK = KB tan (90° — C) 
a „ыш 
B cos B cot C an g 008 B cos C 
= 2È cos B cos С. (Art. 200.) 
Again AP = AL sec КАС 


= € cos A cosec C 


= 2R cos A. (Art. 200) 
ВР = 2R cos В, and CP = 2R cos С. 
The distances of the orthocentre from the angular points 
are therefore 2R cos A, 2R соз B, and 2R cos C; its dis- 
tances from the sides are 2R cos B cos С, 2R cos C cos А. 
and 2Ё cos A cos В. 


So 
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210. To find the sides and angles of the pedal triangle. 
Since the angles PKC and PLC are right angles, the 
points P, L, C, and К lie on a circle. 
2 АРКЁ= £PCL 
= 90° — A. 
Similarly, P, К, В, and М lie оп acircle, and therefore 
LPKM = 2PBM 
= 90° — А. 
А MKL = 180° — 2A 


Непсе 
= the supplement of 24. 
So L KLM = 180° — 2B, 
and LLMK = 180° — 2C. 


Again, from the triangle ALM, we have 
DM ы es АВсоз А 
anA sin ADL cos PML 
ссоз А _ ccos A 
= oos PAL sind ` 


^ LM = С віп А cos А 
sin C 
= a cos А. (Art. 163.) 
So MK —bcos B, and KL —ccosC. 


The sides of the pedal triangle are therefore a cos A, 
b cos B, and с cos О; also its angles are the supplements 
of twice the angles of the triangle. 
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211. Let I be the centre of the incircle and J,, I,, and 
I, the centres of the escribed circles 
which are opposite to A, B, and C he 
respectively. As in Arts. 202 and VS. 
205, IC bisects the angle АСВ, and N 
1,О bisects the angle BCM. \ 


\ 
=. ZICI, = ZICB + ZICB BY 
=}2ZACB+%}42ZMCB 
=4[44CB + / MCB] 
=$. 180° = a right angle. 

Similarly, Z ІСІ, is a right angle. 

Hence СІ, is a straight line to which IC is perpen- 
dicular. 

So I, AI, is a straight line to which IA is perpen- 
dicular, and I, BI, із a straight line to which IB is per- 
pendicular. 

Also, since ЈА and J,A both bisect the angle ВАС, 
the three points A, J, and I, are in a Straight line. 
Similarly ВІТ, and OTI, are straight lines. Hence TLI 
is a triangle, which is such that A, B, and C are the feet 
of the perpendiculars drawn from its vertices upon the 


opposite sides, and such that J is the intersection of these 
perpendiculars, 


i.e. ABC is its pedal triangle and J is its orthocentre. 
The triangle 1,1, 1, is often called the excentric triangle, 


212. Centroid and medians of any triangle. 


If ABC be any triangle, and D, Е, and F re- 
spectively the middle points of BC, CA, and AB, the 
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lines AD, BE, and CF are called the medians of the 
triangle. 

It is shewn in most books on 
Geometry that the medians meet in 
a common point G, such that 


AG =%AD, BG = ВЕ, L 
and CG = 3CF. б 
This point @ is called the centroid of the triangle. 


213. Length of the medians. We have, by Art. 164, 
AD? = AC? + CD? — 240 . CD cos C 


юге 
= + ът — ab cos C, 


and c? = b? + a? — 2ab cos О. 
Hence 2AD2— с? 2 = 
so that AD = $ У 25° + 2c? — a?. 


Hencealso AD =}$Vb? + сї + 20c cos А. (Art. 164.) 
So also’ 

ВЕ =}V 2c? + 2a3 — bà, and CF = 3 V2a? + 263— сї, 
214. Angles that the median AD makes with the sides, 
If the Z ВАР = В, and / CAD = у, we have 

ашу TDC Sia 
sn AD 2 


oon p 28nC | авс 
n y= а Уай" 


noe Д asin B 
Similarly, рис 
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Again, if the 2 ADC be 0; we have 
sinü АС b, 


sinC AD 
bsin C d ab sinC | 
= Сут a 
The aigles that AD makes with the sides are therefore 
found. 


г. sin @ = 


215; The centroid lies on the line joining the circum- 
centre to the orthocentre, 


Let O and P be the circümcentre and drthocentie 
respectively. Draw OD and 
PK Perpendicular to BC. 

Let AD and OP meet in G; 

The triangles OGD and 
PGA are clearly equiangular. 

. Also, by Art. 200; T 
OD = Roos Á 
ана, by Ан. 209; с 
АР = 2R cos А; 

Hence; by similar triangles, 


The point G ia therefore 0ге the centroid of the triangle, 
me 


OD _ 
ВЕ: 
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The centroid therefore lies on the line joining the 
circumcentre to the orthocentre, and шг) it in the 
ratio 1 : 2. 

It may be shewn by Geometry that the centre of the 
nine-point circle (which passes through the feet of the 
perpendiculars, the middle points of the sides, and the 
middle points of the lines joining the angular points to 
the orthocentre) lies on OP and bisects it. 

The circumcentre, the centroid, the centre of the 
nine-point circle, and the orthocentre therefore all lie on 
& straight line. 

216. Distance between the circumcentre and the ortho- 
centre. 

If OF be perpendicular to AB, we have 

LOAF = 90° = ZAOF = 90° — C. 
Also ZPAL = 90° = С. 
5 20АР = А — LOAF – ZPAL 
= Å = 2 (90° = C) = А + 20 = 180° 
=> Å +26 = (å + B +0) = С-В. 
Also OA = R, and, by Art. 209, 
PA = 2R cos А. 
& OP? = ОА? + РА? = 20А . PA cos ОАР 
= R? + 48: соз? А = 4R? соз A cos (С = B) 
= В: + 4R? cos А [cos A = eos (С = B)] 
= В = ев = B) 
“Art. 72), 
= R3 — 8R? cos A cos B cos C. 


244 TRIGONOMETRY 


*217. To find the distance between the circumcentre and 
the incentre. 


Let O be the circumcentre, and 


OF be perpendicular to AB. 
Let I be the incentre, and ТЕ be E Е 
perpendicular to AC. 
Then, as in the previous article, 4 
LOAF = 90° C, В 


1. LOAI = (ТАР (ОАР 

x C C-B 
=5- (90 ROLL DEO, осн 

Bi 
- Ig Esin snc (Art. 204. Cor.). 
віп — 
2 2 

Л OI? = 043 + AI?— 204 ‚ AI cos OAI 

= B? + 162 sint P sint © — врза P sin С соб = В 


5 5 sin 5608 —,— 
„ 0n „ГВ CONO 
à qw = 1+ 16 1 2 ins 
а QC B 2 Н 
— 8 sin уза S (cos 008 § + sin В sin С) 
1—8si HP s( оон ine i 5) 
= 8 віп z ain = (со 5 3 5 sin 7 
21 Вы sin бов О 
=1-8 sin D sin © sin 4 (Art. 69)......... (1). 
Ь СТОЛИ | 
201-8 E 
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Also (1) may be written T 


OI? = R?— 2Rx 4R sin 2 sin P sin © 
= R? — 2Rr. (Art. 204. Cor.) 


In a similar manner it may be shewn that, if J, be the 
centre of the escribed circle opposite the angle A, we 
shall have 


Ol-R 1+ 8sin 4 cos 2 cos 0, 
and hence Ol = R24 2Rr,. (Art. 207. Cor.) 


Aliter. Let OI be produced to meet the circumcircle of the triangle 
in S and 7, and let A77, meet it in Н. 
By Geometry, we have 
( 


BIIT S AILTHAS serere ыыы. (2). 
But SI.IT -(R 0I) (R -01)- ^ - OT. 
Also £HIO-LIOA +4LIAC=4LICB+4 HAB 
=LICB+LHCB 
=LHCI, 
2 HI=HO=2R бой. (Art. 200) 
Also Meise 
- 2 2 
Substituting in (2), we have 
R -on-oRnr, 
he. On =R*-2Rr. 


Similarly, we can shew that 1; H =1,C, and hence that 
1,0 - P -I,H.1,4—2Br, 
he. 1,0°=R*+2Rr,. 


т..Р.Т(1)—9 
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218. Bisectors of the angles. 

Н AD bisect the angle A and 
divide the base into portions z and AT 
y, we have, by Geometry, 


giving z and y. 


Also, if 8 be thelength of AD and 0 the angleit sakes 
with BC, we hàve 


AABD + ^ ACD = л ABC, 
педа. 1 A4 1 5 
Se gosn g + 36881 = 5 besin 4, 
be sinA Бс A 
3.6, ё Te A bots eese 2). 
2 


Also = 4DAB+B=44 p T 


We thus have the length of the bisector and its 
inclination to BC. 


EXAMPLES. XXXVII. 


НАЛ, Ja, ond 1, be respectively the centros of the incinle and the 
three cscribed circles of а triangle ABC, prove that 


A 
1. Al =r сово 5. 


} e 

& 14.18.10 «cbe tan 4 tan Pun C. 
4 
a Аһ= ошо. 4 П=азе:у, 
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& Lima соко Я. & 11,-1l,-11,=16E%. 
1. 12-48 (+70). А аіл 2+0. 
9. II, ОРСИНИ 


В gf 


10. Area of АҺЫЬ=8 cos 4 оао = - 


1.11, =. 1Һ.1Һ Ih. hl, I 
“Gnd snB sinc 


If I, O, and P be respectively the incentre, circumcentre, and ortho- 
centre, and @ the centroid of the triangle ABC, prove that 


12 10% = R* (3-2 cos А —2 cos В-2 cos С). 
18. IP'-2r!—4R* cos A cos В оов C. 


14 0g - В (oreet) 


1& Ares of AIOP= am in P 2€ in oA un яв. 


16. Area of AIPG c, R sin 20 sin 054 sin 47 P. 


17. Prove that the distance of the centre of the nine-polat circle from 
the angle A is $ УТ 08 A sin Bain С. 
18. DEF is the pedal triangle of АВО; prove that 
(1) its area is 28 cos A cos В cos С, 
(2) the radius of its cireumeircle is P, 
and (3) the radius of its incircle is 2R cos А cos B оов О. 


19. 0,0,0, is the triangle formed by the centres of the eecribed circles 
of the triangle АВС; prove that 


11. —— 


Q ite sides are 4R cos 2, 4R con В, and 4R ооа ©, 


Ат В e 
2 Bus ЕЕ Sue 
(2) He angles ere 3-3: g> 3: алй з 


and (3) its area is 2Ra.- 


248 TRIGONOMETRY } [Exs. XXXVIL] 


20. DEF is the triangle formed by joiníng the pointa of contact of 
the incircle with the sides of the triangle АВС; prove that 


(1) ite sides are 2r cos 1, 2r cos 2, and 2r oos С 


2 2° 
ДЕ А B т С 
Чана 
. 28% . lr 
and (3) ite area is —, te. 225 


21. D, E, and F are tho middle points of the sides of 
АВС; prove that the centroid of the triangle DEF is the same as that of 
ABC, and that its orthocentre is the circumcentre of АВС. 

In any triangle ABC, prove that 

22. The perpendicular from A divides BC into portions which are 


adjacent, angles, and that it divides 


the triangle 


whose cotangent is 5 (cot С ~ cot B). 


24. The distance between the middle 
b? ~ сі 


point of BC and the foot of the 
perpendicular from A is p 
25. O is the orthocentre of a. triangle ABC; prove that the radii of 


the circles circumscribing the triangles BOC, СОА, AOB, and ABO are 
all equal, 


Я » and that the perimeters of the triangles DEF 
and АВС are in the ratio r : R. 


27. Prove that the product of the 
‚ angular pointe of a triangle is 4Rr2, 
28. The triangle DEF circumscribes the 
tziangle АВО; prove that 
EF _ FD _ DE 
acos A bcos В соб" 


distances of the incentre from the 


three escribed circles of the 
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29. If в circle be drawn touching the inscribed and circumscribed 
circles of & triangle and the side BC externally, prove that its radius is 
А А 
tan? 2. 
Fia 
80. If a, b, and c be the radii of three circles which tonch one another 
externally, and r, and r, be the radii of the two circles that can be drawn 
to touch these three, prove that 


81. If Ao be the area of the triangle formed by joining the pointa o£ 
contact of the inscribed circle with the sides of the given triangle. whose 
area is A, and Ду, Ау, and A, the corresponding areas for the escribed 
circles, prove that 

A, +4,+43—49=24. 

32. If the bisectors of the angles of a triangle ABC meet the opposite 
sides.in A’, В’, and C’, prove that the ratio of the areas of the triangles 
A'B'C' and ABC is б 1 

2ві = віп Ваа Aen on Bag es 
арар Quite 02 2 pm 

38. Through the angular points of a triangle are drawn straight 
lines which make the same angle a with the opposite sides of the triangle; 
prove that the area of the triangle formed by {Нет is to the area of the 
original triangle aa 4 cos* a : 1. 

84. Two circles, of radii a and 6, cut each other at an angle 6. Prove 
that the length of the common chord is 

2ab sin 6 
Уаз +245 cos 6 


85. Three equa] circles touch one another; find the radius of the circle 
which touches all three, 


86. Three circles, whose radii are a, b, and c, touch one another 


externally and the tangents at their points of contact meet in a point; 
prove that the distance of this point from either of their pointe of contactis 


ас \% 
a+b+c 
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87. In the sides BC, CA, AB are taken three points A’, В’, С” such that 
Е ВА’: A'C-CE' : FA- AC : C Bom:n; 
prove that if 44’, BB’, and CC’ be joined they will form by their inter- 
sections a triangle whose area is to that of the triangle ABC аа 
(m-n): m?+mn nt. 
38. The circle inscribed in the triangle ABO touches the sides BO, 


CA, and АВ іп the points А,, B. and C; respectively; similarly the circle 
inscribed in the triangle A, B,C} touches the sides in A,, B,, C, respectively, 


and so on; if A, B,C, be the nth triangle so formed, prove that ita angles 
AS å 

т т т т 

gc (4 =5) Pet (3-5). 

т т 
and 0-27" (0-2). 
Hence prove that the triangle so formed is ultimately equilateral, 
89. A, B,C, is the triangle formed by joining the feet of the perpen- 

dieulars drawn from ABC upon the opposite sides; in like manner 


A, B,C, is the triangle obtained by joining the feet of the perpendiculars 
from 41, B,, and C, on the opposite sides, and so on. Find the values of 
the angles 4,, Bp, and C, in the nth of these triangles. 

40. The legs of a tripod are each 10 cm. in length, 
contact with a horizontal table on which the tripod stands form a 


triangle whose sides are 7, 8, and 9 cm. in length. Find the inclination 
of the legs to the horizontal, and the height of the apex. 


„апа their points of 


` а м 


CHAPTER XVI 
ON QUADRILATERALS AND REGULAR POLYGONS 
219. To find the area of a quadrilateral which is 
$necribable in a circle. 
‘Let ABCD be the quadrilateral, the sides being a, b, c, 
and d as marked in the figure. 
The area of the quadrilateral 
= area of ^ ABC-rarea of AADC 
= jabsin B + jcdsinD (Art. 198) 
= } (ab + cd) sin B, - 
since, by Geometry, 
2 В = 180°— ZD, 
and therefore 
sin В = sin D. 


We have to express sin B in 
ternis of the sides. 
We have 
а? + b? — 2ab cos В = АС = с? + d? — 2d cos D. 
But сов D = сов (180° — В) = — cos B. 
Hence 
а? + b? — 2ab cos В = с? + d? + 204 cos В, 
a+b- a-d : 


so that cos B = 2 (ab + 
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` Hence 
type Nes See Gare р 
sin? В = 1 — cos? B = 1 @ (ab + 90) 
_ Q (ab + cd)? — (a? + b$ — cà — a 
4 (ab + cd)? 
_{2(ab-+ed)+(a?+b*—c?—d2)} (2 (ab+cd)— бачна) 
4 (ab + cd)? 
Let ab) (зоа) (ct аана базни зав) 
4 (ab + cd)? 
4(ab 


зоа ЖОК ИНИН; 
4 (ab + cd)? 


Let 
a+b+c+d=2z,. 
во that i : 
a+b+ce—d=(4+b+c+d)—2d=:2(s—d), 
a+b—c+d=2(s—c), 
a—b+c+d=2(s—b), 
and —a+b+c+d=2(s—a). 


Hence 

sin? B = 203—4) x 2(s—c) x 2 (s — b) x 2(s— a) 
4 (ab + cd)? 

so that 


(ab + cd) sin В = 2У(8 а) (s — b) (8 — с) (s — d). 


Hence the area of the quadrilateral 


= { (ab + cd) sin В = Маа) (s = b) (s — с) (8 — d). 
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a? + b? — c3 — а 

2(ab+ed) * 
we have AC? = a? + b? — 2ab cos В 
а2 - 63 — с*— а? 

ab + cd 
(a? +b?) са + ab (c? + d?) 
ab + cd 
_ (ac + bd) (ad + bo) 
ab + cd 
Similarly it could be proved that 
(ab + cd) (ac + bd). 
ad + bc | 

We thus have: the lengths of the diagonals of the 
quadrilateral. 

It follows by multiplication that 

AG? . BD? = (ac + bd, 

i.e. AC.BD = AB.CD + ВС. AD. 

This is a well-known proposition in Geometry. 

Again, the radius of the circle circumscribing the 


220. Since cos В = 


= а 03 — ab 


BD? = 


: 1 AC 
quadrilateral — 2sm В 
(ac + bd) (ad + be) , СЕТ 8—6) (8—6) (8—4) 
ab + cd (ab Д са)? 


Е: Е ) (сс + bd) (ad + bc) 
aN (ёа) (s= b) (s — c) (s— d): 


221. If we have any quadrilateral, not necessarily 
inscribable in a circle, we can express its area іп terms of 
its sides and the sum of any two opposite angles. 
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For let the sum of the two angles В and D be denoted 
9 MORE 


by 2a, and denote the ares of the 
quadrilateral by A. 
Then 
A = area of ABC + area of ACD 
= jab sin В + 1cd sin D, 
80 that B 


b с 


Also 
во that 


а +6 — сї — 03 = 285 698 B — 2ed cos D 2:62). 

Squaring (1) and (2) and adding, we have 

164* + (at + bi — ot = d = aiba + 40243 
— Babed (cos В eos D — sin Basin D) 

= 4261 + 402d? — gabe cos (B + D) 
= 40763 + 40143 — Babed сов 2a 
= 40%? + 404 — Babed (2 Goa а — 1) 
= 4 (ab + cd)! — ibabed cost a, 


80 that / 
164* = 4 (ab + e) — (a b аа фа бод ovata 
But, as in Art, 219,wehave _ “yssen pr 
4 (ab + cd)! — (a? + з — cd фу 
-26-2):2(—0).2(5—6).2 (6 — d) 
= l6 (e — а) (é = b) (s — с) (è 0). : 
Hence (3) becomes 
A" = (a — a) (6 — b) ( — c) (è = d) = abed costa, 
giving the required area. 
Cor. 1; If d be zero, the quadrilateral becomes a 
triangle, and the formula à 


bove becomes that of Art, 198. 
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: Gor. 2. If the sides of the quadrilateral be given in 
length; we know a, 5; с, d and therefore s; ‘Tho area A is 
hence greatest when abcd соз? а ів least, that is when 
cos? а is zero, and then а = 90°. In this case the sum of 
two opposite angles of the quadrilateral is 180° and the 
figure inscribable in a circle; 

The quadrilateral, whose sides are given, has therefore 
the greatest area when it can be inscribed in a circle. 

222. Ex. Find the area of @ quadrilateral which can Bave а circle 
ittecribed in it, 

If the quadrilateral ABCD сай have a circle inscribed in it во as to 
touch the sides AB, BC, CD, and DA in the points Р, Q, Е, and S, we 
ОША have 

АР=А8, ВРЕВО, CQ-CR, ава DR=DS. 
55 АР+ВР+СЕ+08=48+80+09+08, 


he ав+сВ=во+ра, 
he atesbea 
Hence n ВЫ 


г. з-а=е, 8-6 =4, э-2=а, and s—d=b. 
Tho formula of the previous article therefore gives in this case 
A? =abed – = abed cost a —abed sinta, 
{& tlio area required = V/abcd sin & 
If in addition the quadrilateral be also inscribàble in а circle, we have 
2а =180°, во that sid а cain 90°=1. 
Hence the aes of а quadrilateral which can be both inscribed in a 
circle aid circumscribed about another circle la 4/afcd. 


EXAMPLES. XXXVIII. 
1. Find tlie area of @ quadrilateral; which can be inscribed in & 
circle, whose sides are (1) 3, 5,7, ahd 9 em: 
ъа (2) 7, 16, 5, ава 2 ora. 


2. ‘The sides of à quadrilateral are respectively 3, & 5, and ô cm., 
ad the sum of à pair of opposite angles is 120°; prove that the area of 
the quadrilateral is 3 y30 eq. бй, 
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3. The sides of a quadrilateral which can be inscribed in в circle are 
3, 3, 4, and 4 cm. ; find the radii of the incircle and circumcircle. 
4 Prove that the area of ary quadrilateral is one-half the produot of 
the two diagonals and the sine of the angle between them. 
: Б. If а quadrilateral can be inscribed in one circle and circumscribed 


about another circle, proye that its area is V abcd, and that the radius of 
the latter circle is 
2 V ас 


М а+ъ+с+2° 
6. A quadrilateral ABCD is described about в circle; prove that 
A.B Оор 
АВ іп sin 5=CDsin 5 sin. 
T. a, b, c, and d are the sides of в quadrilateral taken in order, and a 


{a the angle between the diagonals opposite to b or d; prove that the area 
of the quadrilateral is 


Tatad) tana. 


8. It, b, с, and d be the sides and z and у the diagonala of а quadri- 
eer 


Е Ln —( + алау. 


[3 Ite quadrilateral can be inscribed in а circle, prove thatthe angie 
between ita diagonals is 
sin! [2 V/(s —a) (s =b) (s —c) (а —d) - (oc +bd)} 
If the same quadrilateral can also be circumscribed about a circle, prove 
that this angle is then 


10. The sides of a quadrilateral are divided in order in the ratio 
т: n, and а new quadrilateral is formed by joining the points of division; 
Prove, thet ita ыза ШШ jhe) sree of tha! originalifigaie aá mi nt to 
(m+n). 

11. If ABCD be в quadrilateral inscribed in a circle, prove that 
B. (а-а) (8—5) 


шас 2а (s -c) (se-d)* 5 
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` and that the product of the segmenta into which one diagonal is divided 
by the other diagonal is 
_abed (ac +64) 
(ab +са) (ad +Ьс)` 
12. If a, b, c, and d be the sides of a quadrilateral, taken in order, 
prove that 
d* =a? +b? +c? – 2а} cos a – 25с cos В —2ca cos у, 
where a, В, and у denote the angles between the sides a and b, b and с, 
and с and a respectively. 


223. Regular Polygons. A regular polygon is a 
polygon which has all its sides equal and all its angles 
equal. 

If the polygon have n angles we have, by Geometry, 
n times its angle + 4 right angles = twice as many right 
angles as the figure has sides = 2n right angles. 


2n — 4 . 2n —4 
= right angles = я 


Hence each angle = x 5 


radians, 


224. Radii of the inscribed and circumscribing circles 
of a regular polygon. 

Let AB, BC, and CD be three successive sides of the 
polygon, and let т be the A 
number of its sides. 

Bisect the angles ABC 
and BCD by the lines BO 
and CO which meet in О, 
and draw OL perpendicular 
to BC. 

It is easily seen that O is the centre of both the 
incircle and the circumcircle of the polygon, and that 
BL equals. LC. 


us '"THIGÜNOMETBY , 


Hence we have OB = OC = Е, the radius of the cir 
cumcircle, and OL = т, the radius of the incircle. 


The angle BOC is E of the sum of all the angle: 
subtended at О by the sides, i.e. 


2 BOC = 4rightangles д o D 
Ч n f^ 
= тайїапз. 
n i 
Hence v | 
2 BOL = 42 ВОС =". ти НО 
If a be a side of the polygon, we have 
a = ВО = 2BL = 2R sin BOL = 2R sin =. 
ET — 5 cosec z ЖА (1). 


225. Area о. a Regular Polygon. 

The area of the polygon is n times the area of the 
triangle BOC. 

Hence the area of the polygon 
= nx }0L.BC = п.ОІ.ВІ = п . BL cot LOB . BL 


ın expression for the area 11 terms of the side. 


— 
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Also the area 
=n. OL. BL =n.OL.OL tan BOL = nr? tan =...(2). 


Again, the area 
=n . OL . BL =n . OB cos LOB . OB sin LOB 


= nR? соз" sin = Ж Rasin 21 Sestsspesseceessee(O)e 
поп 2 n 


The formulae (2) and (3) give the area in terms of the 
radius of the inscribed and circumscribed circles. 


226. Ex. The length of each side of a regular dodecagon is 20 cm.; find 
(1) the radius of its inscribed circle, (2) the radius of its circumscribing 
circle, and (3) its area. 

The angle subtended by & side at the centre of the polygon 

360° 
сер =30°. 
Hence we have 10—r tan 15° = В sin 15% 
J. r=10 cob 15° 
10 
23 (Ane 101) 
—10 (2+ V3) =37.32... em. 
10 2 
ЧЕ 
—10. 4/2 (/3+1) 210 (/6+,/2) 
=10 (2-4495... + 1.4142...) =38:637... cm. 


Also В (Art. 106) 


Again, thearea =12 xr x 10 sq. cm. 
= 1200 (2+ y3) =4478-46... вд. cm. 


EXAMPLES. XXXIX. 

1. Find, correct to -01 of a cm., the longth of the perimeter ofa 
regular decagon which surrounds a circle of radius 12 cm. [tan 18° 
—:32492.] 

2. Find to 3 places of decimals the length of the side of a regular 
polygon of 12 sides which is cireumscribed to а circle of unit radius. 
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3. Find the area of (1) в pentagon, (2) a hexagon, (3) an octagon, 
(4) в decagon and (5) a dodecagon, each being a regular figure of side 
| 1 metre. [cot 18° =3-07768...; cot 36° =1-37638... .] 


4. Find the difference between the areas of a regular octagon and a 
regular hexagon if the perimeter of each is 24 cm. 


5. A square, whose side is 2 cm., haa its corners cut away во as to 
form a regular octagon; find its area. 


6. Compare the arcas and perimeters of octagons which are respect- 
ively inscribed in and circumscribed to a given circle, and shew that the 
areas of the inscribed hexagon and octagon are as 4/27 to 4/32. 


7. Prove that the radius of the circle described about regular 
pentagon is nearly 3áths of tho side of the pentagon. 


8. If an equilateral triangle and a regular hexagon have the same 
perimeter, prove that their areas are as 2:3. 


9. If a regular pentagon and а regular decagon have the same peri- 
meter, prove that their areas are аз 2: 4/5. 


10. Prove that the sum of the radii of the circles, which are respect- 
ively inscribed in and circumscribed about а regular polygon of n sides, is 


ont & remuiar р: 


pee 
590 2л? 


where а is в side of the polygon. 


11. Of two regular polygons of n sides, one circumscribes gnd the 
other is inscribed in a given circle. Prove that the perimeters of the 
circumscribing polygon, the circle, and the inscribed polygon are in 
the ratio 


т 


т 
вес - 
n 


coseo =: 1, 
n 
and that the areas of the polygons are in the ratio coat = el. 


12. Given that the area of в polygon of n sides circumscribed about 
a circle is to the area of the circumscribed polygon of 2n sides as 3:2, 
find n. 


13. Prove that the area of в regular polygon of 2n sides inscribed in в 
circle is a mean proportional between the areas of the regular inscribed 
and circumscribed polygons of n aides. 


(Ex. XXXIX.] REGULAR POLYGONS 261 


14. The area of a regular polygon of n sides inscribed in a circle is to 
that of the same number of sides circumscribing the same circle as 3 is 
to4. Find the value of n. | 


15. The interior angles of в polygon are in А.р.; the least angle is 
120° and the common difference is 5°; find the number of sides. 


16. There are two regular polygons, the number of sides in one being 
double the number in the other, ard an angle of one polygon is to an angle 
of the other as 9 to 8; find the number of sides of each polygon. 


17. Shew that there are eleven pairs of regular polygons such that 
the number of <legrees in the angle of one is to the number in the angle of 
the other as 10 :9. Find the number of sides in each. 

18. The side of в base of a square pyramid is a metres and its vertex 
is at в height of h metres above the centre of the base; if 0 and $ be res- 
pectively the inclinations of any face to the base, and of any two faces 
со one another, prove that 


BEES ЛЕС 
ten б=-- and tan 5= ltz 


19. A pyramid stands on a regular hexagon as base. The perpendi- 
oular from the vertex of the pyramid on the base passes through the 
centre of the hexagon, and its length is equal to that of a side of the base. 
Find the tangent of the angle between the base and any face of the 
pyramid, and also of half the angle between any two side faces. 


20. A regular pyramid has for its base & polygon of п sides, and each 
slant face consists of an isosceles triangle of vertical angle 2a. If the slant 
faces are each inclined at an angle B to the base, and at an angle 2y to 
one another, ehew that 


сов B- tan a cot =, 


and sin y=sec a cos =» 


CHAPTER ХУП 


TRIGONOMETRICAL RATIOS OF SMALL ANGLES, 
AREA OF A CIRCLE. DIP OF THE HORIZON 


227. Ir 0 be the number of radians in any angle, which 
ia less than a right angle, then sin 0, 0, and tan 0 are in 
ascending order of magnitude. 

Let TOP be any angle which is less than a righu 
angle. 

With centre O and any radius OP, 
describe an arc PAP’ meeting OT 
in A. 

Draw PN perpendicular to OA, 
and produce it to meet the arc of the ? 
circle in P’. 

Draw the tangent PT at P to meet 
OA in T, and join TP’ 

The triangles PON and P'ON are 
equal in all respects, so that PN = NP’ and 

атс PA = aro AP’. 

Also the triangles TOP and TOP’ are equal in all 
respects, so that ТР ТР’. 

The straight line PP’ is less than the аго PAP’, so 
that NP is < arc PA. 

We shall assume that the arc PAP’ is less than the 
sum of PT and ТР’, so that arc PA < PT. 

Hence NP, the arc AP, and PT are in ascending 
order of magnitude. 
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Therefore 2t o an вар вто in ascending order 
of magnitude. 
But WE = sin AOP = sin 6, 
aS = number of radians in / AOP = 0 (Art. 21), 
and 23 = tan POT = tan АОР = tan 6. 


Hence sin б, 0, and tan @ are in ascending order of 
magnitude, provided that 
T 
0< 5: 
The assumption made in the previous article may be proved as follows: 
Divide the arc РР’ into в large number, n, of equal parts, and let the 
points of division be A,, Ay, А,,... Ani" 
Let PA, aa TP’ in B,, let A, А, meet it in By, Аз А; in By, ... and 
finally let A4, , A4 , meet it in By ү. 
Since two sides of a triangle are always greater them the third, we have 


PT +TB,>PB,, ќе. >PA,+A4,B,, 
A, B, +B, В, > А, В;, бе >4, A, ALB, 
A,B, +В, В, >4,4, +4; В;, 


An a By в + Вы + Bn > А+ Ав +4n Вы» 
and Aga Вы + ВР 24. aQP. 
Hence, on adding and cancelling like quantities, we have 
PT TB, + BB, B,B,& 4 B, 4P 
>РАЏ+4,4,+А,4,+...+4, P 
ie PT4TP PA EA А, +4, А, +... ФА, aP e(l 
Now let the number, п, of subdivisions be indefinitely increased; the 
right-hand side of (1) becomes ultimately equal to the аге РР’, and we 


thus have 
PT 4 TP' >the aro PP’, 
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228. Since sin ô < 0 < tan 6, we have, by dividing each 


‚ by the positive quantity sin 0, 
| q 
1< ne < al. 
sin Ө ~ cos 0° 


Hence 07 always lies between 1 and a z 
віп б созе 


This holds however small 0 may be. 
Now, when 6 is very small, cos @ is very nearly unity, 
| and the smaller 0 becomes, the more nearly dors созд 
become unity, and hence the more nearly es a 


cos @ 
become unity. 


Hence, when 0 is very small, the quantit E lies 


between 1 and a quantity which differs from uni. y hy 
an indefinitely small quantity. 

In other words, when 0 is made indefinitely small he 
quantity ay and therefore emu. is ultimately « jual 
to unity, i.e. the smaller &n angle becomes the more 
nearly is its sine equal to the number of radians in it. 

This is often shortly expressed thus: 

sin 0 — 0, when 0 is very small. 
Soalso tan@=6, when 0 is very small. 


Cor. Putting 0— z , it follows that, when 6 is indefi- 
litely small, n is indefinitely great. 

sin = н 

Непсе = is unity, when т is indefinitely great. 
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Bon sin = = a, when т is indefinitely great. 


Similarly, n tan = = а, when 7 is indefinitely great. 


229. In the preceding article it must be particularly 
noticed that 0 is the number of radians in the angle 
considered. > \ 

The value of sin a°, when с is small, may be found. 
For, since пе = 180°, we have à 


(ла). 


г. sin @° = sin (fao) ле 


= 180” 
by the result of the previous article. 


230. From the tables it will be seen that the sine of 
an angle and its circular measure agree to 7 places of 
decimals во long as the angle is not greater than 18'.. 
They agree to the 5th place of decimals so long as the 
angle is less than about 2°. 


231. If ө be the number of radians in an angle, which is less than а | 
a 
right angle, then sin 0 i478 -F and сов? 71-5. | 


By Art. 227, we have 
0.0 
=>. 
0.6 9 
"1222985 
н, н ОО 
ence, since sin @=2ein; сово, 


we have tin g> cos, б.е. >o(1-sint3). 
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But since, by Art. 227, 
sin 2 6 
=5<5, 


T) B А e 
-sint->1-(2 -= 
therefore 1- sin! 371 G ‚зе. 1 4° 


E h e 
H 56201-9), ie >0-f, 
Again, вй =1 -2 sin"; 
therefore, since жа?<(Ф), 


we have 1-24 > 1-2 (S » ќе 0621-0, 
From the results of Part П, Arta. 32 and 33, it will follow that 
e pn 


e 
8020-6, and ое 0<1-= +2. 


232. Ex. 1. Find the values of sin 10’ and cos 10’, 


1 wo 
Binoe w=5 =т8056' 


we have sin 10’ =sin (ma) I в 


3-14159265... 
180х6 — 0020089 nearly. 


Also оов 10 — УТ -sin* 10’ 
=[1 --00000846e... 
=1 -} [-000008468...}, 
approximately by the Binomial Theorem, 


Since sin 0 is very nearly equal to 5, б must be nearly equal to 7. 
Lot then 6== +z, where z is small. 


EXAMPLES 


eT т. 
<, -52=віп (§ +2) =sin Z cos зоон 2 sing 


=} cos 2+ VA sin x, 
Since z is very small, we have 
cosz=1 and віп == nearly. 


Е =l, v3 

г. 52655-2 

2 ians= УЗ]. 2° nearly. 
5А 2502 хз radians = 1.8 nearly, 


Hence 9=31° 19' nearly, 
EXAMPLES. XL. 


(т =3-14159265; EUM 1 
Find, to 5 places of decimals, the value of 


1. sin 7’, 2. вт 15”, & віп], 
4. сов 15’. B. cosec 87, 6. sec b^, 
Bolve approximately the equations 
7. sin 9 =-01. 8. sin 9 =.48, 
9. сов 8 +0) =чә 10. ооа 6 —.999 
11. Find approximately the distance at which a coin, which is 1 cm, 
in diameter, must be placed во ag to just hide the moon, the angular 
diameter of the moon, that is the angle its diameter Subtends at the 
observer's eye, being taken to be 30’, 
12. A person walks ina straight line toward a very qi 
Ty distant ob; ес а 
observes that a three points A, В, апа о the ч a Ре 
top of the object 


18. If 0 be the number of radians in an angie which is i= than а 
right angle, prove that Bus 


cod is 1-5 41 


268 TRIGONOMETRY [Ехз. XL] 
14, Prove the theorem of Euler, viz. that Е 


8 6 
sin ó—6 008 5 - сов гу. COB да =... ad inf. 
5 s) te Qo 
[ We have sin @=2 sin 5 сов 5=2* sin 5, сов о, 008 5 


2 sin 6. 
Y 6 6 6 
Hence sin 6=6 . сов. сов 5,. сов z3 xc saint] 
15. Prove tiat 
6 0^ - 
-tan 2 -tant 2 tant i 
(1 ta) (1 tant 5) (1 tant 5) m ad inf. 
=. cot 6. 


233. Area ofa circle. | 
By Art. 225, the area of a regular polygon of л sides 
which is inscribed in a circle of radius R, is 
n . Qa 
3 Е? sin a 
Let now the number of sides of this polygon be inde- 
finitely increased, the polygon always remaining regular. 
It is clear that the perimeter of the polygon must more 
and more approximate to the circumference of the circie- 
Hence, when the number of sides of the polygon 18 
infinitely great, the area of the circle must be the same as 
that of the polygon. 


. т 
sin — = 
ow Пава Па 27 BS 
N zE > 5 Rt "ERO тЁ?. Zr 
т т 


= ok 85, whero 0 = 27 
n 
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When л is made infinitely great, the value of 0 becomes 
sin Ө. 
infinitely small, and then, by Art. 228, TQ B unity. 
The area of the circle therefore = mR? = п times the 


square of its radius. 


234. Area of the sector of a circle. 


Let О be the centre of a circle, AB the bounding arc 
of the sector, and let Z АОВ = a radians. | 
By Geometry, since sectors are to one another as the 
ares on which they stand, we have 
area of sector 40B _ . nr AB 
area of whole circle circumference 
" Ra 


G 
278 wm 
“2. area of sector AOB = = x area of whole circle 


cw 2.) pa 
2, X ТЕ 5-Е „а. 


EXAMPLES. XLI. 


[Assume that т =3:14159..., 2181 and log т= 40716] 
1. Find the area of a circle whose circumference is 74 metres, 


2. The diameter of a circle is 10 em. ; find the area of a sector whose 
arc is 224°, 

3. The area of a certain sector of a circle is 10 ;1 

$ à Square cm.; if the 
redius of the circle be 3 cm., find the angle of the sector. 


Ы The perimeter of а certain Sector of a circle is 10 cm.; if the ` 
Fadius of the cirole be $ cm., find the area of the sector. 


a be Ae Paper, two km. long and -003 of acm. thick, is rolled 
& solid cylinder; find i ї i 
its of the ае approximately the redius of the circular 
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6. A strip of paper, one km. long, is rolled tightly up into & solid 
cylinder, the diameter of whose circular ends is 10 cm. ; find the thick- 
nees of the paper. 

7. Given two concentric circles of radii r and 2r, two parallel tangents 
to the inner circle out off an aro from the outer circle; find its length. 

8 The circumference of = semicircle is divided into two arcs such `“ 
that the chord of one is double that of the other. Prove that the sum of 


the areas of the two segments cut off by these chords is to the area of the 
semicircle as 27 is to 55. 22 : 
[--2. 


9. If each of three circles, of radius a, touch the other two, prove that 


the ares included between them is nearly equal to = a’, 


10. Six equal circles, each of radius a, are placed so that each touches 
two others, their centres being all on the circumference of another circle; 
prove that the area whioh they enclose is 

22! (3 4/3 т). 

11, From the vertex A of a triangle a straight line АХ is drawn 

making an angle 6 with the base and meeting it at D. Prove that the 


area common to the circumscribing circles of the triangles АВР and 
ACD is 


1 (Oty +В - be sin А) совосї б, 
where В and у are the number of radians in the angles B and C respect- 
ively. 

235. Dip of the Horizon. 

Let О be а point at а distance № above the earth’s | 
surface. Draw tangents, such as ОТ 
and OT", to the surface of the earth. 
The ends of all these tangents all 
clearly lie on a circle. This circle is 
called the Offing or Visible Horizon. 
The angle that each of these tangents 
OT makes with a horizontal plane 
РОО is called the Dip of the Horizon. 
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Let т be the radius of the earth, and let B be the 
other end of the diameter through A. 


We then have 
OT? = OC? — CT? = (r + h)? — r? = h (2r + h), 
во that OT — Vh (2r +h). 


This gives an accurate value for ОТ. 

In all practical cases, however, № is very small som- 
pared with r. 

[г = 4000 miles nearly, and № is never greater, and 
generally is very considerably less, than 5 miles.] 

Hence A? is very small compared with hr. 

As a close approximation, we have then 

ОТ =V 2hr. 
The dip =2ZT0Q 
= 90° — 2 СОТ = Z ОСТ, 
OT . V2hr NES 

Also дал OCT es оте е rng 

so that, very approximately, we have 
2007 = |] 2 radians 
=. 180 x к Т 
ЗАМЫ Йылы К ДГ 

236. Ex. Taking the radius of the earth ав 6400 km., find the dip at the 
top of a lighthouse which is 45 metres above the sea, and the distance of the 
offing. 

Here r = 6400 km, and h =45 metres = 
Hence ^ is very small compared with r so that 


-aA 
2x45 
or- 555 x 6300 =V9x64=24 km. 


km. 
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с. f nas | 48 " 
Also the dip = т redians = 6400 72dians 


E x m degrees = 4° 57’ 43” nearly, 


EXAMPLES. XLIL 
[Radius of earth =6400 km.) 

1. Find in degrees, minutes, seconds, the dip of the horizon from 
the top of a mountain 3200 m. high, the earth's radius being 6400 km. 

2. The lamp of a lightho зе `s 50 metres high; how far off can it be 
Seen? 

3. Find the height: a balloon when the dip is 1°, 

Find also the dip when the balloon is 2 km. high. 

4. From the top of them: st ofa ship, which is 20 m. above the sea, 
the light of a lighthouse which is known to be 45 m. high can just be 
seen; prove that its distance ‘r 40 km, 

5, From the top of a mast 20 m. above the sea, the top af the mast 
of another ship can just be seen ata distance of 32 km.; prove that the 
heights of the mast are the same. 

6. From the top of the mast of a ship which is 44 metres above the 
sea-level, the light of a lighthouse can just be seen; after sailing for 15 
minutes the light can just be seen from the deck which is 11 metres 
above the sea-level; prove that the rate of sailing of the ship is nearly 
47-48 km. per hour towards the lighthouse. 


7. Prove that, if the height of the place of observation be n metres, 
the distance that the observer can see is aJ km. nearly. 


8. Find approximately the distance at which the top of the Eiffel 
Tower should be visible, its height being 300 metres. 


CHAPTER XVIII 
INVERSE CIRCULAR FUNCTIONS 


237. Ir sin 0 =a, where a is a known quantity, we 
know, from Art. 82, that 8 is not definitely known. We 
only know that @ is some one of a definite series of 
angles. 


The symbol “51-1” is used to denote the smallest 
angle, whether positive or/negative, that has а for its 
sine, 

The symbol “зт-Ка” is read in words as “sine minus 
one a,” and must be carefully distinguished from uz 
which would be Written, if so desired, in the form 
(sin а)-1, 

It wii therefore be carefully noted that “sin-1 a” is 
an an; le, and denotes the smallest numerical angle 
whose ine is а. 


Бо 'cos-!a" means the smallest numerical angle 
whose cosine is a. Similarly *tan-i a,” “cotta,” « 
800—1 a,” “вес-1 д» “тел a,” 


defined. 
Hence sin-! a and tan-! a (and therefore созес-1 а and 
с5 a) always Це between — 90° and + 90°. 


But соз-1 а (and therefore sec-1 a) always lies between 
0° and 180°. 


co- 
and “coverg-1 a,” are 
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238. The quantities sin-! a, cos-t a, tan-'a,... are 
called Inverse Circular Functions. 

The symbol sin-!a is often, especially in foreign 
mathematical books, written as “are sin а”; similarly 


cos-! а is written “are соз а,” and so for the other in- 
verse ratios. 


239. When a is positive, sin-t a clearly lies between 
0? and 90°; when a is negative, it lies between —90? and 
0°. 

Ех. sin =30°; sint 2 =-60 

When a is positive, there are two angles, one lying 
between 0° and 90° and the other lying between — 90° - 
and 0°, each of which has its cosine equal Фо а. [For - 
example both 30° and — 30° have their cosine equal to : 
$1 In this case we take the smallest positive angle. 


Hence сов-1 a, when a is positive, lies between 0° and 90°. 
So сов-1 a, when a is negative, lies between 90° and 
180°, 
i 1 1 
Ex. cost yan 00671 E 
When a is positive, the angle tan- a lies beti een 0° 
and 90°; when a is negative, it lies between — 90° and 0°. 
Ex. {ап 14/3 =60°; tan-1( —1)— -45°. 
240. Exe. 1. Prove that sini $ —cog-172 чыз 26. 
Let sinisa, so that aes 


5° B 3 
[i -24 
and therefore cos a= -25-5° 
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12 12 
ПЕ pom 
Let cos^ 13 В, во that сов В: B 
144 5 
id. theref in B= So 13 
о" 
216 : 16 12 
Let ч sin 57 80 that sin y=¢5° 
We have then to prove that 
a-B=y, E 
* ie. to shew that sin (a—8)=sin у. 


Now sin (a — В) —sin a cos B — cos a sin В 
3 12 4 5 36-20 160 . 


== у. 


75'13 5'13 65 65 
Hence the relation is proved. 
Ex.2. Prove that — 2toncetandz-t. 


tan i-e so that tan а=}, 


Let 
=i) 1 
and let tan’ 1278, so that tanB=7. 
We have then to shew that 
z 
2а+В=ч. 
2tana 
Now COMES 
2 
gs ud 
18 4 
"rj 
tan 2a+tan В 
Alsc tan (2+8)= оо an B 
3:1 
417 2144 25 , , я 
REUS E E 4" 
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Ex. 3. Prove that 
4tanil tani d m 
239 4” 
Let tan“! ==a, во that tana=t. 


M бапда 2tana 6 6 


725 
10 
12 120 
and ante 3E 119" 
144 
Bo that tan 4a is nearly unity, and 4a therefore nearly 7. 
Let 4а= 7 + tant 2, 
И NEAR 
& поа (F +tan DE (Art. 100 
"^ ЕЛЯ 
1 M. 
= т 
Hence 4tan tan 23973 
Ex. 4. Prove that 
-1 Вы +6 
tanla + tan tan’ I-a 
Let tanla=a, so that tan aza, 
and let tan7! 6 ==В, so that tan 8-6, 
-1/a+b a+b 
Also, let БСЭ" ауа 
We have then to prove that 
а+В=у l 
tana+tan a+b 
Now nem A Tirant y 


80 that tho relation is proved. 
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The above relation is merely the formula 


tanz+tany 
tan (z +y) = —— —— — 
3 (+) l-tanztany" 
expressed in inverse notation. 
For put tan z—a, so that z—tan-!a, 
and tan у=, so that y —tan-! b. 
a+b 
Then ta tab: 
n (2+5) = Sab 
2 Stan 2+5 
г. etystan I-ab' 
ke. tan a-ctan 1 6=tan cub 
l-ab', 
In the above we have T assumed that ab «1, so that E is 


ies between 0° and 90°. 


positive, and therefore бап-1 2 ї= = 


LO is negative, and therefore sccording 


І, however, ab be >1, then р = 


Owe a 2 
to our definition tan i re is a negative angle. Here y is tnerefore a 


1egative angle and, since tan (m + у) —tan у, the formula should be 


tan-1a--tan-15z:g іад 1 CEC, 
1-ab 
Ех. 5. Prove that 
63 1 3 
[199 -1 + =gin-1 2 
cos 65 t2 tan 5 sin 5 
Since 65? = 632—162, we have 
63 16 
125 panel 
cos~ 65 =tan 63° : 65 
3 3 16 
Also, as in Ex. 1, sin“? gan? i 68 И 
We have therefore to shew that 
16 1 3 
pac» zt 3. 
tan o; ^? tan 5 stan77 


ыр.т.]0 
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1 2tan [tant i 
Now tan| 2 tani z|- 


5 
83112 _192+315 50° 3 
6 5 756-80 Wm “P 


16 3 
— а 
ie. tan at? tan’ gute 


Ex. 6. Solve the equation 


зо that 


This value makes the left-ha 
that there is no value of z st 
The value z=2 is a suluti 


nd side of the given equation positive, so 
rictly satisfying the given equation. 

ion of the equation 

yxp 


fani ti tant oo mtani (L7) 
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EXAMPLES. XLIII. 


[The student should verify the results of some of the following examples 
' (eg. Nos. 1—4, 8, 9, 12, 13) by an accurate graph.] 
Prove that 


7T 


а sint Š tsini T = 


13 25 
4 3 4 12 33 
3 НЕ ап-і 2 12 Mine = Cosel 
3. cos^ mam tan i 4. cos ptoom 13 65` 
1-х ltr 
12—2 sin! = Pe) diuisa 
5. cos z—2 sin 0: > =2соз®„/-—»—. 
т_3 = me 
1 1 1 1 пт 
11 ri 1l iia. 
13. tan EAS pitt tem 8^4 
1 Кя 1 
-1- 4n-! — =- —-tan^! ——. 
14. 3 tan riders 2074 tan’ 1985 
1 hus 
tan- - бап — 1 —=-. 
15. 4 tan tan qo ies 9974 
1 5 т т-п_ях 
1 40 a2, „ {ап-%1°°—-{ап-1- = 
16. tan jg 2871 т 17. tan tan a4 
18. eens cee t ein t being positive, 
а 1-37” 


1 31-8 145 
if Sv Ld 24/3, and =я ап зай > уз and «4/8. 
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Prove that 


19. 0) аа ЛЕЕВ 
bc ‚са 
Tian! наа 


20. coti @+1 og abot] со-1 241 
a-b b-c c-a 


21. tan“! n + соі (n4-1)— stan (n? n +1). 


22. cos cos (2 tan 9) =sin (s tan“ 3) 5 


28. 2tan-1| tan (45? — a) tang pom ЕЕ А 
1+sin 2a cos B 
24. tan-! z —2 4801 [cosec mu =- m со 71 z]. 


=0. 


25. 2 tan™i| tan 2 tan G - Је meet. 
a 
26. Shew that 
1 [azz aim NE М a-z 
005—1 PETS acp coti ER 
2708-9) 276-9560). 
=- 1 
5 sin 


27. If cos-1 = gto i-o prove that 


Bolve the equations 

28. tan- Va Угай 
Vir .Vi-z 

29. tan-l 2-4 tan-137—7 


4 3 
їс 122 
Боов: 5 


3i. tan™ (2+1) +06 (2 —1) ы 


32. tan™ (2 +1)+tan (= = toot д. 
38. 2 tan-i 1 (cos ж) = —tan-^ (2 coseo х). 


1 ГЕ 2 
34. tani r42 c Iz-gm. 35. tan cos-1z— gin cot-1 l, 


LExs. XLIIL| INVERSE CIRCULAR FUNCTIONS 
36. cot-1z—cot-! (2+2) =15°, 


2-1 2r lr 
37. 6031 — — ee et 
FoF ali ay а 
38. 0071 x + cot— (n? -z- 1) —cot-1 (т — 1). 
39. зш-1х+вш-12д=7, 40. айш-ї9®+зш-119_т 
3 = = 2^ 


41. tan-17 + tan 3 tant апат, 
т = = z 2 


42. 01715 — segt F =seo-1 b -sela 


48. cosec-! = совес-1 а + созес-1 b, 
1-а? 1-52 
вая — сов 

44. 2 tan^! z—cos^ ina? cos~ IFE 

Draw the graphs of 

45. siniz, [N.B. If y—sin-!z, then z=sin y and the graph bears 
the same relation to OY that the curve in Art. 62 bears to OX.) 

48. cos“! =. 47. tan x, 48. cot-!z, 

49. созес-1 =. 50. sect 2, 

51. By obtaining the intersections of the graphs of јап г and 2z, 
shew that the least positive solution of the equation tan-! 2z —z is the 
circular measure of an angle of approximately 67°. 


52. By means of graphs, shew that the solutions of the equations 


" 1 

(1) sinz =” 
(2) sinz=2 2, 
and (3) cos z—2? ; 
are respectively the circular measures of angles of 178°, 109°, and 47° 
approximately, 

58, By using the tables at the end of this book, shew that nearer 
approximat’ ‘ns to the results of the previous example are the circular 
measures of angles of 178° 13’, 108° 36’ and 47° 13’ respectively. 


CHAPTER XIX 
ON SOME SIMPLE TRIGONOMETRICAL SERIES 


241. To find the sum of the sines of a series of angles, 
the angles being in arithmetical progression. 
Let the angles be 


а, а + B, а + 2B, .....- fa + (n — 1) 8}. 
Let 


S= sina + sin (а + B) + sin (а + 28) +... 


+ sin (a + (a — 1) В}- 
By Art. 97 we have - 


2 sin a sin — cos (a — 5) — cos +5), 
2 sin (а + В) sin — cos (a + 8) — cos (a + ЭЁ), 


2 sin (в + 26) sin eo (a + 3P) — oos (a +) 


2sin {a + (n — 2) В} sin 8 = cos t ns С -$) e} 


and = oos fa + ( -3)P 


sin {а + (n — 1) B) sin § = cos fæ + ( – 3) 


— cos |а + (®—$ 8} 
By adding together these n lines, we have 


250.5 — cos ( —§) -eos + (n—2)ah, 
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the other terms on the right-hand sides cancelling one 
another. 


Suas by Art. 94, we have 


misc nmo fe + 27) ae 


a Nac cete) a) ett 


"T 
Ex. By putting 8—2a, we havo 
sin a -- sin За +віп ба+.. ++ +sin (2n-l)a 


ва {а+(п-— Па} вп па _ sin? na 
sina “ша” 


242. To find the sum of the cosines of a series of angles 
the angles being in arithmetical progression. 
Let the angles be 


а, а + В, а + 2В,... + (n — 1) В. 
Let 


8 = cos a + cos (æ + В) + cos (а + 28) +... 
+ cos {а + (n — 1) В}. 
By Art. 97, we have 


2 cos a sin § = sin (a +8) — sin ( -£. 
2 сов (а + B) sin — sin (а + $) — sin a+ĝ), 
2 cos (e + 28) sin = sin (a + ЭЁ) — sin ( («+%), 


ТТТ Poo ТТА treten entente 


Zoos {a + (n — 2)8) in = sin {a + ( –3)8| 


2 


-safes =i), 
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and 


2 cos {e + (n — 1) B} sin § = sin fa + ( -5) 8] 


~sin {a + ( -8)8- 


By adding together these n lines, we have 
28 x sin — sin les (2—3) 2} — sin 4-1. 


the other terms on the ri 
another, 


Hence, by Art. 94, we have 


28 x fing = Boos fa ый 


te. 8= cos fa £ ST в) LE 


ght-hand sides cancelling one 


2 
243. Both the expressions for S in Arts. 241 and 242 


vanish when sin i is zero, i.e, when a is equal to any 
multiple of л, 


i.e. when ae = рп, 


where p is any integer, 
: 2m 
t.e, when = р.—. 
ВЕРЕ. 
Hence the sum of the sines (or cosines) of n angles, 
which are in arithmetical Progression, vanishes when the 


common difference of the angles is any multiple of a : 
Exs. cos a +008 (+22) + 008 +=). +. ton terms —0, 
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: 4л - 8z* 
and sin a sin a+- )+sin РЕ eo ton terms —0. 


244. Ex.1. Find the sum of 
Sin a —sin (a 4-3) - sin (a 4-28) — ... to n terms. 
We have, by Art. 73, 
sin (a +3+ л) = -rfin (а+В), 
sin (a -- 28 + 2л) —sin (a4 28), 
sin (a-- 3337) = — sin (a+33), 


Hence the serie 
=sin а sin (a +B+7)+sin (a--2 (3--5)) 
*sin (a3 (З+т)} +... 
> b; 2 
= FS у Art. 241, 
awe} 
Е -1 ч + 
5їп = (8+5) sin Е 
Я 
[ 
cos 5 
Ex. 2. Find the sum of the series 
cos" а 4- cos? 2а + cos? Ja +... to n terms. 


By Art. 107, we have 
cos За —4 cos? а – 3 cos a, 
во that 4 cos* a =3 cos а 4 соз За. 
Бо 4 cos? 2a —3 cos 2a + cos 6a, 
4 cos? За —3 cos За + cos 9a, 


Hence, if S be the given series, we have 
45 =(3 cos а + cos За) + (3 соз 2a + cos ба) + (3 cos За + cos Эа) +... 
=3 (cos а + с05 2a + сов За +...) + (cos За + cos ба + cos 9a +) 
-1 - s 
вова". a} віп 12 сов Sp за) sin * За 
3 2 2 2 
—_—_— 


= + 
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In a similar manner we can obtain the sum of the cubes of the sines 
of в series of angles in А.Р. 
Since 
2sin* а=1 – сов 2a, and 2 cos! а=1 +сов 2a, 
we can similarly obtain the sum of the squares, 
Since again 8 sint a=2 [1 — соз 2а]? 
=2 —4 cos 2a +2 cos? 2а=3 —4 cos 2a +- сов 4a, 
we can obtain the sum of the 4th Powers of the eines, Similarly for the 
cosines, 
Ex. 3. Sum to n terms th. series 
cos a sin В +08 Зав, 
Let 8 denote the e-rieg, 
Then 


28 = (sin (a-- 8) - sin la- 


- 28 + оов 5a віп 38+... to n terms. 


B)}+ (sin (За +28) – sin (3a — 28)) 
+{sin (5a +38) — sin (ба — 38) +... 
=(sin (a +8) --sin (3a + 2 


В) sin (ба +38) +... ton terms} 
~ {sin (a — 8) + sir, (За — 28) + sin (ба —38) +... to n terms} 


Eu (8*1 рав) sin 4228 


а 
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Ex.4. 4,4,...4, is a regular polygon of n sides inscribed in a circle, 
«chose centre is О, and P is any point on the arc A, A, such that the angle 
POA, is 9; find the sum of the lengths of the lines joining P to the angular 
points of the polygon. 

Each of the angles А, ОА„, 4,043... 4,04, ia 27, so that the angles 
POA,, POA,, ... are respectively 

6, 8+, B+ ance 

Hence, if r be the radius of the circle, we have 

ө 


— POA, в 
РА, =2г sin 2 =2r sin 2, 


7 
PA,=2r sin Tod: — 2r sin (+2): 


. РОА; 
PA,=?r sin 3 


Hence the required sum Y 


EXAMPLES. XLIV. 


Bum the series: 
4. cos б + сов 30 + cos 50+... to n terms. 


7. 
3. cos 4.4 006 24 + сов +... to п terme 
Prove that 
sin a un 2a +віп За +... +8in na n+l 
з =tan -5 
006 a +026 24 +... +003 па = 2 + 
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_ Prove that 
„ Bina-rsin 3a+sin ба +.. кы (аА) ау ы, кеу 
сов a+cos За + сов Ба +... + сов (2n — 1) a 
sin a —вїп (а + B) -- sin (a+28)+... to n terms 
сов a — cos (a + B) + сов (a+28)+... to n terms 


Stan [esa 


, Bum the fcllowing series: 


T 3T br 

= ч Sly +... fo п terms. 
pas 06 rag Gores + 
T. cos a — сов (a + B) + сов (a+28)—... to 2n terms. 

n-4 .n-6 
i in —— —, 6+... te 

8. sin 6+ sin оба. 0+ to n terms, 
9. cos z + вїп 32+ сов 5z --sin 72+... --вїп (4n — 1) z, 
10. sin a віп 2а +sin 2a sin За +sin 3a sin 4a +... 


to п terms, 
11. cos a sin 2а +sin 2a оов За + cos За sin 4а 


+sin 4a cos ба +... to 2n terms. 
12. віп a ein За +віп 2a sin 4a +sin Ja sin 5a +... to n terms. 


12. €08 a cos B + сов Ja сов 28 + cos ба cos 38 +... to n terma, 
14. віп? а - sin? 2a +-вїпї За +... to n terms, А 

sin? Ө +віл? (8 +a) +віп? (0 +2а)-+.... ton terms. 
16. віп? а +віпа 2а +803 3a +... to n terms. 
17. sin* a sin* 2а +sint 3a +... to n terms. 
18. cost а + cos! 2a + сов% За + 
19. cos @ сов 20 cos 30 + сов 20 cos 36 cos 40+... 
20. sin а sin (а +8) — sin (a +8) sin (a +28) +... 
21. From the sum of the series 


+++ to n terms, 


to n terms. 
to 2n terma. 


sin а +віп 2a+sin За +... to n terms, 
E а very small) the sum of the seriea 
1+2+3+..+л. 
22. From the result of the example of Art. 241 deduce the sum of 
1+3+5+... ton terms, 


deduce (by makin, 


28. If «=, 
prove that 


2 (сов а + cos 2a + сов 4a + cos Ва) 


and 2 (cos За + сов Ба + сов ва + cos Ta) 
are the roota of the equation 


21+2-4=0. 


„= ——— 
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24. ABCD... is a regular polygon of n sides which is inscribed in a 
circle, whose centre is O and whose radius is т, and P is any point on the 
arc AB such that POA is Ё Prove that 

PA.PB+PA.PC+PA.PD+...+PB.PC+... 


=r? | 2 cos? (2-2) cogec? > a] 


25. Two regular polygons, each of z sides, are circumscribed to and 
inscribed in a given circle. If an angular point of one of them be joined 
to each of the angular points of the other, then the sum of the squares of 
the straight lines so drawn is to the sum of the areas of the polygons as 

j U 2m 
2; віп PD 

26. A,, А», -- Азпут ате the angular points of а regular polygon in- 
scribed in a circle, and O is any point on the circumference between 4, 
and 4,11; prove that 

OA, OA; +... +OAgn 1 =OA2+OA, +... +OAan. 


27. If perpendiculars be drawn on the sides of a regular polygon of n 
sides from any point on the inscribed circle whose radius is a, prove that 


2y(2y- 25 (2)= 
E 5) (©) =3x%and a^ (а =5. 


CHAPTER XX 
ELIMINATION 


245. Ir sometimes happens that we have two equa- 
tions each containing one unknown quantity. In this 
case there must clearly be a relation between the 
constants of the equations in order that, the same 
value of the unknown quantity may satisfy both. For 
example, suppose we knew that an unknown quantity 
22 satisfied both of the equations 


ах +5 = 0 and ca? +dr+e=0, 
From the first equation, we have 


ж=—- 


and this satisfies the second, if 


by? b 
NE AC ya co 
d.e. if b*?c — abd + ate = 0. 


This latter equation is the result of eliminating 2 


between the abóve two equations, and is often called 
their eliminant. 


246. Again, suppose we knew that an angle @ satisfied 
both of the equations 


E sin? 0 = b, and сов? 0 = c, 


4 


80 that sin 0 = b}, and cos 0 = ch, 


———— 
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Now we always have, for all values of 6, 
sin? 0 + cos? @ = 1, 
во that іп this case 5+0 = 1. 
This is the result of eliminating 9 


247. Between any two equations involving one ua- 
known quantity we can, in theory, always eliminate 
that quantity. In practice, a considerable amount of, 
artifice and ingenuity is often required in seemingly 
simple cases. 

So, between any three equations involving two un- 
known quantities, we can theoretically eliminate both 
of the unknown quantities. 


948. Some examples of elimination are appended, 


Ex. 1. Eliminate 0 from the equations 
a сов д +b sin д=с, 
ond d cos Ó +e sin 6=f. 
Solving for cos б and sin by cross multiplication, or otherwise, we 


pes cos 9 sind _ 1 
с cd—af 4-а" 
‚з pelt + (са - af? 
es 100 8 +8in? 0= — ng-a = , 


зо that (bf се + (cd - af! = (bd ве}. 
Ex. 2, Eliminate 0 between 
dard y aca 
œs si 
ax sin 6 by COD у а 2 
and oto tant orae toe (2). 


From (2) we have ar ыг? = = by со? 6. 
. ea? СЕКЕТ ЕЕ) 1. 
` =a (n Мы += Ууу} (az) 
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| I _ Vbi: a 
Brass m6 д" 
1 Мое 
and т (az) d 


so that (1) becomes л i 
а-у + (az) [= a -wf 
=V (by) + (ax) ((a2)3 + (by)3} 
={(az)3 +(y)3}8, 
As (az)5 + (ву) = (a? -88)3, 
The student who shall afterwards become acquainted with Analytical 


Geometry will find that the above is the solution of an important problem 
concerning normals to an ellipse. 


Ex. 3. Eliminate 8 from the equations 


= сов 6 S sin 6—cos 20 
a b 


т 1 (1), 
ата = sin 9+7 cos Ө=9 sin 20 ..................... (2). 
Multiplying (1) by cos 6, (2) by sin 0, and adding, we have 
= =соз Ø cos 26 +2 sin 0 sin 20 
=cos 0+ віп Ө sin 20—cos 0+2 sin? 6 сов 6 түш (3). 


Multiplying (2) by cos 6, (1) by sin 6, and subtracting, we have 


$72 sin 20 cos 6 — сов 26 sin б 


=sin 20 cos 0 +sin 


9 =в 0+2 ain 6 cos? 6............(4). 
Adding (3) and (4), we have 


Lie ДЕ 
atgm (in 6+cos 6) [1 +2 sin 9 cos 6] 
=(sin 0 + cos 6) [sint Ө ++ cos? 9+2 sin Ø cos 6] 
= (в 0+ cos 6), 
во that віп 9+ cos e- (1+7) 


ноне (5) 
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Subtracting (4) from (3), we have 
5-4 =(cos 8 — sin 6) (1 — 2 sin д cos 6) 
=(cos ĝ – зіп 6), 


8 $ 
so that cos Ө—вїп в=(=-1 Meus med (9. 


Squaring and adding (5) and (6), we have 
_(242)8, (= 
2 (==) +(-%) 


EXAMPLES. XLV. 


Eliminate 6 from the equations 
1. асов 0 +b sin д=с, and b cos ĝ —а sin 0-24. 
2. z—a cos (8-a), and у = cos (0— 8). 
3. a cos 20 =6 ein 6, and csin 20—d cos б. 


4a авіпа -Ь соза=20 віп 0, and asin 2а— b oos 20 =а. 


= in? 6 cosàO 1 
in d= =V zy, BOUE arr 
Б. zein 8— y cos б +y°, and a tg wer 


соз @ 


ysin 9 _ 
6. а ead 
and z sin @- y cos 0 — V a? sin? 8 +b? cos? 6, 


T. віп Ó — cos 0=p, and cosec @ —sin д =9. 

8. z—a cos Ó--b cos 20, and y=a sin 9 +b sin 26. 

9. If m —cosec 6 — sin 6, and n=sec 6 – соз 6, 
prove that тй +13 (тп) 8. 

10. Prove that the result of eliminating 6 from the equations 
z cos (0 +а) +y sin (8-- a) —a sin 26, 

and y cos (6 +a) -z віп (B +a)=2a oos 26, 
is (2 cos a +y sin а) + (z sin a у оов 0) =(2a)8 
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Eliminate 6 and ¢ from the equations = 
11. sin @+sing=a, oos 0 +008 ф-Ь, and &- $a. 
12 tand+tang=z, cot é+cotg=y, and 6+ф=а. 
13. а cos? 6+0 sin? 6-с, b сов? ф+а sin! ¢=d, 
and a tan 6=6 tan ф. 


14 cos 6 +соз ф=а, cot A+cotp=b, and cosec 6 + cosec ф = 


15, asiné=bsing, а сов 0+ 008 óc, and z—y tan(6+¢) 


16. 2 oos д +¥ sin б=1, 2o d Tin fal, 
and c! in sin $ +24 oca во $c. 


| 
| 
| 
| 


‚ CHAPTER XXI 
PROJECTIONS 


249. Тт PQ be any straight line, and from its ends, 
P and Q, let perpendiculars be drawn to a fixed straight 
line OA. Then ММ is called the projection of PQ on OA. 


If ММ be in the same direction as OA, it is positive 
if in the opposite direction, it is negative. 

250. If 0-be the angle between any straight line PQ and 
a fixed line OA, the projection of PQ on ОА is PQ cos б. 

Whatever be the direction of PQ draw, through P 
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a straight line PL parallel to OA and let it and QN, both 
produced if necessary, meet іп В. 

Then, in each figure, the angle LPQ or the angle AUQ 
is equal to 6. : 

Also MN = PR = PQ соз ГРО = PQ cos 9, 
by the definitions of Art; 50. 

Similarly, the projection of PQ on aline perpendicular 
to ОА`= RQ 

= PQ sin LPQ = PQ sin Ө. 

The projections of any line PQ on a line to which 
PQisinclined at апуалЕ]е 0, andona perpendicular 
line, are therefore PQ cos @ and PQ sin. 

251. We might therefore, in Art, 50, have defined 
the cosine as the ratio to OP of the projection of OP on 
the initial line, and, similarly, the sine as the ratio to 
OP of the projection of OP on a line perpendicular to 
the initial line 


This-method of looking upon the definition of the 
cosine and sine is often useful. 


252. The projection of PQ upon the fixed line OA is 
equal to the sum of the projections on OA of any broken 
line beginning at P and ending at О. 

Let PEFGQ be any broken line joining P and Q. 
Draw PM, QN, ER, FS, and GT perpendicular to OA. 

Е 
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The projection of PE is MR and is positive. 
The projection of ЕР is RS and is negative. 
The projection of FG is ST and is positive, 
The projection of GQ is TN and is negative, 
The sum of the projections of the broken line PEFGQ 


therefore = MR+RS487 4 TN 
= UR-SR+ST_ NT 
=MS+SN 
= ММ. =f 

A similar proof will hold whatever be the Positions of 
P and 0, and however broken the lines joining them 
may be. 

Cor. The sum of the projections of any broken line, 
joining P to Q, is ‘equal to the sum of the projections of 
any other broken line joining the same two Points; for 
each sum is equal to the projection of the straightline ГО. 

253. General Proofs, by Projections, of the Addition 
and Subtraction Theorems. 

Let AOB be the angle A and BOC the angle В: Оп 
OC, the bounding line of the angle A + B, take any point 
P, and draw PN Perpendicular to OB and produce it to 
meet OA in L. 

о 


Z 


о 


L A cg XT A 
Then Z ALP = 2 LNO + / АОВ = 90° +A, 
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(i) To prove cos (А + B) = cos А cos B — sin A sin B 
OP .cos (A + B) = OP . cos AOP 
= projection of OP сп ОА 


(Art. 250) 
= projection of ON on OA + projection of NP on OA 

(Art. 252) 
= ON cos AON + NP cos ALP (Art. 250) 


= OP cos B.cos A + OP sin В. cos (90° + А) 
OP [cos A cos В — sin A sin В], (Art. 70). 
Hence the result (i), on division by OP. ] 
(ii) To prove sin (A + B) = sin A cos B + сов A sin B. . 
ОР.аір (4 + В) = ОР sin AOP 


rpendicular to ОА (Art. 250) 

= ет of the Projecti ON, NP on the perpen- 

OA (Art. 252) 

TON sin A + NP sin ALP (Art. 250) 
= OP cos В. sin д 


ч + OP sin B. sin (90° + 4) (Art. 250) 
7 OP [sin A cos В + cos A sin (Art. 70). 
Hence the result (ii), 
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254. In the case of the subtraction theorem, let АОВ 
be the angle A, and let the angle BOC be equal to B 
described negatively, so that АОС is the angle A — В; 
also OC is inclined to OB at an angle which, with the 
proper sign prefixed, is — В. - 
In OC, the bounding line of the angle we are con- 
sidering, take any point P; draw РМ Perpendicular to 
OB and produce it to meet OA in L, 


A 


`@) То prove cos (А — B) = cos A cos В + sin A sin B. 
ОР. cos (A — B) = OP . cos АОС 


= projection of OP on OA (Art. 250) 
= projection of ON ов OA + projection of NP on OA 

ee um д (Art. 252) 
= ON cos A + NP cos (90° + A) (Art. 250) 
= — В). A + OP sin (— B) . оов (90° + A) 

OP cos (— B). cos ар 
= OP оов В оов A + OP (— віп В) (— sin A) (Arta. 68, 70) 
= OP [cos A cos В + sin A sin B). 


" Hence cos (A — В) = cos А cos В + sin A sin B. 
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(ii) To prove sin (A — В) = sin A cos B — cos A sin В. 
OP .sin(A—B)=OP sin AOC 
= projection of OP on a perpendicular toOA (Art. 250) 


=sum of the projections of ON, NP on the perpen- 
dicular to OA 


(Art. 252) 
= ON sin A + NP sin (90° + A) (Art. 250) 
= OP cos (— B) . sin A + OP sin (— B).sin(90?-- A) | 

(Art. 250) 


= OP cos B sin A — OP sin B cos A, (Arts. 68, 70). 
-. sin (4 — B) — sin A cos B — cos A sin B. 
"These proofs hold whatever be the positions of the 


bounding lines OB and OC, as, for example, in the sub- 
joined figure. 
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MISCELLANEOUS EXAMPLES, 


1. Shew that if an angle a be divided into two parts, so that the 
ratio of the tangents of the parts їз А, the difference x between the parta 
is given by 3 1 
sin z=——,, sina. 


Acl 
2. If tan (т соз 6) =со (т sin 6), prove that 


T 1 
cos (0-3) = +578 


3. In any triangle A BOy shew that 


| vade Teen ene 
= =, and — = гі = 

А 4 с ИИ 

tan S ttan © 1-tan с tan 


4, An aeroplane is travelling east with a constant velocity of 180 
km. per hour at а constant height above the ground. At a certain time 
а man observes it due north of him at an angle of elevation of 9? 30'. 
At the end of one minute he sees it in à direction 62° east of north. At 
what height is the aeroplane travelling, and what is the angle of eleva- 
tion at which the man secs it in the second observed position? 

5, If the sides of a triangle are 51, 35 and 26 cm., find the sides of 
a triangle, on а base of 41 cm., which shall have the same area and 


perimeter as the first. 
6. Prove that 
ul 
віп cot-! cos tan! z= 2 
7. Eliminate 6 from the equations 
sin(@+a)=a, cos? (0 +8)=b. 
8. Shew that, whatever be the value of б, the expression 
a sin? 8 +b sin 9 cos Ó +c соз? @ 
lies between 


ate lice ate lyera. 
3 *g Vb +(a=c and — -5 VE cJ 


= 
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9. If НО 


SD 
shew that me 


and, by means of the tables, solve the ADS when £=3 and А=50". 
10. Express 
T 2m 
tan @+{ап (0+7) +tan (3 
in terms of tan 36. 
Hence, or otherwise, solve the equation 
tan бча (047) +tan (0.27 28. 
3 A B [^] 

11. In a triangle АБО, if tan gan Br ond tan 5 ore in arithmetic 
progression, then cos A, cos B, and cos are also in arithmetic pro- 
gression. 

12. A man standing on the sea shore observes two buoys in the 
same direction, the line through them making an angle a with the shore. 
He then walks along the shure a distance a, when ne finds the buoys 
subtend an angle a at his eye; and on walking a further distance b he 
finds that they again subtend an angle a at his eye. Shew that the 
distance between the buoys is (4+5) вес ac cosa, assuming 
‘the shore to be straight, and neglecting the height of the man's eye 
above the sea. 

18. The bisectors of the angles of а triangle ABO meet its circum- 
circle in the points D, E, .F respectively. Shew that the area of the 
triangle DEF is to that of ABC as R : 2r. 


14 The |alternste angles of a regular pentagon are joined forming 
another regular pentagon; find the ratio of the areas of the two pen- 


ф-@1 30°. 
16 If т? ът? 42mm’ сов 6=1, 
n! 5 -2nn' cos 0=1, 
and ЕЕ 6=0, 
2 4 LES 9. 
prove that mien 


= 
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17. If x be real, prove that 


ned за 
х®-2хсоза+1 |. P 2 


=—+—— lies between ——= and =. 
2-25 t 
z cosg +l ES 28 "m 


18. Prove that the area of о circle exceeds the area of a regular polygon 
of n sides and of equa! perimeter in the ratio of 


tan 7 
"a 
sin (2a-6). d 
19. Jf SAT =] +z, where 2 is very small, shew that 
cos 6 zl а z tan* a, approximately. 
cosa 2 
20. If 2а=а+В+у+8, 


prove that соз (т —a) соз (т — 8) соз (т – y) cos (c — 8) 
+sin (g — а) sin (c — В) sin (c — y) sin (т —8) 
=cos a cos В cos у cos д +віп a sin 8 sin y sin. _ 

21. Solve completely the equations: 

(i) tan a tan (8 — u) tan В tan (0 -8-ta B=? (tan a — tan 8), 
and (ii) sin 30 =4 sin 8 sin 20 sin 48. 

22. OA isa crank 2 metres long which rotates about О; AB isa con- 
necting rod-to B which moves on a straight line passing through О. 
Find the angles that the crank OA makes with OB when B has des- 
cribed respectively }, $, and { of its total travel from its extreme 
position, the length of AB being 5 metres. 

23. From the top of acliff, 200 metres high, two ships are observed at 
sea. The angle of depression of the one is 9°10’ and it is seen in a 
direction 30° north of east;. the angle of depression of the other is 
7° 30’ and it is seen in a direction 25° south of east. What is the distance 
between the ships, and what is the bearing of the one as seen from the 
other? 


24. Shew that the radius of the circle, passing through the centre 
of the inscribed circle of a triangle and any two of the centres of the 
escribed circles, is equal to the diameter of the circumscribed circle af 
the triangle. 
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25. If tan (5) ete (743), 
" у 3+sin? z 
prove that sin y=sin x 1382 z’ 
26. Prove that 


sin B sin у cos? a sin (8 — у) + two similar expressions 
= -sin (8 — y) sin (y — a) sin (а - B). 

27. The legs of a pair of compasses are each 7 cm. long, and the 
pencil leg has a joint at 4 cm. from the common end of the two legs. 
The compasses are used to describe a circle of radius 4 cm., and 
pencil leg is bent at the joint so that the pencil is perpe: 
paper. Shew that the angles of inclination of the twi 
are 19° 5’ and 25? 20’ approximately. 


the 
ndicular to the 
o legs to the vertical 


28. A tower stands in a field, whose shape is that of an equilateral 
triangle and whose side is 80 metres. It subtends angles at the three 
corners whose tangents are respectively /3+1, М2, 42. Find its 
height. А 


29. Two circles of radii "n 


and 7, cut at an angle a; shew thct the 
&rea common to them ig 


2,2) tan-1_72 SiN a 
e qs 71 +7» cos а 
30. Find the simplest values of 


+r2a—r,7, sin а. 


VIrz-1 1 2 1 1- 
tan-1.—— — — —, and tan (= віц-1 22 , 1 ЕК 
а a Gein Iata ү 


31. Eliminate a and В from the equations 
sin a+sin В=1, 
А cos a +cos 8 = т, 
чэч i AEN 
and o tingtang=m 
82. Find, by drawing grapns, how many zeal roota of the equation 
23 tan z—1 lie between 0 and 27. 


——— — 
38. Shew that. ` 


сов 2a —2 sin? B +4 cos (a + B) sin a sin В+с03 2 (a 4-8). 


Bu б И? 5т 1 
34. Prove that En 8n, Eni cg. 


| 
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35. Solve the equations 
УЗ sin 24 =sin 2B, 
|. УЗ віш? A +sin? B=} (V3-1). 
| ; 86. If the tangents of the angles of a triangle are in arithmetic рго- 
gression, prove that the squares of the sides are in the ratio 
| z? (z? +9) : (3+22)?: 9 (1 +22), 
| where z is the least or greatest tangent. 


37. A, B, С are three points on a horizontal plane in the same 
straight line, 4B being 100 metres and BC 150 metres. The angles of 
elevation of a balloon observed simultaneously from A, B, C are a, В, 
| y. Shew that the height л of the balloon in metres is given by D 
| ‚ № (3 cot? «+2 cot? y — 5 cot? В) =75,000, 
38. If p, 4, г are the perpendiculars from the vertices of a triangle 
upon any straight line meeting the sides externally in D, E, К, prove 
that gh(p-g)(p-r) +b? (q-r) (=P) c (r-2) (r9) 445, 
| where.A is the area of the triangle. 
p 2p 
Г (р-9)(р-т)` 
89. The length of the side of a regular polygon of п sides is 27, and 
| the areas of the polygon and of the inscribed and circumscribed circles 
are A, Ау, and 4; prove that 
З А„-Аү=тЁ and п?РА, = rA? 
40. Prove that in the triangle whose sides are 31, 56, and 64, one of 
the angles differs from a right angle by rather less than & minute of 


| ‘Prove also that EF 


angle. 
41. Shew that 
: 1+віл А, cosB _ 2sinA-2sinB 
cos A "l-sin B sin(A—B)+cos A- cos B^ 
42. Prove that 


(14sec 26) (1+sec 40) (1 +вес 86) ... (1 +зес 276) = (ап 274 . cot 0, 

43. If the sides of a triangle are in arithmetic progression, and if its 
greatest angle exceeds the least angle by a, shew that the sides are in the 
l-cosa 


тайо1-=:1: = 2————. 
T:1:1-+z, where z ET 
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44, A tower stands on the edge of a circular Iake ABCD. The foot 
of the tower is at D and the angles of elevation of its top at A, B, C are 


respectively a, 8, and y If the angles BAC, ACB are each 0, shew that . 


2 cos @ cot B=cot a+cot у. 


45. The internal bisectors of the angles of a triangle ABC meet the 


sides in D, Е, and F. Shew that the area of the triangle DEF is equal to 
2Aabe/(b +c) (c +a) (a+b). 


46. If cont z -- coq-1 y cos 1z— gr, 
prove that T +y? bz eryi—l. 

47. Eliminate 6 from the equations 
2 cos 26 = сов (6 +a), 
A sin 26=2 sin (8 +a). 


—— 
19. Simplify 
emet sin (+8) sin(a+y) 
cos (а-В) coa(a=y)} "| cos (а 8) 0s (a=y),| * 
50. Shew that 


sin* 12^ c sin* 21° + sin? 39° 4 sin? 48° = 1 +sin® 9° 4 gin 18°. 

51. It a, b, c are the sides of a triangle, Аа, Xb, До tho sides of a similar 

triangle inscribed in the former and 0 the angle between the sides а and he, 
prove that 2) cos 9 =1. 


52. The top of hill is observed from two stations A and В on the 
same level; A is south of th 


e hill and В is north-east of A. If the angles 
of elevation from 4 and В are 9° 307 and 7° 207, find the compass beating 
of B from the ЫП. > 

63. The tangents at В and C to 


the circumcircle of a triangle ABC 
meet іп A’, end О is the circumcentre. И the angle OAA’ is 6, prove 
that 


2 tan A =cot B~ cot C. 


54. Find by a geometrical construction the number of values of 
608 (} sin"! a). Shew that their product is — Jy (1 -a*), 
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55. Shew that the expression ten (rta) 


values 


tan (z- 


tan? (Е -°) and tan? (2+). 
56. Shew that 


cost оом (0477) + cost (045 =) +. to n terms? 


57. If 
{sin (a — 8) +cos (a +28) sin В}*=4 cos a sin В sin (a-- 8), 


1 
ЕЕ 
a and В being each less than a right angle. 
‚. B8. Find all the values of z which satisfy the equation 
tan (z+) tan (z - y) +12 (2+5) tan (2+ а) tan (z +а) tan (z-- 8) 21. 

59. ABC is a triangle and D is the foot of the perpendicular from 
A upon BC. If BC —117 cm., L B —43? 14’, and 2 C= 61° 27’, find 
the length of AD. 

60. The angles of elevation of the top of & mountain from three 
points A, B, and C in a base line are observed to be a, B, y respectively. 
Prove that the height of the mountain is 

(-АВ.ВО.СА} (BC cot! «+СА cot? В+ AB cot*'y) d, 
where regard is paid to the sense of the lines. 

61. If the bisector of the angle C of a triangle ABC cuta AB in D 
and the circumcircle in E, prove that CE : DE =(a +b)? :c*. 

62. Eliminate 0 from the equations 

a tan 0+6 cot 20 =@ 
and a cot 0 - b tan 20 =c. 

63. Find, by.a graph, an approximate value, correct to half a degree, 
of the equation cot z —cos 2х. 

` 64. А man setting out a tennis court uses three strings of lengths 
3 m., 4 m. and 4-94 m. respectively to construct the right angle. Find 
the errors he makes in the angles ¢ of the court. 


=A) cannot lie between the t 


| 
i 
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65. If n®sin*(a+f)=sin?a+sin? 8 — 2 sin a sin В cos (a — 8), 


shew that tan a= Fn tan. 
66. If the expression 
A cos (8 +a) +B sin (0+8) 
A’ sin (8 +a) +B’ cos (04-8) 


retain the same value for all values of 6, shew that 
AA‘ ~ BB’ =(4’B- AB’) sin (a — B). 
67. Shew that the values of Ó which are the roots of the equation 
sin 20 cos? (а — В) -sin 2a cos? (8 + 6) — sin 28 sin? (a+6)=0 
are given by (2n +1) 5 =B and пл +a, where n is ahy positive or negative 
integer. 


68. The three riedians of a triangle ABC make angles a, В, y with 
each other. Prove that : 


cot a+cot B +cot y -- cot А +cot B+cot 0 —0. 


69. From each of two Points, distant 2a apart, on one bank of a 
river the angular elevation of the top of & tower on the opposite bank 


is a, and from the point midway between these two points the angular 
elevation of the top of the tower is 8. Find in terms of а, a, В the height 
of the tower, 


70. If D, Е, F are the Points of contact 
the sides BC, CA, AB of a triangle, 


CF are in arithmetic progression, 


of the inscribed circle with 
shew that if the Squares of AD, BE, 


then the sides of the triangle are in 
harmonic progression. 
71. Shew that half the side of the equilateral triangle inscribed in a 
circle differs from the sid 


egt the regular inscribed heptagon by less than 
gboth of the radius. 
72. Shew that the quantity 


cos 0 (sin @+ Vant g Fanta} 
always lies between the values +/1+ain®a. 
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98. Expreas 8 sin a sin В ein y sin д аз a series of eight cosines, 
74 It ain? ф 509 2a cos 28 


Е tan e a) 
prove that шга Р егы ЕД 
т 
tan E +8) 
75. Given the base a of a triangle, the opposite angle A, and the pro- 


duct £? of the other two sides, solve the triangle and shew that there is no 


such triangle if a<2hein 2. 


76, At a point О on a horizontal plane the angles of elevation of two 
points P and Q on the side of a hill are found to be 38? and 25°; the 
distance of A, the foot of the hill, from O is 500 metres and the dis- 
tance AQ is 320 metres, the whole figure being in a vertical plane. 
Prove that the distance PQ is 329 metres approximately, and find th 
alope of the bill. " G 

Т1. 1,, 1,, and I, are the centres of the circles escribed to ABC, and 
Рл» ра» pare the radii of the circles inscribed in the triangles ВДС, CI; А, 
AI,B. Shew that 

ae Aloe By IEO. 
P1 Pes раї: віп 5: isin о. 

78. Two circles, the sum of whose radii is a, are placed in the same 
plane with their centres at a distance 2a, and an endless string is fully 
stretched so as partly to surround the circles and to cross between them. 


Shew that the length of the string is (& +23) а. 
79. Shew that 


Эа Ve tetas tbs a ТЕМ egy ei asesor EAT 
vVat-b b Vrta +a? · 


80. Given that -2-45 is an approximate value of z satisfying the 
equation 3 sin z=2z +3, find a closer approximation. 

[Assume that 2-45 radians =140° 22’ 30°.] 

81. Shew that 


sin А —sin (36° +A) -sin (36° — A) — in (72° +A) sin (72° — А). 
82. Find the complete solution of the equations 
tan 30+ tan 3ф =2, 
cm tan 0+ аа ġ=4 


ывт(— н: 
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83. If ABC be a triangle, and if 
sin? 0 =sin (A —6) sin (B — 6) sin (С-8), 
then cot 9 —cot А + соё B+cotC. > 

84. A ship steaming at a speed of 15 km. per hour towards а harbour 
A was observed from a station B, 10 km. due west of A, to lie 42° М. 
of E. If the ship reached the harbour after three-quarters of an hour, 
find its distance from B when firat observed. 

85. Shew that the radius of the circle inscribed in the triangle 
formed by joining the centres of the escribed circles of a triangle 
ABO is 

2 2 2 
cos +008 В+ сов С 

2 2 2 

86. A polygon of в sides inscribed in a circle is such that its sides 
subtend angles 2a, 4a, 6a, ... 2na at the centre; prove that its erea is to 
the area of the regular inscribed polygon of m sides in 'ae ratio 
sin na : n sin a. 

87. Express the equation 


Mu RES 


as & rational integral equation between z and y. 
88. If z1, ту, 5, x, are the roots of the equation 


x 24-23 sin 28 +2? cos 28 —z cos 8 — sin B=0, 


tan? z,-- tan! z+ tan?! z, + tan- щ=пт 33-8. 
where л is an integer. 


MÀ 


* sin (0-8) сова cos(a+6)sinB _ 
e sin ($ o) cos A * cos ($ -Baina =» 
and tan @ tana соз(а- В) _ 


tan $tanf * cos(a B)" 
shew that S 
tan 0 =} (tan 8 +соба) and tan $ —3 (tan a— cot B). 


90. If cos 3z— 4 6, shew that the three values of cos z are 


1 "amo eR? "m 1 . 3r- 
a V 6sin 5, 3 V6 sin 5 and -z V6 sin Jo 
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91. The base a of a triangle and the ratio г (<1) of the sides are given. 


Shew that the altitude } of the triangle cannot exceed т=п and that 


when А has this value the vertical angle of the triangle is = 9 tan 


iiy, 
92. А railway-curve, in the Shape of a quadrant of a circle, has n 

telegraph posts at its ends and at equal distances along the curve. A 

man stationed at a point on one of the extreme radii produced sees the 


pth and qth posts from the end nearest him in a straight line. Shew 


that tie radius of the curve is 5 соз (P +g) ф созес рф соѕес аф. where 


т and a is the distance from the man to the nearest end of 
the curve. 4 
93, Shew thit the radii of the th 
are the roots of the equation 
2—2? (4R +7) +252320. 
34. Eliminate z and у from the equations 
cos z+ cos y=a, 
> соз 2r+cos 2y=b, 
and cos 3х +cos 3y =¢, 
Giving the result in a rational form. 
95. Sum tke series 


ree escribed circles of a triangle 


sin Ósin 26 sin 36 +sin 26 sin 36 sin 40 +sin 30 sin 4@sin 58+... ton terms, 
96. In a circle of radius 5 ст. the area of 


а certain segment is 25 sq. 
cm. Find graphically the angle that is sub 


tended at the centre by the 
are of the segment. 
—— 
97. Prove that 
tsin 27°=(54 5) - (3 — /Буў, 
98. If cos (8 — y) -- cos (y-a) +соѕ (a-8)+1=0, 
shew that 8 C» Y-a, or a-B is a multiple of sr. 
12s Given the Product p of the sines of the angles of a triangle, and 
c Product g of their cosines, shew that the tangents of the angles are 
Toots of the *auation 


9) -p34(149)2-p—0. 
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и р=568+У3) and а= (3-1, shew that the angles of the triangle 
are 45°, 60° and 75°. 


100. Observations on the position of в ship are made from a fixed 
station. At one instant the bearing of the ship is a, west of north. 
Теп minutes later the ship is due north and after a further interval of 
ten minutes its bearing is a, east of north. Assuming that, the speed 


and direction of motion of the ship have not changed, shew that its 
course із б east of north where 


tan в=2 sin asin a, 
sin (a; — ag) 
101. A bill on a level plane has the form of a portion of a sphere. 
At the bottom the surface slopes at an angle a and from a point on the 


plain distant a from the foot of the hill the elevation of the highest 
visible point is & Prove that the height of the hill above the plain is 


a sin B sint g 


a-B 
2 
102. If D, E, F be the feet of the perpendiculars from ABO on the 


opposite sides and p, py, ps, ру be the radii of the circles inscribed in the 
triangles DEF, AEF, BFD, CDE, prove that 3р —2Rp; papa» 


108. O is the centre of a circular field and A any point on ita boun- 
dary; в, horse, tethered by a rope fastened at one end at A, can graze over 


sin? 


1 
ath of the field; if В be the farthest point of the boundary that he can ғ 
teach and 4 AOB=6, prove that 


tin 64+( 6) cos 6=(1—1) w. 
104. Solve the equation 


too unt ac ушш. 


2. 
105. If one? = B e tan? по, 


prove that cost a sinl -«(). 
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106. A man walks on a horizontal plane в distance @, and then 
through a distance a at an angle a with his Previous direction, After 
he has done this n times, the change of his direction being alw. 
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ays in the 
same sense, shew that he is distant x 
asin > 
"Eb 
sin 5 
from his starting point, and that this distance makes an angle (n — 1$ 
with his original direction. 
107. Prove that 


tan(y=2) | tan(8-8) tan(@—) ап (уа 


-3 )tan (3-8) tan (8 ~y) 
tan (a - B) tan (а-у) {ап (a0) tan(a=B)ian e pee 

` 108. A meteor moving in a 
Points, A and B,in 
haa altitude 50° 
as seen from A, 


(2 - sin? 0) M - (ал 403) Мона sine 6-0. 
110. Shew that, if a, д, 


У, д are roots of 
tan (042) -s an as 


x equation 
du ain (8+a)=k sin 94 
WO of Which differ bya Multiple oj : 


ie, E 2т, Prove that 
+ = 
112 p ty 24654+6,=(2n41) т. 


Projections, the ‘theorems of Art. 243. 


314 TRIGONOMETRY 
113. Prove the identities 


ТРИ 
(ii) cost asin 2 (3 —y)+-00-" B sin 2 (y—a) +008" y sin 2 (a - ) 


+2 sin (8— y) sin (y — a) sin (a —8)=0. 


: : myta. а+В. 
(i) Sinatsing tainy sin (а+# + у) =4вш У sin Y 8“ В 


114. Shew that the equation 


вес 9 + созес @=с 
has two roots between 0 and 2m, if c?<8, and four Toots if c?>g, 


115. If the external bisectors of the angles of the triangle ABC 
form а triangle 4,B,C,, and if the external bisectors of the triangle 
| А,В,С, form a triangle 4,В,0,, and so on, shew that the angle A, of 


the nth derived triangle is Gy (4 73)" and that the triangles 


tend to become equilateral, 


ill, the angular elevation of P is B, the bearing 
of A is 3 west of south, and the 


bearing of P is y north of A. Shew 
that tho height c£ P above A is 
À tan a sin 
tan asin y- tan 8 sin 3^ 
117. A man at the bottom of a hill Observ 


distant, at the same level as himself. He t 
hill and observes that t] 


es an object, 880 metres 
hen walks 200 metres up the 
he angle of depression of the object is 2° 30’ and 
that the direction to it makes an angle of 75° with the direction to nis 
starting point. Find to the nearest minute the angle which his path 
makes with the horizontal. 


118. If 24,, 2h2, 2$, are the an 


gles subtended by the circle escribed 
to the side a of a t; 


riangle at the centres of the inscri 


bed circle and the 
Other two escribed circles, prove that 
n Ө В Ы 
sin Фу sin ф,віп do idm 


119. A regular Polygon of n sides is 
With a fixed straight line, and is turned 
until the next side is in contact with 
@ complete Tevolution; shew that the length of the path described by 


х + 
а 908 6+7 sin 9=1, 


z ено 
aq 599 $- sing =1, 
and cosa doe $ | sin Oin Ф 
XT ТЕЗ 
121. If Sz 
and с 


Prove that 


sin 9+2 sin 2643 sin 30+ .. 


+ tn т a6, 
008 8 +2008 2643 cos 39, c: 


+ +n cos ng, 


tint Оно аира 


апа т 


122. Prove that 


8h (0—y - o) sin (6-4. "hA (6-a-B)sin (8. 9...) 
sin (3a) ain (y-a) + sin (y В) sin (а) 
а) 
m ани 3 
(ein ф ~ein? y cot 6.4 (ein? 
then either the diff 
multiple of r, 
124. A hill 


horizontal Plane, hag & circula; 
forms Part of a Sphere. At two points on the aa 


Y — sin? 6) cot $+ (sin? 9 — віп? ф) cot У —0, 
erence of two an, 


gles or the sum of ај three ig a 
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125. There is a hemispherical dome on the top of & tower; on the 
top of the dome stands a cross; &t a certain point the elevation of the 
cross is observed to be a, and that of the dome to be В; at a distance a 


nearer the dome, the cross is seen just above the dome, when ita eleva- 


tion is observed to be у; prove that the height of the centre of the dome 
above the grourid is 


asin y cos a ŝin 8—sin a cos y 
sin(y-a)' ~ cos 8 сову 
126. If віп? А +віп? В +віп? 0—1, shew that the circumscribed 
circle of the triangle A BC cuta ita nine-point circle orthogonally. 
127. A point О is situated on a circle of radius R, and with centre 


O another circle of radius 3 is described. Inside the crescent-shaped 


area intercepted between these circles a circle of radius }R is placed. 
Shew that if the small circle moves in contact with the original circle of 
radius R, the length of aro described by ita centre in moving from one 
extreme position to the other is XR 

128. Eliminate z and y from the equations 
sin z+sin y =a, 
008 z -- cos y —b, 
and tan z--tan y—c, 

139. If 2 cos n bo denoted by Ул» shew that 


н hew that Чы =the, = ч. 
Tue Mug - Tu. 


"I4 is an approximate solution of the 
measured in radians) d t 
18 the only real root, AS wes io ue 
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where y is small, prove that a still 
the angle required ia 42° 21' to the 


23. If ABO in a triangle, prove that 
sin? 4 coa (B= C) + B ooa (0 4) nn O ooa (4 — By 


=8ain 4 cin B ein 0. 
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188. А man notices two Objects in a straight line due west. After 
walking a distance c due north he observes that the objects subtend an 
angle a at his eye; and, after walking a further distance c due north, an 
angle B. Shew that the distance between the objecta is 

_ 3с 
2 cot B—cot a” 

134. The side of a hill is plane and inclined at an angle a to the 
horizon; a road on it is in a vertical plane making an angle В with the 
vertical plane through the line of greatest slope; prove that the ш- 
clination of the road to the horizontal is tan-2 (tan a cos В). я 

If the road is inclined at an angle у to the line of greatest slope on the 
hill, show that its inclination is sin- (sin a cos у). 

135. Shew-that the line joining the incentre to the circumcentre of 
a triangle ABC is inclined to BC at an angle 

_ {сов B+cos C - 1 
fan (“sin Bs J- 
136. Eliminate @ frum the equations 
z sin 0— у cos @ = —sin 46, 
and z cos Â +y sin 6=§ – $ cos 46. 
137. A regular polygon is inscribed in а circle; shew that.the arith- 
metic mean of the squares of the distances of its corners from any point 
(not necessarily in its plane) is equal to the arithtnetic mean of the 
sum of the squares of the longest and shortest distances of the point 


from the circle. 

138. Three points A, B, C lie in a straight line and AB is to BC as 
mton. Through A, В, С are drawn parallel straight lines AX, BY, CZ. 
A point P moves on AX and a point В on CZ so that at any time t the 
distance AP is equal to a,+a,sin (nt+a) and the distance CR is equal 
to c, c Sin (nt +y), and the straight line PR euts BY in Q. Express 


the distance BQ in a similar form. 


139. Prove that 
sin (B — у) sin За -- sin (у — a) sin 38 +sin (a — В) sin Зу 
=4 sin (B — y) sin (y — a) sin (a — 8) sin (a +8 +y} 


140. Prove that 
sin (В — у) cos За +sin (y.— a) cos 38 +sin (a — B) cos Зу | 
=4 sin (B — у) sin (у-а) віп (а В) cos (a +8 +y). 
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141. If 
sin (z+ 3a) віп (В — у) +sin (z +38) sin (у —a) +sin (z--$y) sin (a - B) 
=4 sin (8— y) sin (y а) sin (a -8), 
prove that z+at+B+y=(2n+}) v. Á 


142. If 4+B+C=2m, shew that 


sin? A +вїп? B +sin? С-:3 vin 4 sin 5..0 а 34 vin 32.30, 
143. A man walks in а horizontal circle round the foot of a flagstaff, 
which is inclined to the vertical, the foot of the flagstaff being the centre 
of the circle, The greatest and least angles which the flagstaff subtends 
at his eye are a and В; and when he is midway between the corresponding 
Positions the angle is 6. If the man’s height be neglected, prove that 


tan 6=Vsin* (а — B) +4 sin? a sin? B/sin (a +8). 
144 Two lines, inclined at an angle y, are drawn on an inclined 


plane and their inclinations to the horizon are found to be a and В re- 
spectively; shew that the inclination of the plane to the horizon ia 


sin-t {созес у Vein? a +sin® В — 2 ain a ain В сов у}, 


and that thè angle between one of the given pair of lines and tho line of 
Greatest slope on the inclined plane is 


бз {= B -sin а cos y 
sin a sin у } ^ 
145. Shew that the line joining the orthocentre to the cireumcentre 
of а triangle ABC is inclined to BC at an angle 


3-tan B tan C 
-1 
Е 


146. Eliminate @ from the equations 


cos (а 36) sin(a-36) _ 

cosg C wg =" 
147. 41.44; ... A, ів а regular polygon of п sides circumscribed to 
а circle of centre and radius a. P is any point distant с from О. Shew 
that the sum of the squares of the Perpendiculars from P on the sides of 


the polygon is n (6+5). 
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148. AB is an arc of a circle which subtends an angle of 26 at its 
centre, and the tangents at A and В meet in Т. By graphic methods find 
the value of 6 to the nearest degree, 

(i) when the area between ТА, ТВ and the arc АВ is equal to the 
area of the circle; 

(ii) when the sum of the lengths of T'A and TB is equal to the sum 
of the lengths of the arc AB and the chord AB. 

149. Shew that the angles of a triangle satisfy the relations 

(i) sin? A +sin? B + sin? C 
=з cos cone C oid оов Ви 30, 
2 2 2 2 2 2n 
(ii) sint А --sin* B c sin! C 
=} +2 cos A cos B cos С+}$ cos 24 cos 2B cos 2C. 

150. From a point О а man is observed to be walking in в straight 
path ира hill, and from two sets of observations on his apparent size, 
made as he passes two points P, Q, it is found that OP/OQ=), and the 
angle POQ=y. The elevations of P and Q above О being a and В, prove 
that the inclination $ of the path to the horizon is given by 

віп? ф =(A sin a — sin 8)*/(X* — 2A cos y + 1). 

15%. Eliminate 6 from the equations 

=+а =a (2 cos 8 — cos 26),- 
and у=а (2 ein 8 - sin 26). 

152. If from any point in the plane of a regular polygon perpendicu- 
lars are drawn on the sides, shew that the sum of the squares of these 
perpendiculars is equal to the sum of the squares on the lines joining the 
feet of the perpendiculars with the centre of the polygon. 

153. A horse is tied to а peg in the centre of а rectangular field of 
sides a and 2a; if he can graze over just half of the field, shew that 
the length of the rope by which he is tethered is approximately -583a. 

154. Shew that the equation 2 

sin (9+A)=a sin 20+5 
has four roots whose sum is an odd multiple of two right angles. 


155. If 0 is а postive acate angle, shew that -2 continually te 


СЛ 
creases, and +g continually decreases, as б inoreases. 
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156. If sin z=m sin y where m is greater than unity, shew that as z 


increases from zero to a right angle ae continually increases, and that 


ite values, when z is zero and a right angle, are m and œ respectively. 
157. Prove that 
sin? (В — y) sin? (a — 8) +вїп (y —a) sin? (В — $) sin? (a — 8) sin? (y —8) 
=3 sin (a - 8) sin (8 ~y) sin (y — а) sin (a — ò) sin (8 - 8) sin (y - 8) 
158. Prove that 
2 cos (3a - B — y - 8), 
74 cos (а + B — y — 8) cos a+ y — 8—8) cos (a +8 —8 — y) 
159. Shew that 
Bin (a + B +y) cos a sin B sin y + сов (а+В +y) sin a sin B sin y 
—sin (а + 8+ y) cos a cos В cos y — cos (а + B +y) sin a cos В cos y ^ 
+sin (a +) cos (B +y) cos (у +a) + сов (a +В) сов (В + y) sin (y +a)=0 
180. Shew that 
sin? a sin (B — y) sin (y — 8) sin (8 — 8) 
— sin? B sin (y — 8) sin (3 —a) sin (a — y) 
+sin? y sin (8 — a) sin (a — В) sin (8 — 8) 
— sin? à sin (a — В) sin (8 — y) sin (y—a)=0. 
161. Simplify the expression PQ — RS, where 
P == cos (а+В) + y sin (а + 8) — cos (a — 8), 
Q=z cos (y +ò) +y sin (y - 8) – cos (y - 9), 
ВЕТ cos (a+y)+ysin(at+y)—cos(a-y), ` 


and S =х cos (8+ 8) + y sin (8 +8) – cos (8 — д). 
162. If a? +b? — 2ab cos a —c? +4? — 2cd cos y, 
b? +с? — 2bc cos В —a* +d? — 2ad cos 8, 
and ab вт a +с4 sin y=bc sin B +ай sin ð, . 
shew that cos (a + у) =сов (8 +8). 


163. Shew that the solution of the equation 
1, cos, 0, 0 
cos 6, 1, сова, со В 
0, toa, - l, cosy 
0; сов, coy, 1 


=0 


в б=пя+(=1}%ї! { ain y 


базен btm cow hoy 


nt rags 
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164. In any triangle ABC, shew that 
сов mA +08 mB + cos mC - 1— 4-4 sin "4 sin йа "О. 
aocording as m is of the form 
4n+1 ог 4n+3. 


165. Shew that, in any triangle ABC, 
(i) a? cos В cos C +0? cos С cos A +? cos A cos В 
=abe (1-2 cos A cos B cos С), 
and 
(ii) sin 2mA +sin 2mB +sin 2mC 
z(-1)?*. 4 sin mA sin mB sin тб. 


166. If A, B, C are the angles of a triangle, prove that 
tan-! (cot B cot C) -- tan-! (cot C cot A) -- tan (cot A cot B) 
8 сов A cos B cos C 
e орто‘ 
п t + аА paint 2B sn x] 


the angular points A, B, C of a triangle straight lines 
e angle a with AB, BC, CA respectively; shew 
le thus formed bear to the sides of the triangle 


167. Through 
are drawn making the sam 
that the sides of the triangl 


ABC the ratio 
сов a —sin a (cot A +cot В + соё С):1. 


drical tower is surmounted by в cone; from а point on 
the ground the angles of elevation of the nearest point of the top of the · 
tower and of the top of the cone are a and В, and from a point nearer 
to the tower by а distance a these angles are y and 8. Shew that the 
heights above the ground of the tops of the tower and cone are 

asin a sin у cosec (y —a) and a sin В sin 8 coseo (8 — 8), 
and that the diameter of the tower is 

2a sin В oos 8 cosec (3 = В) — 2a sin a cos у совес (y - a). 

169. In orger to tind the dip of a stratum of coal below the surface of 
the ground, vertical borings are made from the angular points A, B, È 
ofa triangle ABC which is ina horizontal plane; the depths of the stratum 
at these points are found to be z, z +4, and 2+2 respectively. Shew that: 
thé dip, 6, of the stratum, which is assumed to be а plane, ан, 


[9,25 2 
tan sin Ac AJ tu ic OS 


168. A cylin: 
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170. A tunncl is to be bored from А to B, which are two places on 
the opposite sides of a mountain. From А and B the elevations ofa 
distant point С are found to be a and B, and the anglo ACB is found to 
be у; also the lengths AC, BC are known to be a and b. Shew that tho 
height (Л) of В above A is a sin a —b sin B, that the length (k) of AB is 


= h Е 
Va? xb? —2ab cos y» and that AB is inclined at sin-1 i to the horizontal 


and at sin iny to the line AC. 


172. A, B, C are three mountain peaks of which A ig the ! 


and B is at a known height А above 4. At A the elevations of £ 
are found to be В and у, and the angle between the vertical 
‘through AB, AC is found to be 0. At B th 
‘planes through BA and BC ig found to be 
‘above 4 ish cot В tan у 


sweat 
and 0 
planes 
© angle between the vertical 
$. Shew that the height of 0 


distance between the centres of the inscribed 
and nine-point circles is equal to Же 

: Hence deduce Feuerbach’s Theorem, that the in-circle апа nine-poin¢ 
circles of any triangle touch one another 


175. ABCDisa quadrilateral such that AB =3, BC =4,CD = 
DA=6 cm., and Из area is 3 


МЗ +9 sq. cm. Shew that there-are two 
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quadrilaterals satisfying these conditions, for which the values of the 


angle В are respectively 60° and cos zt ae „їе. 60° and 175° 15’ 


nearly. 
176. Eliminate a, В, у from the equations 
а cos a +b cos В + с cos y=0, 
a sin a +b sin B +c sin у=0, 
and a sec a +b sec В +c sec y=0. 
177. Eliminate 6 from the equations 
tan (0-а) +tan (0-8)=х, 
and cot (@—a) +cot (6 - 8) — y- 
178. Eliminate ф from the equations 
z cos 3ф +y sin 3p =b cos ф, 


and z sin 3p +y cos 3ф =b сов (+=: " 


179. Two regular polygons, of m and п sides, are inscribed in the 
same circle, of radius a; shew that the sum of the squares of all the 
chords which can be drawn to join a corner of one polygon to в corner 
of the other is 2mna*. 

180. There are л stones arranged at equal intervals round the cir- 
cumference of a circle; compare the labour of carrying them all to the 
centre with that of heaping them all round one of the stones; and prove 


that, when the number of stones is indefinitely increased, the ratio is 


that of m : 4. 
181. By drawing & graph, or otherwise, find the number of roots of 


the equation 2 
2+2 81 2=5 


lying between 0 and 2r, and find the approximate value of the largest of 
these roots. 
Verify your result from ihe Tables. 
182. Find the least positive value of z satisfying the equation 
" tanz-z=}. 


188, Draw the graph of the function sin?z and skew from it that, 


if а is small and positive, the equation 
= вах 
2 


has three real roots- 
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184. Shew that approximations to the larger real roots of the equation 


az+b=tan == 
т 2 
are given by с x (amic) 
where m is any large odd integer. 


185. By a graph determine approximately the numerically smallest 
positive and negative roots of the equation 


2! sin rz=1. 

Prove that the large roots of this equation are given approximately by 

(18 
n 


z=n+ , 


where л is large, 
186. Shew that the root of the equation 


tan z=2z, 


which lies between 0 and = is equal approximately to 1-1654, given 


that tan 1:1519=2-2460 and tan 1:1694 —2-3559. 


187. Shew that tan 0 is always greater than 


if Ó be an acute angle, 
188. Shew that the equation 


cos (20 — a) +a сов (0-8)+b=0, 


B are constanta, has four sets of roots; and denoting any 
four roots of different seta by 61, 6, 63, ва, prove that 


0,6, 6,-- 0,—2a 


where a, b, a, 


is an even multiple of л. 
189. The equation 
cot (9+а) +096 (0-8). cot (9+) 


=cosec (6-+-a) +cosec (8+ В) + совес (6+) 
is satisfied by values of 0 equal to 6,, 6,, and 03, no two of which differ 
by a multiple of four right angles. Shew that 


8,60, Hat By 
їл equal to a multiple of 2+ 
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190. Shew that, in general, the equation 
Asin? г + Bcos z4 0-0 
таз six distinct roots, по two of which differ by 2m, and that the tangent 
of their semi-sum is -5 
191. Shew tħat the equation 
tan (0- а) +вес (6 – B) — cot у 
as four roota (not differing by multiples of 2л) which satisfy the 
slation 2; 
6, + 6+ 45+ 6,72 (вт +а+8- 7). 
192. Shew that if а, B, y are three values of 2 satisfying the equation 
sin 20 (a sin z +b cos =) =8in 2z (a sin 8 +b cos 6) ^ 
and not differing from one another, or from 6 by а multiple of 2л, then 
ашы 8 tan 7 tan P412 
tan 5 tan 5 ton 5 tan 5 +1=0. 
‚ 198. Prove that if 6, д, бу, б, be four distinct roots of the equatiozt 
а cos 28+ sin 20 +c сов 0+4=0, 
dec zein +0 


494, Prove the relation 
Or) pe, Viz 
о ap. 2g... ad inf." 
where the successive quantities х, are connected by the relation 
^®ы= УФО +=). 
195. If a, b are positive quantities and if 
+6 E * ES 
aa h-Yab: a iP by V asy, 
end so on, shew that 


Hence shew that the value of т may be found. 


196. If the equation 
а, a sin 2 т йу cos z +a Sin 2x +a,,.c0s 22=0 


holds for all values of z, where all the constants ау, dg, *«* Te in 
of £, then cach of these constants must be 2210, 


dependent 
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197. Prove that if a, В, у do not differ by a multiple of s, and if 
cos (a+6)_cos(B+6) 
sin (By) вш(у+а)” 


then each fraction is equal Я, and is also equal t^ «2 


cot 3z : H 
198, Prove that соёт never lies oetween.3 and 3° 


B, С are the angles of an acute-angled triangle, shew that 
tan A. tan В. tan C 34/3. 


200. A long plank, of uniform. rectangular section and of breadth б 
th the side b horizontal 


199. If 4, 


and the thickness of the deck is A, Prove that the least inclinati њо the 
horizontal at which the plank will pass through the deck isa- , where 
Sina sin В_ 1 


201. Two straight lines аге taken on the side of a slope, 
inclined plane, and their i 


У uich is an 
inclinations to the horizon are found to 1 a 
and В; also the angle betwee: 


n the vertical planes drawn through them is 
found to be y- Shew that th 


е inclination of the slope to the horizon is 
where 
sin y tan @=V tan? a+tan® B 2 tan a tan B cos y, 
and that the vertical plane through th 


е first of these two lines is incli ied 
through the line of greatest inclination at an angle 
(een (= а соз y —tan В 
tan asin у 


to the vertical plane 


, to the horizontal, and the 
rsection is inclined at 0, to the vertical 
first roof, Shew that 


ет ee 
cot! a+ cot? B +3 cot a cot В оов у 
and that tang, Otasin 


cot а cos y +cot В ` 


„= 


oo 
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203. A plane is inclined towards the south at an angle a, and on it is 
a vertical post of height h; when the sun is B west of south and at an 


elevation y, shew that the length of the shadow of the post on the in- 


clined plane is 
h cos y 
ain 047)" where tan @=tan « cos В. 

204, An observer looking up the line of greatest slope of an inclined 
plane sees & vertical tower due east of him. He walks / metres up the 
plane іп a direction a north of east, and has then reached the level of 
the foot of the tower and finds its elevation is B. The plane makes an 
angle y with the horizontal. Shew that the height of the tower is 

l tan В cos 

Neot® a+ cos? y 
es towards the south at an angle of 15°; 
he horizon of a road on it which runs in 
°44 and tnat the bearing of & road on it 


205. The side of a hill slop 
shew that-the inclination to t 
a north-easterly direction is 10 
ose slope is 5° to the horizon is 19" 3’ №, of E. 

of greatest slope of an inclined plane 
finds that he has risen 50 metres. He 
res has risen a further 33:33 


wh 
206. A man starts up the line 
and after walking 1000 metres 

turns to the right and after going 1000 met 
rth, find (i) the bearing of 


metres. If the lino of greatest slope is due no | 
the new path, =": (ii) the bearing of the original starting-point as seen 


from the last position 


=; 


accoptability. 
I. (Page 5.) 
2 301 45569 
1. 3 2. 360° 3. EE 
4. 1%. 5. 25. 6. 4255. 
7. 338 33` 33.5". 8. 908. 9. 1538 88°88-8". 
10. 398 76° 38-8". 11. 2616 34` 44-4". 
12. 5288 3! 33:3“. 13. 1-2 rt. 2; 108°. 
14. :453524 rt. 2; 40° 49’ 1-776". 
15. -394536 rt. 4 ; 35° 30’ 29-664". 
16. 2:550809 rt. 4; 229° 34’ 22-116". 
17. 7-590005 rt. 2; 683° 6’ 1-62”. 
98. 5° 83 20"; 66° 40". 29. 471°; 4218". 
31. 33° 20; 10° 48'. 
- П. (Page 10.) 
1. 40212 km. nearly. 2. 848-2 cm. per sec. 
3. 20:36 km. per hour nearly. 4. 940600000 km. nearly. 
5. 23 km. nearly. 
Ш. (Pages 13, 14.) 
1. 60°. 9. 240°. 3. 1800°. 
4. 57°17 44-8". Б, 458° 21' 58:4". 6. 1608. 
221 
9.2333; 33.5". 8. 20008. 8. y 10. 5". 
703 3557 79: 
n. 7507" 12. 13800 7 18. 367 


ANSWERS 


Answers have been given to the full 
which ые likely to cmerge from the student's v MU TE Чо 
not imply that in any practical situati ч 
reliable to this number of figures. ations the resulta = 
Even if the data are regarded as exact, vnswei T 
with the use of 5-figure tables have no more than а. 


ü TRIGONOMETRY 


1103 
3a; 97 


ТЫЎ кз 16. 1-7262687. 
10° 5. 2000" 


17. 81°; 9°, 18: 24°, 60°, and 96°, 
19. 132? 15’ 12-6”, 20. 30°, 60°, and 90°. 
la 2т 1 5 
21. 3 3 and 3 — 5 medians, 
bz G 
22. (1) m 108°, (2) 77; 1285. 


Эт o 5r, jo lör, 
(3) T? 135°, (4) rx 150°. (5) 


175 Ба. 
23. 8 and 4, 24. 10 and 8. ‚ 25. 6 and 8, 
бло 
T == — 75° = 8318. 
28. 7. 27. (1) 7 = 75° = 8348; 


Tr о 3 
(2) 3$ = 70 = 7746; 


28. (1) At тд, 


and 36 minutes past 4; (2) at 284 
48 minutes past 7, 


IV. (Pages 17, 18.) 


1 
[Take 75314189... and 1. 31831.] 
1. 20-454° nearly, 2. s radian; 34° 29’ 38.9", 
3. 68-75 ст. Nearly. 


4. 95236 ст. nearly. 
5. 24-555 ст. 


Nearly, 6. 53' 43”, 
7. 3959-8 km. nearly, 8. 107 cm. =31-4159 cm, 
9. 5:4. 10. 3-1416. 


47 9r lr 19, 24r 
IU ыа Drg © 
35 35° 35° gg and —7 radians, 
12. 65° 24 30:4”, 
14.1.5359 


18. 687-5 m. nearly. 
16. 82142. 


15. 3151.2 cm. nearly, 
17. 3820 m, nearly, 


m. nearly, 
9 m. nearly. 


(3) T = 112}° = 1958, 


and 


= РАНЕНИЕ ЕНЕ 
SSS ee eg + 


ANSWERS aR 


18. 19-099. 19. 1788 km. nearly. 
20. 386000 km 
VI. (Page 81.) 
J15 1 12 8 11. 60 61 3.4 
5. 5 „eto. 6. = ae t6 Sem 
4 °Л8 sm 76016 60° 5r 
40, 41 3415 3 
9. 9° 40° 10. 55:5; 83° n. д. 
15 17 159833 3 
12. T 8° 18. 549; 5/5 14. l org: 
3 5 12 1 
15. 3° 13° 16. 73° 17. i3 18. 78° 1. 
1 1 
19. 5° 20. Jg» 21. 142. 
о. 22241) 2=+1 


6. 367-9... metres; 454-3... metres. 


8. 
| 10. 43-3... ш.; 75 m. from one of the towers. 


11. 94-641... m.; 54.641... m. 


13. 
‚ 23-66... m.; 8:66... ш.; 28:66... m. 


. 32/5 ( =71-55...) m. 19. 10 km. per hour. 
. 86-6... metres. 


_ 16 
17 
20 


. 17.32 m.; 10 m. 


* gai 4 2z 4l дааа ES 


ҮШ. (Pages 44—45.) 
2. 160 m. 3. 225 m. 


68:3 m. 5. 146-4... m. 
7. 17-32 metres 


115-359... m. 9. 87-846... m. - 


12. 1366 metres. 
30°. 15. 13-8564 km. per hour. 


91. 692.8... metres. 
ІХ. (Page 63.) 


222048 2500 and 81 radians 
- @2897 6289" 331 ; 


iv 


5. 
8. 


11. 
| 


TRIGONOMETRY 
22у. 92у 
68° 45’ 17-8". 5 = F ау 
ГАЕК 9. 0 = 60°, 
tant А 4: 
Та 1} minutes, 
X. ‘Pages 74, 75.) 

— -366...; 93094... — p 1-366...; — 2.3094. 
0; 2. 7. 1-4142...; — 9. 
1-366...; — 2-3094.... 9. 45? and 135°, 
120° апа 240°, 11. 135° and 315°. 
150° and 330°. 13. 150° and 210°, 
210° and 330°, 15. — cos 25°, 
sin 6°, 17. — tan 43°. 18. sin 12°. 
sin 17°, 20. — cot 24°, 21. cos 33°. 
— cos 28°, 23. cot 25°, 24. cos 30°. 
cot 26°, 28. — cosec 23°, 27. — cosec 36°. 
negative, 29. negative, 30. positive. 
zero, 32. positive, 33. positive. 
positive, ^ 85. negative, 

-v2 —]1 v2 
yg md —5, Ti yS 
v И Е 

XL (Pages 83, 84.) 

MISC Des 2. nm —(— 17. 
psc 4. 2nz + a 
2пт + $ в. 2nz + z 7. пп + 5. 
ror 9 "T. 10. Qn +3 
ттт + (— it. 12. птар, 13. пт +1. 


а а. 


ANSWERS у, 


Y ш ш 

14: mtg 15. пт + 5. 16. пт E 
т т 

17. пт +3- 18. (22+ )т+ 7. 19. 2вт— С. 


20. 105° апа 45°; (z + 2)" stc Mu and 


(2) "++ uw 
where m and n are any integers. 
21. 187]? and 14215; 


а vac un 
(n+ 3) "+8 +15 % C 2)" 8*1 
(1) 60° and 120°; (2) 120° and 240°; (3) 30° and 210° 
23. (1) 2; (2) 1; (3) 1; (4) 1; (5) 1. 
ХП. (Page 86.) 


„т p 
1. ur (7 ^g 2. 2пт + 
3. nr -- (= 13. 4. и: 
2 
Б. nr (— wo or nz — (= 1)" 0 27 (art. 120). 
= T a 
в. 0 = Inn + 3 T. ё=тт+ ог пт + 3. 


27 br AS 1 
8. @=тт+-у Ог пт 6° 3. tand == or — ў, 


10. 6 = пт +1. 11. 0— 2nm or an +3 


12. пт. 18. пл or Этт + 5. 
: 1 
15. вт = 1 or — д 
5 


14. f ut 
4 2пт + 3 ог 2пт + в 


vi TRIGONOMETRY 
пп т пт (%» ai 1т 
ag. Р D^ о" kb fp E 


18. 2nz or реа 19. _2т тт 


ly п 
20. (2043)2 ог 2ng — 2. 


22. (2r+ 3) т a (2-1 т 


т E 1 7 
3 3g 30. "Tis. 31. (+3) =. 
ПА 
32. a 


+ 4п— 15 


8 8 (m4 + )т+? &К Сл 


= Ы 


34. в-а zra], а кшн] 


35. 45° and 60°. Ей 
1 1 3$ беу. 
81. X Sys; +565. 
(Pages 91, 92.) 
1—19, M 2, 1596. 3444 
ш Куту 


› Where n> 1 or — 92, 


— 
—— 


—  —— ! = —= > 


ANSWERS vii | 


XIV. (Pages 98—98.) 


S0. 2=- 0м, nH, 31. 2 sin (+ ng) cos. 
XV. (Page 99.)* 

1. cos 20 — cos 128. 2. sin 120 — sin 20. 
3. cos 149 + cos 88. 4. cos 12? — cos 120°, 
XVL (Pages 102, 103.) 

9 
LE 3. 1. 
1. 3; iy 
XVII. P 108—110.) 
2016 
1. (1) T Q) = E (9) 4255. 
161, 119 
2. (1) 589; (2) — 953 (3) 169° 3. a. 
XVIIL (Pages 123—128.) 
42/2 +У3. E£TV3:x4y2 
i5 wr 18 1 
13, ,v13 v13, 169 
2. = р z7g- 01 25 3^? 120: 
16. 49 аи & лата 
3 305° 305° БАЗ” + 5; +y 
3 
в. £7: 
Vi—-V2—V6, VE+V2+V6, 0—1; 
1. Бро АИТ Pv 3 


— (V2-- 1) - V4 X 2 2. 
8. VETT 23. +and—. 24. — and —, 


a? + b 
25. — and —. 
— 


TRIGONOMETRY 
3r бт, 
29. (1) 2nz + Tand nz + эт, (2) 2лт + 7 and ит + oH 


зт 
(3) 2—1 and 2лт + (8) тт+ i and 2ng + Z, 


4 
T т. 
30. (1) а and 2nz + T 


(2) 2nz + x and 2ng + 5", 


(3j 2» + E and 2nz + z 
XIX. (Pages 129, 130.) 
12. The sine of the angle is equal to 2 sin 18°, 


пт ў ly 
fy TE or (7*5 


XXL (Pages 142, 143.) 


пт. 1 T 1\7 n 
1. q 3 (200 22), 2. m5) gor (Түт, 
пл 1\ т т 
8. (n+ 5)% or os. 4. (+ Form z, 
2лт 


1 
5. Tg от aL or (»- s. 


пт ly 1 
6. z (2.17. 5 (n+3)2 or nn a 27, 


2/2 
nm 1 2 
ош ch (+2). 9. 2nm or (F +i) 
. —1)"7 т Зл 
10. x Duc Or пя + (— Do or nz (— 1)" ТО: 
(+D (+. 


“йет [= C um AT 


14. == 
m+n 


16. 


34. 


37. 


ANSWEBS ix 


or (2r4- 1) ——. 


тт or i or (m +): 
2пт—; 5 (@=—$): 
тп т 
пт + (– 1" 4 3 19. 2r + 2. 
7 т п 
т НБ + 1" 2. 21. пт + 1+ А. 


— 21° 48 + n . 180° + (— 1)" [68° 127]. 
2n . 180° + 78° 58'; 2n . 180° + 27° 18". 
л. 180° + 45°; п. 180° + 26°34. 25. Por. 


п T x 
тт or 2ng + 5- 27. 2тт + 5 ог 2n — +. 
2пт + 6. 29. тт. 

17-1 2, 
ange x SL А 
4 
т т = 
тт or m 5. 88. 20m tg; 2 тт + 4. 
1\7 т 
(+F 35. mtz 36. "T. 


пт т, = а 1 
== ог m + 3} also 0 nats, where сова = 5. 


(+3): 89. "Til. 


TRIGONOMETRY 


In obtaining the answers to Nos, 8—13, and in Similar cases 
in later sets of Examples, Seven-figure tables have been used. 
If the five-figure tables at the end of this book are used, less 
accurate results will in many cases be Obtained, 

1. 1.90309; 3-4771213; 2031239; T-4650389, 

2. 1553361; 2-1241781; 5388340; 1-0759623, 

8. 2; 2; 0; 4; 2; 0; 3. 4. -312936, 
5. 1:32057; 5:88453; 461791. 
6. (1) 21; (2) 13; (3) 30; 


(4) the Tth; (5) the 21st; 
(6) the 32nd.. 


4b 22b | ать ~ 
1. (1) coa (2) i-a) gg (3) —— 


а- 3b— 95° 
2b (2a— b) 205 
(9 bab + Зас — 25 — р; and Баб + Зао раро» 
where a = log 2, b=log3, ang € — log 7, 
8. 9299]. 9. 8-6415, 10. 9.6199. 
11. 1-6389. 12. 4-7162. 13 41431, 
XXIV. (Pages 168—170.) 
1. 45527375; 1:5527394, 
> 41689529; 37689509. 

3. 478-475; 004784777. 4. 2-583674; 0258362. 
5. (1) 47904815. (2) 2-720463; (3) 4-724079; 
(4) 5273-63; (5) -05296726; (6) 5-26064. 

6. -6870417. 7. 43° 23" 45", 

8. 8455104, 8454509. ө. зэ 16" 35”; 32° 16° 917, 
10. 4-1203060; 4-1218748. 

11. 43993263; 439768093, 12. 13° 8, 47". 

13. 9.9147334. 14. 34° 44^ 977, 

15. 9.5254497; 71° 27’ 43", 16. 10.0229414, 

17. 18997 17”, i 


18. 36° 59, 12”, 


1. 


ANSWERS 
ХХУ. (Pages 172, 173.) 

13° 27’ 31”. 2. 22° 1 28”, 
1:0997340; 65° 24’ 12-5”. 
9-6198509; 22° 36’ 28". 
10° 15’ 34". 6. 44° 55' 557. 
(1) 9-7279043; (2) 9:9270857; (3) 10-1958917; 
(4) 100757907; (5) 10-2001337; 
(6) 10-0725027; (7) 9-7245162. 
(1) 57°30" 24"; (2) 57°31’587; (3) 82°31’ 155 
(4) 57° 6’ 39". 
53713602. 
(1) cos (z — y) sec z sec y; (2) cos (z + y) sec z sec y; 
(3) cos (z — y) cosec z sec y; 
(4) cos (z + y) cosec z sec y; 


(5) tan? ғ; (6) tan z tan y. 
XXVI. (Page 180.) 
i ail 9 
ps and 7 
Дз 8 . 40 24 496 
var p i БУМ: ip 25° °°? 1025: 
3, $ and 1. 
5 12 15 а 18 
B 5? and ©, 5. E 55 and T 
Ce п. 60°, 45°, and 75° 
п апа 816° ‚ 5, 
XXVII. (Pages 185—188.) 
2 в. 313, 


16:8 ст. , 25. 5 338 


xii TRIGONOMETRY 
XXVOL (Page 191.) 
1. 186-60... and 193-18, 


2. 26° 33' 54”; 63° 26" 6^; 10/5 ош. 

3. 48° 35' 25", 36° 52, 12”, and 94° 39’ 23». 

4. 75° and 15°, 
XXIX. (Pages 194, 195.) 

1. 90°. 2. 30°. 4. -120°. 

5." 45°, 120°, and 15°. 6. 45°, 60°, and 75°, 

7. 68°59’ 33”. 8. 77° 19' 11”. 9. 76° 39’ Б”, 

10. 104° 28' 39”, 

11. 56° 15' 4”, 59° 51’ 10”, and 63° 53' 46". 

12. 38° 56, 33”, 47° 41, 7^, and 93? 29' 99” 

18. 130? 42' 20:5”, 


23° 27’ 8-5", and 25° 60’ 31”, 
ХХХ. (Pages 199—201.) ң 
1. 63° 13, 2”; 43° 58” 28”, 2. 117° 38” 45"; 27° 38' 45°, 
3. 8/7 cm.; 79° 6, 24"; 60°; 40° 53, 36". 
4. 87° 27' 25-5”; 32° 39" 34-5”, 
5. 40° 53, 36”; 19° 6’ 24°; 7 :9, 
6. 71° 44’ 30”; 48° 15, 30”. 7. 78° 17’ 40"; 49° 36’ 207 
8. 108° 12' 26”; 4927 34r. 
9. А =45°; B=75°; ¢ Jg, 10. /6; 15°; 105°, 
11. -8965, 14. 40 m.; 120°; 30°. 
15. 1-589467; 108? 26’ 6”; 18° 26' 6"; 53° 77 48”, 
16. 2.529823. 17. 226-87; 73° 34’ 50°; 39° 45’ 10". 
18. А = 83° 7’ 39”; B= 42° 16' 21”; c= 199-099. 
19. В = 110° 48' 15”; C 96° 56’ 15°; а= 93-5192. 
20. 73° 1' 51” and 48° 41, 9". 
21. 88° 30' 1° апа 33° 30’ 59”, 
XXXL (Pages 207—209.) 
1 There is no triangle. 


2 = 30°, = 105°, = 2; D, = Сы үл 
and 152 &- and b= v3; By = 60°, Q= 5 


ANSWERS xiii 
з. B,— 15°, 0,— 135°, and b, = 50 (V6 — V2) = 51:76; 
B, = 105°, C, = 45°, and b, = 50 (V6 + V2) = 193-185. 
Б. 44/3 + 25, i.e. 11-4 and 2-46. 
6. 1004/3; the triangle is right-angled. 
8. 34° 27’ and 100° 33’. 9. 17-1 or 3-68. 
10. (1) The triangle is right-angled and B=60°. 
(2) bı = 603893, B,=8°41', and 0,= 141°19; 
В, = 111° 19' and С, = 38° 41’. 
11. 65°59’ and 41? 56' 12”. 
12. 5-988... and 2:67... km. per hour: 
13. 63° 2' 12" or 116° 57’ 48". 
14. 62°31'23” and 102° 17/37”, or 117° 28/37” and 47° 20' 23" 
15. 5926-61. 
XXXI (Page 210.) 


1.7:9:11. 4. 19:063. 
Б. 1 km.; 1.2197... cm. 7. 20:976... km. 
8. 6:857 and 5:438 cm. 9. 4-04435 metres. 
10. 233-2883 metres. 11. 2-229 metres. 
ХХХШ. (Pages 215—218.) 
1, 100 m. high and 50 m. broad; 25 metres. 
` 9. 25-78... m. 3. 33:07... m.; 17-5 m. 
4. 18:3... m. 5. 12 metres. 6. А tan a cot В. 
7. 1939-2... m. 8. 10 metres. 9. 61-22... metres 


10. 100 4/2 (=118-9) m. 
15. PQ- BP - ВО = 1000 m. 

AP —500 (./6 – ,/2) 2517-6 m.; AQ =1000 ./2 = 1414-2 m. 
16. 321-2 metres. 17. 173:65 m.; 984-81 m. 


18. 119-286 m. 19. 132-266 m. 
20. 235-8 m. 21. 1-4277 km. 
22. 125-32 m. 


L.P.T (9—2 


xiv 


3. 
4. 


TRIGONOMETRY 


XXXIV. (Pages 221—227.) 
10 m.; 20 m. 


- 2 
1 соѕес у, where y is the sun's altitude; sin у=, 80 


that y =16° 36’. 


5. 


tangent is /3 + 1, i.e. 69° 54’ S. of E. 


37732... km.; 12-342... km. per hour at an angle whose 


6. 10-24... km. per hour, 


7. 
8. 
9. 


. The angle whose tangent is E ‚т.е. 33° 4)’; 2 


- 16-39 km.; 14-697 Кш. 


2-39 km.; 1-366 km. 


our. 


13. c sin В созес (a+); csin a sin В cosec (а +В). | 
2a 
14. 9m.;2 m, be EE. 
4. Эт.; 2 т 16. 3! 3 
t 375 7 
20. At a distance 7 ( = 141.74) m. from the cliff. 
21. c(1—sin а) ѕеса, 99. 114-4123 m, 24. 1069-75 m. 
26. The angle whose tangent is 5 ste. 26°34’. 99..45°, 
32. 18° 26' g^. 34. tan a sec ВЕ. 
37. 9-1896 ш. 38. 1960-95 m. 
39. 2.45832 km. 40. 33-349 m. 
41. 3-88 km, 42. 492-4 and 459-17 metres, 
43. 1-438 km, 45. 251-13 metres per minute, 
XXXV. (Pages 228, 229.) 
1. 84, 2. 216. 8. 630. 4. 3720. | 
5. 270. 6. 117096. 7. 1470. l 
8. 1-183... . 12. 35 m. and 26 m. 
13. 14-9... сш. 14. 5, 7, and 8 em. 15. 120°, 
17. 45° and 105°; 135° апа 15°. 18, 17-1064... 8q. cm, 


ANSWERS = 
XXXVI. (Page 237.) 
8. 81, 14, 8, 2, and 24 respectively. 


XXXVII. (Pages 246—250.) 
35. 2-1547... or -1547 times the radius of each circle. 


39. 4,-7+ (ay. (4-5), а 
40. 61° 59’ 36”; 8-83 ст. 
XXXVIII (Pages 255—257.) 
1. (1) 3/105 ( 30:74) sq. em.; (2) 10/7 (726-46) sq. cm. 
3. 1; and 23 cm. x 
XXXIX. (Pages 259—261.) 
1. 77-98 cm. 2. 5339. 
8. (1) 1-720... sq. m. (2) 2-598... sq. m. 
(3) 4-8284...sq.m. (4) 7694. sq. m. 
(5) 11-196... sq. m. 


4. 1-8866... sq. cm. 5. 3:3136... sq. cm. 
6. 24/2 : 4; 2. 2 :2. 12. 3. 
14. 6. 15. 9. 16. 20 and 10. 


17. 6 and 5, 12 and 8, 18 and 10, 22 and 11 27 and 12 
42 and 14, 54 and 15, 72 and 16, 102 and 17, 162 and 18 


342 and 19 sides respectively. 2 Le 
P У 19. 5 /3; J6. 
XL. (Pages 267, 268.) 
1. :00204. 2. -00007. 3. -00029. 
4. :99999. 5. 25783-10077. 6. 1-0000011. 
7. 34’ 23". 8. 28° 40’ 37”. 9. 39' 42”. 


10. 2° 33' 4". 11. 114-59,,, em, 
XLI. (Pages 269, 270.) 
1. 435-77 sq. m. 2. 4.9087... sq. cm. 
3. 127? 19' 26", 4. 6sq. cm. 


TRIGONOMETRY 

5. 13-8 ста. 6. 0-0007855 om, 

ne 

2. 377 

XLII. (Page 272.) 

1. 1° 48' 40". 2. 2-53 km. 

8. 974-77 m.; 1° 26, Nearly, 

8. 62 km. nearly, 

XLIL (Page; 279—281.) 
СРУ MN m mM UE. 
6 v2 7 
82. 1. 33. nz ог пт + T 34. 4/3. 
35. vo 86. 4/3 or — (2+3). вт, М3 ог2 4/3 
38. д or ni-n]. 39. aay 40. 13, 
41. zis given by the equation 
TP (ab + ac + ad + be 4 bd + cd) + abed = 0, 
42. z= ap. | 
43. ab = [Ма 2—1] LIAM 
ab = [Ма 1+ vb 1]. а 
XLIV. (Pages 287—289.) 
n 
1. 5311 2n0 cosec 0. 
2. cos 3 | 3n 


7. sin [e + (»- 3) e] sin 78 sech, Eb арр 10 


9. sin 2nz (cos 2ng + sin 2nz) (cos z + si 


10. 


1 3 1 
47 4 sin T A cono д, 6. = 


n 2) cosec 2л, 
4 ln 4- 1) sin за sin (2n + 2) a] cosec а, 


T 


ANSWERS xvii 
Те? " 
g sin (2% + 2) а. sin 2na cosec a. 


n 1 
9908 2а — 3 008 (п + 3) а sin па cosec a. 
cos (2na — a) cos (n +1) В — cos (2na +a) cos n8 +cos a(1— —eosB) 


2 (cos 3 — cos 2a) 


л [(2n + 1) sin æ — sin (2% + 1) a] coseca. 


15. 37 jos [20 + (n — 1) а] sin па cosec a. 
16. d sin 2H авт -y та соса ein 321 a ein ae созсо ус. 
17. J [8n—4.cos(n-+1)asin ла cosec а +соз(?л +2) asin 2nacosee 2a} 
18. А АИ 2n +2) asin 2na cosec 2a]. 
19. Nr 5 04- cos ^ 394. eos 137 JE 
2 в ЗЫ сы? 
+ i sin Бош e 3* 
20. — i sin (2a + 2n) sin 2n8 sec B. 
XLV. (Pages 293, 294.) 
1. 2+0=0 + 0. 
- 2 
2. а + m- P3 cos (a — B) = sin? (« — B). 
3. а (202—0) = 00. 4. asina + b cosa = V 2b (a + b). 
z y 22 ИЕ 
5. atpol 6. + paar 
1. (ph 4- 12 + 2g (P? + 1) (p + 4) = 4 (p + 4%. 
в. (ау - Bj o at [le + OF 0] 
11. a? + 5? — 2 + 2 cos a. 12. zy = (y — 2) tana. 
13. a? (a — c) (a — d) = Ь° (b — с) (b— d). 


хуш TRIGONOMETRY 


14. Bho = а (4b? +.(b2 cnm 


15. z(c?—q2.. b)=yV (a+ b+c) (—a+b+c) (a—b+¢) (a+b—c) 


16. 62 [x (62 — 2?) + а (a? + 62) 2 = 4c [2222 4 а?у?], 


MISCELLANEOUS EXA 
4. 267 т. approx. ;4° 30’ 
5. 41, 50, and 21 em. 


6. sin (B-a)= V1 -6,/] =a F ajb. 
1 
9. nm +38°7' 27", — 1g, +). 


MPLES, (Pages 301—327.) 
арргох. 


14. 7-35 : 9. 
21. (i) Rc Ie 


or tan @=(1 ~ Cosec a созес В) tan 2+8, 


(ii) 054. or nal т 
22. 51° 19’; 78° 28’; 108° 13”, 
23. 1298 metres nearly; 13° 31, east of south, 
28. 80 metres, 


30. = tan-1 су У 
2 
31 


ЕУ Н 
Иа а 


2m (1+ n). 

32. Two Toots, 35. (m ES 5) 7; (e + 3) 7r. 

47. Q2 — 1} = эту? COS? ет? а. 

48. 1.39 Tadians — 79° 30’ nearly, 

49. sin? (B —у)зес? (к — B) sec? (c — У). ` 

52. 11919, north of east, 
1 п 

8 ев 7 

59. 72.77 ст. 62. сүт = eVa (а. py УБ, 

63. 1184° : 


64. — 1° 19’, + 281^ ang +50) nearly, 


54. Six values, 
58. 


ANSWERS i 
вз. a sin a sin В у 
Van @— aan (на) 
73. cos (a + B +y + 8) + cos (x +B— y — ô) 
+ cos (x — B +у— 8) + cos (a — B — y 8) — cos (- @+В-+у+8) 
= cos (a— + +8)— cos (a+ B. y 3) — eos (a +B +y—8) 
76. 66° 19}’ approx. 80. х= — 2-4531. 
82. tan = 2 + VII or 2 + V3; 
tang = 2 x VII or 2 = V3. 


84. 16-47 km. 
87. 27y? =2°(9 – 822)?. 94. 243 + c — За (1-5). 
95. sin ш вїп шу [1 + 2 соз 20] созес = 
. 3%+9„. 370 39 
sin — ĝ sin Tg Oe. 


96. 2:55 radians = 146° 6’ nearly. 
104. tan? 50,1, — 1, — 2. 108. 2-379 km. 
117. 11?27'. 120. 22 +y? =a? +02, 


128. (a? + 53): — 4a = 2$, 


136. (2+ y» + (2— y? = 2. 
138. 
mo, + пал + V meg? + n'ai + Этт азса cos (a — у) віп (nt +В) 
o m+n 
where tan В = (me, sin y + па» sin a) + (me, созу + па, cosa), 
146. т? + т соза = 2. 148. 771°; 631°. 
451. (22 + y? + 242)? = 4a? (22 + У"). 
161. (1— 23— у) sin (æ — 8) sin (8 — y). 
176. а% + bt + c* — 20202 — 2c?a? — 2a?b? = 0. 
177. xy? — 4zy = (z + y) tan? (B—a). 
178. (32—96 (22—y*)—B}=8 (22— y?) +40 (202—2), 
181. 3 roots; 299° approx. 
182. -98 radian = 56° 9' nearly. 185. 207 and — 1.23. 
206. 48° 13' 31” E. of N : 24? 7' 18" W. o£ S. 
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180 180 
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RE 0*56418958. log WE = 1:7514251. 
7 T 
Ут = 1*46459189. log Vz = 0°1657166,. 
1 | 
у= = 968278406, log z= = 1-8342834. 
ovas 14142135... V3 = 1'7320508.., | 
V5 = 2. 2360679... м6 = 2. 897... 
М? = 26457513... МЗ = 2:8284271... 


4/10 = 3-162276... 
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